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Z-TRANSFORMS AND DEFFERENCE EQUATION

CLASS NOTES

Z-Transform of some basic functions:
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Inverse Z-Transforms:
The inverse Z-transform of Z [f (n)] = F (z) isdefinedasf (n) = Z ! [F (z)] :

The inverse Z-Transform of some basic functions:
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Finding Inverse Z-transform by method of Partial Fractions:
Rules of Partial Fractions:
1. Denominator containing Linear factors:
f(2) __ A B _C n
(z-a)(z-b)(z—0).. (z—a) (z—-b) (z-c)
2. Denominator containing factors (z — a)":
fz) _ A , B  C . D
(z—-a) (z—a) (z-a)? (z—a)P  (z-a)
3. Denominator contains a quadratic factor of the form az? + bz + ¢ (where a,b,c are constants):
f(z) _ A + Bz
az? +bz+c az?+bz+c az?+bz+c
f(zy _ Az+B
O 2z ¥brvc aZ +bz+c

1| Findz-t—F——. using the method partial fraction.
.(z +1)(z —1)2.

Solution:
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Solution:

F(z) = z* - 1
R s
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F(z) _ 1

z (z+1)°(z-1)
1 _ A + B
(z-1)(z+1)° z-1 o1 (
1= A(z+1)° +B(z-1)(z+1)+C
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2
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Find Z - : .
(1-z1)(1-22-2)(1-321),

Solution:
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Now by Partial Fraction,

1 __A N B , C
(z-1)(z—-2)(z—-3) z—-1 -2 7-3
1=A(z-2)(z-3)+B(z-1)(z-3)+C(z-1)(z-2)

Put z=2 =1=-B=B=-1

Put z=1, => 1=2A=>|A=_

2
1
Putz=3, =1=2C=>C=_
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4. | Find the Z-transformof — —— using partial fraction.
(z -1)(z?%+1)
Solution:
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Finding Inverse Z-transform by Residue Method:

By Inverse Z-Transforms Z ~* [F (z)] = f(n)
Procedure:

1. write F (z) from given expression and write F (z)z"-*




2. Find the poles by equating denominator to zero in F (z)z"-1
3. Write the order of poles
4. Find the residue at these poles
Case i: If z = a is pole of order 1 (or) simple pole then
ResF(z)z"-1, _=lim(z- a)F (92"
= z—a

m-1

Case ii: If z =a is pole of order m then ResF(z)z"-! = L jim d (z-a)"F(z)z"-!

- |m —1 zadz™

5. f(n) = sumof residuesof F(z)z"-!

1 | FindZ-t 2z * by the method of residues.
(z —2)(22 +1),
Solution: 5
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O A —— W
z-(z+i)(z—-1)
Herez =1, z=1i andz = —iarepoles of order 1.
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Find the inverse Z-Transform ofi—)by residue method.
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Solution:
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Let F(2) =
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N

f (n) = sum of residuesof F (2)z"* = n

Find the inverse Z-transform of the function

22+ 7z +10
Solution:

A LR
o224+ 72410
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F(z)z"t= 2z
(z+2)z+5)
n-1 z
F(2)z =———
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Here z=-2 and z=-5 are pole of order 1
1) Res F(z)z"*, =lim(z-a)F(z)z"*

n

Res F(z)z" T Z@zwﬁz%)

by the method of residues.
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FindZ -1 ) " by using residue method.
'(1+ z-l) (1—2-1)'
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Herez = —1is pole of order 2, and z = 1lis pole of order 1
pRes F@t =1 iimd(z-aF
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Finding Inverse Z-transform by Convolution theorem:

Convolution of two sequences:

If{ f (n)}and{g(n)} are any two sequences then its convolution is defined by

f(n) * g(n) = Z f(k)g(n - k)

Convolution Theorem

i Z[f(n)] = F()andz[g(n)] = G(2) then Z[ F(n) * g()] = [ ()]- Z [9(n)] = F(2) - G(2)

Note:
) z[fm)*g)] =F@)- G
f(n) * g(n) = 2 [F (9)-G@)]

- [F@)]*xz-[c@)]=2-'[F@)-6@)] - [F@] = f(nN&z-*[G@2)] = g(n)




2 [F@) - -6@]=z[F @ ]x z-Y[cm)]

a"t—1
2) 1+a+4& +4 +..+4 =
a-1
2
1. | Find inverse Z-transform of z by using convolution theorem.
(z —a)
Solution:
o2
Given Z . C=7?

