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UNIT - IV FOURIER TRANSFORMS

IMPORTANT FORMULAE

Fourier transform pair:

1 ° .
i) The Fourier Transform of f(x) is F [f(x)] =F(s) :ﬁ f f (x)e"™dx

1 ° .
i) The Inverse Fourier Transform of F(s) is f(X) :ﬁ f F (s)e **ds

Here F(s) & f(x) are called Fourier transform pair.

Fourier Cosine transform pair:

2 (o]
i) The Fourier Cosine Transformof f(x) is F,[ f (x)] = F.(s) =\/; [ £ (x) cos sxdx
0

2 o0
if) The Inverse Fourier Cosine Transformof F(s) is f (x) = \/; f F.(s) cossxds
0

Here F¢(s) & f(x) are called Fourier cosine transform pair.

Fourier Sine transform pair:

2 o0
i) The Fourier Sine Transform of f(x) is Fs[f(x)] = F(s) =\/% f f (X) sin sxdx
0

l (o)
ii) The Inverse Fourier Sine Transform of F(s) is f(x) = N [ Fu(s)sinsxds

Here Fs(s) & f(x) are called Fourier sine transform pair.

o0 o0

Parsevals Identity for Fourier transform: f |F (s)|2ds = J f(xj 2dx

Parsevals Identity for Fourier Cosine transform: f| F. (szds = m{ f (xr dx

0 0

Parsevals Identity for Fourier Sine transform: j’| F, (s} fds = °T| f (xizdx

0 0

0

a
1 e ¥coshxdx=———
) of a’ +b?

2) f e *sinbxdx _ b
0

a’+b’
© i \/1?
3) le du="




4 F [xf (9] = (—igjgd {Flrelt