(z-a),

By convolution theorem

Z-'[F@)- G(z)] z-'[F (z)]*z -1[6(2)]

2

Z-1 _Z-_Z z
(z —a52 Z—az—-a:
S ALY
rZ-a Z-a:
=a"x a"
Z ~f(n) * g(n) = 2. f(k)g(n —k)
k=0 =0
= > daa
k=0
=a" D, 1
k =0
L 7 "
—a(n+1) ‘1=(n+1a
(z-a),
2 .
. =(n+1)a
e—ay Y
2
By using convolution theorem, show that the inverse Z-transform of Z is

(z+ a)z+ b)
(_1)n .bn+l _ a‘n+1l

b-a'
Solution:
Given Z -1 z° S?

By convolution theorem

z[F@)-6@]l=z2[F@]xz[c@]

z 2 ) _z7a 1 7
{z+afz+hy — 7+a'z+bh

S A T
vZ+a v Z+b:

= (-a)" #(-b)"

PXCONC S IO ROEDRIGIURY




:(_1)nzakbfkbn
k=0 .

n ' a.'
=(-)' >~
k=0" b

Coar a2 orald ca
=(-)"" 1+ — A=+ At
. b b b b

n+1

:: al. _1: ' an+1_1 ' .an+1_bn+1.
I b7I ' 1 ' 1 '
:(_1)nbn- ' =p". b =p". b

oo
[
|
[ i <})
[
'_\

nn.an+1_bn+l g. ] n.an#—l_ n+1 Q/
(Db . X .=—1k/—>< -
D0 e X T T e
B . an+1_bn+1.
e,
Z—1'I Z, L (_1)n.bn+1_ QM
(z+a)(z+b) b-a’ '

1" Z2 '
Find Z .——————_. using convolution theorem.
a-ae-b Y
Solution:
Given Z -1 22 S?
(z=a)(z—=b) ~—

By convolution theorem
2 [F@-c@]=z2[F@]xz-[c@]

Z-1 z° S _Z 2T
(z—a)(z-b) — Z—az—b:
=7t Lo %77 o

vz—a vz-b

= (@) *(b)" n
=k:ZOJ (@)*(b)"* . f(n)*g(n) =k:§ol f(k)g(n —k)
— Zakbfkbn

n ,a,k
">, .
=0 D

' a: a2 .g:3 g
=b™ 1+ o+ e
. b b b b,




-'.a'. —]_I. .an+l _1. .an+1_bn+l.
D 't ! P!
:bn-;- an'b an' b
roa . . a . ., a-b
b —1 b1 b
Ft= b ar= bb/l
= e R e
. bt a-—b, . b"b a-b,
—A—t—h+t
_a -b
Z_l I. 22 . 'a:_ bn+1 _ bn+1
(z=az=h) 2 —b

-1 8z2

Using convolution theorem, findZ .—_——— ..
Sing convorutt AL 0 D)z +1)

Solution:

Given Z-1! 822 N
7-Ddz+ =

By convolution theorem
2 [F@-e@]l=2[F@ ]z [co)]

71 822 L1, 872 W71 2 .1
—2r=1)t4r+1) I— iy — L I
' ' 201- 4oz+ 71— - .

2 4. 2 4.,
N LR ST
N 1
- 1-
vl 4
|1In Illn
=, ., %k, o
2, 4
n I:I-Iklllnfk n
=D v o f(n)xg(n) = X f(k)g(n—k)
k—o'z' 4 k=0
Hlllklllnlll—k -
:Z', e
k=07, k n k n
STRLEEY W 1" .4 '1'(;) ‘
S Z,‘ 7 4—2' 2 — 42
=0 k =0 k =0
1.
= T A+2+22+2° ..+ 2",
c1 e+l an+l —1
=, .. . Vl+a+at+ai+..+a =
402 -1 a-1
! 8z° Co 1

z-y - - - |2n+1 -1

(22 -1)(42 +1). + 4
1" 22

Using convolution theorem find Z .-+
(2=-1D(@E-3) .




Solution:

Given Z-1; JA S_?
7—-D(z—

By convolution theorem

Z'[F@)-6@]=z2[F@ ]+xz-[c@]

Z.y 22 7.4 1

Z:
-D)z=-3y -~ 7-I'7-3
:Z,l'Z' Z,l' z

2=l -3

= (" *(@)"

= go(l)k(3)”’k o f(n)xg(n) = k2=0 f(k)g(n-k)

_ kn-knn
=213 .3k

"l
=33, _.
k=0'3'
10 .12 1.3 1
=314+
Co 3 3
I,'l'n+1 _ .1n+1 1n+1 3n+l
'3' ' _n+l 1 n+l
=3" ' ]'- _3n.31 =3" 13 3
3 -1 »3-1 3

2
Z=DEZ=3) 7

Formation of Difference Equation:

1 DTTIVT UITT UTTIcTTIiT cyuativiT mmunry, — (A T L)II}Ln

= (A + B)2

Y, =A2 +Bn2 - —-—-———-— 1)
Replace n by n +1in (1)

Y1 Z8% RN 1)%32 ————— @)

Replace n by n+2in(1)

L=A2 +(n+2B2
¥n+2—4A2 Tah B2 - - - -@)

From (1), (2) and (3)




y, 1 n
Your 2 20+ 1)=0

yn+2 4 4(n+2

v, [8(n + 2) —8(n +1)] -1[4(n + 2) y,.. — 200 +1) y,.. ]+ n[4y,..— 2y,..] = 0
Yo [(8n +16 —8n —8] —1[(4n +8) y,.. + (—2n = 2) y,,, ] + 4ny,,. — 2ny,,,= 0
8 Y, =AY, — 8 Vo 22N, o+ 2 Yoo 40y, ~20Y, ,= 0

2yn+2 _8yn+l+8yn =O

yn+2 _4yn+l+4yn =O|

2 DTCTIVE LIS UTTIeTeTIiT cyuatiuiT imronru, — a T UOn

Solution: u, = a+ b3 ————(1)

Replace n by n +1in (1)
n+1
U, = a+ b3
ul=a+ 3%3; )
Replace n by n +2 in (1)
n+ 2
Uy ,=a+
T a+9B%n )
From (1), (2) and (3)
u, 1 1
Uo, 1 3=0
un+2 1 9
u, (9 - 3) _1(3un+2_ 9un+1) +1(un+1_ un+2) =0
6U, — 3Up.o+ 9Unyg) + Uy — Up, =0
-4u,,,+10u,,,+ 6u,= 0

+~(-2) =|2u,,,—5U,,;,—3u,=0

. . “T
3 Formthe differenceequation y =cos
. " C

.2,
Solution:
Giveny = cos'ln—TrI' - ——-1)
" 2
Replacen by n +1in (1)
y =cos (e —cos T4 M o _gjp IO e V)
e L2 22, L2
Replace n by n +2 in (1)

' nTm: '
y =C0S T+~ =-C0S —
n+2 . 2 . . 2

Yoi2=—Yn from (1)

> =)

Solutions of difference equation using Z-Transforms.
1.z[y.]=z[ym] = y@




2.2 [you] = Z[y(n +1)] = 2y(2) - 2y(0)
3. z]y I=z[yn+2]=22y@) - 2y(0) - (1)

n+2

4.2 |yi5]=zTy(n + 3] = 2y(2),— zy(0), - zy(1) — 2y(2)

1. JUTVT UDIIIH Z"IIraroturiITio TUT IIIIL{UU I UTTITTTCTTICT CL{UGLIUII .yrH- 2'[‘ = yn+l T 9 _yn — ‘ﬁ) VVTUTT
Yo=0,¥,=1.
Solution;

yn+2+ 4yn+1+ 3yn= 3

n

Taking Z-transform on both sides
z[y ]+az[y ]+3z[y]=2.3"
n+2 n+1 n

22y(2) - 22Y(0) - y(Q). +4{2y(2) - 29(0)] +3y(2) = —* ;
Z J—
Giveny,=y(0) = 0,y,= y(1) =1
22y(z) — 2+ 4zy(2) + 3y(2) =

z-3
(22 + 42 +3)y(2) = 42
z-3
2 7+7%2 -3z
(z+42+3)y@2) =———
z-3
72 — 2z
y(2)2(2—3)(22+4z+3)
B 2(z-2)
O ) 1) (2 9)
By Partial Fraction,
v(2) _ (z-2) "
z  (z2-3)(z+1)(z+3)
(z-2) A B C
Now = : :
(z-3)(z+1)(z+3) (z-3) (z+1) (z+3)

z-2=A(z+1)(z+3)+B(z-3)(z+3)+C(z+1)(z-3)
Put z=3 :1:24A:>A=l

24
Putz=-1 :—3:—88:>B=_3
8
Putz=-3 :—5=12C:>C=__5
12
(z=2)  _1/24 ,3/8  -5/12
(2-3)(z+1)(2+3) (2-3) (z+1) (2+3)
o YD _ 124, 318  -5/12
z  (z-3) (z+1) (z+3)
yA 3 2z 5 z
y(2) = + -

24(z-3) 8(z+1) 12(z+3)
Taking Z™* on both sides
ziy@l-1zt
24 z2-3 8 Z+1




=t @Sy =2y vzt
24 8 12 . 7—a.
Solve Yn+2— 3y n+1— 10 Yn= 0, given Yo= 1, V1= 0.
Solution:

_yn+ 2 3yn+1_ 10 Y, = 0 .
Taking Z-transform on both sides

Z [yns2 ] = 32 [yn+1] =202 [yn ] = Z [0]

22y(z) - 22y(0) - zy(1). - 3[zy(2) - 2y(0)] - 10y(z) = 0
Giveny,= y(0) =1,y,= y(1) =0
72y(z) — 72 — 3zy(z) + 32 —10y(z) = 0

(22—32—10)y(z) =7%-3z

72 -3z
v = (22 - 3z - 10)
z(z-3)
Y& = (4 2)(2-5)
By Partial Fraction,
v __ (=3 n
z  (z+2)(z-5)
(z-3) A B
Now =

_l_
(z+2)(z-5) (z+2) (z-5)
z-3=A(z-5)+B(z+2)
Putz=-2= —-5= —7A:>A——5
.
Putz=6=>2=7B=> B=—2

7
5 2

_@=8) 7 7

(z+2)(z-5) (z+2) (z-5)
5 2

M) > yo _ 7 .7

YA Z2+2 71-5

5 12 2 2
V@) =—— — +—

77z+2 72-5
Taking Z™* on both sides
2 z

2 y@] =2z 2k P
7 vZ+20 7 1 7-5
_1'

z

y(n =2 (-2 —5 vz P
7 7 Zz-a
Solve the equation y(n+3)—3y(n+1)+2y(n) =0 given thaty(0) =4, y(1)= 0 and
y(2) =8.
Solution:

Z [y + 3)] - 3z [y(n +1)] + 2z [y(m)] = z [0]

2%y(z) - 2%y(0) - 22y(1) - 2y(2). - 3[2y(2) - zy(0)] + 2y (z) = 0
Giventhaty(0) =4,y(1) =0




y(z) —47% — 82— 3zy(z) + 122 + 2y(z) =0

23-32+2 y(z)=4z2% -4z
47347
y(2) = 7* -3+ 2
427 -))
(z-1)>%@z+ 2)
_42M(z+1) ot 2 ~
= (z—1f2(z+2) Jac—b =(a+b)(a—b)
_ 4z(z+))
y(2) (z-D(z+ 2
By Partial Fraction
y(z) - 4ez+y) (1)
z (z-1D(z+2)
4z+1) _ A n B
(z-D(z+2) z-1 z+2
4z +1) = Az + 2) + B(z -1)

Putz=1:>8=3A:>A=_8

y(2)

3
Putz=—2:>—4=—38:>B_=4
3
y(z):8/3+4/3
z z-1 z+2
21 y@)]-8z1 -2 471 2

3 vz-1- 3 242

y(n) =° + (-2)" N L

3 3 vZ—-a

Using Z-transform solve y(n) + 3y(n —1) — 4y(n — 2) = 0, n > 2 given that
y(0) = 3and y(1) = -2

Solution:

Given y(n) + 3y(n =1) —4y(n —2)=0,n> 2

Replace n by n + 2, weget

yin+2)+3y(n+1)—-4y(n)=0

Taking Z transforms on both sides

z[yon + 2] + 3z [y +1] - 4z [ym] = z [o]

22y(z) - 22y(0) - 2y(2). + 3[2y(2) - 2y(0)] - 4y(2) = 0
Given that y(0) = 3and y(1) = —2
22y(2) — 322 + 22 .+ 3[zy(2) — 3z] - 4y(z) = 0
22+32-4,y(2)-322+22-92=0
22 +32-4,y(2)=32% + 72
322+ 712

D=5
By Partial Fraction
y(z) _ 3z+7 _ 3247

7z 1°+431-4 (z+4)(z-1)




, 3z+7 __A +B
(z+4)(z-1) z+4 z-1
3z+7=A(z-1)+ B+ 4
Putz=1=>10=5B=>B =2
Putz=—-4=-5=-5A=A=1
v(2) 1 2
z :z+4+z—1
yo)=_" +2.°
z+4 z-1

Z-y@)] =zt~ 12zt
cZ+ 4 -1
' Z '
y(n) =(=4)"+2(1)" =2+ (-4) vz, =a
v 7 - au
JUTVT UDIIIH Z-IIrarisStTurTris T "llbluc ITT UTTITTCTTICT C\.{uallull un+2-|_ Uun+1-|_ Uun — % VVTUT
Up= u,;=0.
Solution;

Uy, ,+ 6U,,, + U, =2

Assume u=y

yn+2+6yn+1+9ny:2n 1y0: y1:0

Taking Z-transform on both sides

z[y ]+6z[y ]+9z[y]=2z.2
n+2 n+1 n

22y(2) - 22y(0) - 2y(). +6[2y(2) - 2y(0)] + 9y(2) = — & :
Z —_
Giveny,=y(0) =0;y,=y(1) =0

72y(z) + 62y(z) +9y(2) -t

z2-2
(22 + 62 +9)y(2) =
z2-2

y(@) = ‘

(z—2)(Z%+ 62+ 9)

z

yo) = ———

(z - 2)(z + 3)°
By Partial Fraction,
y(Z) — 1 i (l)

z (z 1 2)(z +3) A 8 C

Now = + +

(z-2)(z+3)* (z2-2) (z+3) (z+3)

1=A(z+3)" +B(z-2)(z+3)+C(z-2)
Putz=2:l=25A:A:1_
25

Putz=-3=>1= —5c:c:;1

5

Equating co-efft. of zZ onbothsides= A+ B=0=>B=-A=>B=—
25

1




1 -1 -1
y(@) __25 . 25 . 5
z  (z-2) (z+3) (z+3)
Taking Z™* on both sides

Zfl[y(z)] _ 1_Zill. z 'I_l_Z—l'l z _EZ4 | z
25 z-22 25 1+3 5 (2437
1 1 1 ' Z ' .
y(n) =_(2)" = _(=3)" = “n(=3)"T" Z7, —na"-1&z-1
25 % 5 z-a? :
u(n) =2 — =3~ ~n(=3y | u=y
25 25 5

Using Z-transform method solve y(k + 2) + y(k) =2 given thaty,=y,= 0.
Solution:
Giveny(k + 2) + y(k) = 2; y,=vy,=0.
Assume k=n
y(n +2) + y(n) = 2
Taking Z-transform on both sides
z[yin+ 2]+ z[ym] =2z [1]
z
Y@ -2y -zy@. +y@) =27
Giventhaty,=y, = 0.

(Z% +1) y(2) =£

2z—1
z
11¢) I —
(z —1)%22 +1)

z
yo) 2 "

z  (z-1)(z%+1)
By partial fraction

A B Cz

Now, = + +

(z -1)(Z%+1) z-1 72+1 72 +1
2=A@z?%?+1)+ B(z -1) + Cz(z —-1)
Putz=1=>2=2A=>A=1
Putz=0=>2=A-B=>B=A-2=B=-1
Equating co-efft. of zon bothsides= 0=A+C=>C=-A=>C= -1

@w=¥a_ 1, -1, 2

4 z—1 7°+1 72 +1
- z z 22
y(2) = — -

z-1 72+1 72 +1

Taking Z™* on both sides
) o 7 4t 1
z [yol=z — -z -z
@] z-1 7% +1 2741,
y(n)=(1)" —1”sinm -1" cosm
2 2

y(n)=1- sinm — cosm
2

2




y(k)=1- smk—Tr - cosk—Tr

2 2
4z o+, N B (11
vz . =asin &7 L =a cosz_ herea =1

"z’ +a 2 2% +a%.

Problems based on Z-Transiorms:

1.

. nm .. . nm
Find Z[cosm] , Z[sinn®] and hence find i) Z cos— ., ii) Z ,sin —
. 2. . 2.
ii)Z r"cosnB, iv)Z . r"sinnd,
Solution:
We know that €"® = cos n@ + sin n@
cos nO =real part of €"® & sin nO = imaginary part of e'"®
z
and Z . a", =
z— a

2.6 -z (e0) -

72—

B z

~z— (cos® +isin®)

B z (z—cosO)+isin®

_(z—cose)—i_sil_we (z —cosB) +isin®
z(z-cosB) +isinf “(a+b)(a-b) = a? - b2

(z—cosB)? —i%sin? O
2(z —cos0) +izsinO

Z.e”‘e. —

Z[cosn® +isinnB] = it =1

72 — 2z c0sO + cos® O + sin? 0

Z[cosnB] +iz [sinnB] = 2(z ~cos0) T zsin6

72 —2zc0s0 +1 7> —2zcosO +1
Equating co-efft. Of real and img parts on both sides

" 'c0s?0 +sin?0 =1

__2(z—co0s0) i
Z[cosnB] = 22 =08 :Z[sinnB] = zsind
7> —2zc0s0 +1 7?2 —2zc0s0 +1
Deduction:
We know that
— cosB
Z |cos nO _(ﬁ)_
[ ] — 2zcosO +1
' 1T
7 7—C0S— .
Nt -

i) Z.cos__, =Z[cosn6]e_ﬂ = -
' 2 2 22—220055+1

- nTT - z2? 1T
Z.cos__, =_, cos__ =0
: 2 1'+1 5 2
Z[sinn@] = 25
7> —2zc0s0 +1
zsinE
2

ii) Z,'sinm,'=z[sinn9] g = =
' 2" 2 22—220055 +1
. nm Z T T
S.Z.sinT = scos =0 &sin =1
- 2. TFF1 v v
We know that




Z.a”f(n).zz[f(n)]zf

i)z, r"cosnd, =.Z [cosnB]. .
__2(z-cosh)
72 -2zc080 +1:

r

71 :
= = _cosO

r_r

Tiz? 2 -

) cosd +1

or r .
2+ 7—rcosB-

z(z - rcosh)
72 — 2zr cos® + r?

Z r"cosnf =

Zsin® Zsin@
iv) Z'r"sinnd' =,Zysinndg . r = '
) sin nf {sinn6} ) , 2°—2zrcos@ +r
r =2 cosO +r

r? r r?

2

zrsinf

Z'r"sinnf, =
7> —2zrcosB +r?

Find the Z-transform of ! ,forn>1
nin + 1)
Solution
20 o
: (1) :

By partial Fraction:

1 A B
- =4+ 7
nn+1) n n+1
1= A(n+1)+ Bn
Puth=-1; 1=-B=>B=-1
Putn=0; A=1

1 1 1

Now, we know that

z[ f(m] =:02 f(n)z—"

ST IR T
Z, .= . _ n>0
n. Tnz. .
1 1.1.7 1.1.°
= + + +




2 3
X
=X +— +—+ ... here =X
2 3 z
= —log(1—x)
2V iog 1= =ty T g :
Cne z 2 7-1
Z.g=lg "7
1 © 1.1."
Z._~— .= o
n+1 Zn-l-lz
n=0 '
1.1 1.1°
=14+ 7o+ T T+
27 322- ,
1 101 1.1
=1 ¥ - . F 7 .+
W 241 3z
=7 —Ioglll— ' = —zlog Z_Ill
.z z
z = zlog . Z.'
—i
W= z =log’ +zlog
' vz
VA . =(z+1)log . .

Find Z.n(n-1)(n-2). .
Solution:

Zn(n-1)(n-2). =Z'(n2—n)(n—2)' =Z n*-2n>-n?+2n,=2Z,n*-3n%+2n,

zZn(n-1)(n-2). =z n3 -32.n% +2z[n] ----Q)
We know that

z[ fm] :ZOZ f(n)z—"

n

) .1,
z[n]=3n -
Z o,
n=0 .1-1 -1.2 .1.3
=0+l —. +2— . +3— . +...
oL .z .2
=X+ 2+ 33 + ...
1. 1.°
= XA+ 22X+ 3 +...)=x(1-x)? =—. 1——
2. 1
_1'2—1 2 _1 Z 2_1 Z2 ,
- ' [ - _ 2-
z+ 1z 27— z.(z2-1) .
Z[n =
(2-1)

We know that Z [nf (n)] = —(ij_d {Z [ f(n)]}




=2 {zlnl}

d Z
=-z

dIZ . (Z _1).2
(z-1*@ - 72(z-D]
=—7. 7 '

(z-1)

(z-D(z-1-22)

= —7: 4

(z-1)

o =-1-z7
= —7:

(z-1) S.I

Lo, 1+ 7
Z.n, = 5
(z-1)

Zn® =Znn% = —zidjz,nz,}

dz+z%

dz, (z-1)°,
_ 2. (2-1)%Qz+1) - (2 +2)3(z -1)*(1-0)
a (z-1)

=-7

_ L, @) (2-)@z+)-3(2% ).
(z -1)°

272 -21+1-1-372-31"
Bl -1y

7, —2% — 47 -1
. R

s, 2(z% +4z41)

Z.n. = _2(z +4z+1) z+12 z
L= Z, n 1}% 2 , T
3 2
@-9°  (z-1} (z-1)
IfU(z) = “6 T 98 T evaluate u and u 3
7= 2
Solution:
_ 27 + 5z +14
GivenU (2) = F (2) =
Z J—
We know that
5 14,
22% + 52 +14 7 24+
= f(0) =limF(z) = lim =lim —
* SN s e NV
7
1
u=f0)=0"."=0

0 —
o0




up = f (1) = lim[zF (2) — zf (0)]

z

©72(222 + 52 +14)

=lim. (0
-, (z—1)4 ©)
a2y W
_m 27 <0
71— ! . 1.
4 1- .
' ' Z
u=fM)=0T=0
u; = f(2) = lim, 2o (z) - z ,f (0) - zf (1),
ZTm'72(?72-4-'37-4-14) 2 '
=lim. A -2 (0) - z(0).
e, (z-1) .

7Y 2+25+221—4.':. 2+0+0 _

=lim 2
D L ¢ )

2% 1-
. e
&?d%fﬁnzfayz;myz;m—ﬁpy
73222 +52+14) '
=tim, = —7(0) -2 {0) - 2(2)-
1=, \Z 1} '
1 73(27% + 52 +14)
=lim. . —-21.
se(z=1)

o' (222 +52+14) 2

=limz . -,
z—00 ' (Z—H Z.
B s 22(222 452 +14) - 2(z —1)*- 4 4 3 2 2 3 5
“limz ) . .(a-b) =a —4ab+6ab —4ab +b
e z°(z =1) -
limz®. (22" +52° +142%) - 2(z* - 42° + 62° — 4z +1)"
- . ) \ .
AL z (z-1)
_limz2 220 +52° +147% — 22 +82° —127° + 82 - 2
= . ) \ .
zmeo z (z-1)
limz® 13z2° + 22?2 +82 - 2°
- . , Al
1w z (z-1)
—lim 26':134_44_*?2_43" :“m'= 13 _|_ZZ_|_Z§_—L2—5=' :l3+0+0—0
7— 00 . ,4 71— ' .4 1_04
s 1 1 (1-0)
. 7 . 7
u,= f(3) = 13

State and prove initial and final value theorem of Z-transform.
Initial value theorem:
1£Z [ f(n)] = F (z) thenf (0) = lim F (z)

71— 00

Proof:




We know that

z[ f(m] =OZ f(n)z-—"

n

w Y

limF(z) =lim >, f(n). —.
o T n=0 102 1. 1.2 :
=lim f(0). — +f(@®). — +f(2). — +..
-, : 7 L7 .

limF(z) = f(0) '.'iIO

77— 00

Final value theorem:
12 [ f(n)] = F (2) thenlim f (n) = lim(z —1)F (2)

Proof: o o
z[tm]= 3 fmzr - - - - - M

z[t(n +1)]=WZ fn+1)z" - - — - - 2)
O-@-

z[fm+)]-z[fm] =3 fn+1)z" - 3 f(n)z"
[ZF@) -2 @] -F@) = 3[f(n+1) - f(n)]z

Iirrll[(z ~1)F(2) - 2f(0)] = lim S[t+1—fm]z

00

lim[@ ~)F @] - 1© = Z[f(n+1) ~ ()]

lim[(z -1)F(2)] - f(0)=,nﬂ;y— f(0), +, f})ﬁ f}l)/+...+,f(n+1)— f(N) 4 ..
Iim[(z —1)F (z)];f/(O) = —HO) +f(n+1) + o0

lim[(z—1)F(2)] =limf(n) - f(n + 1)= f(n) whenn — oo

n—oo

Hence proved




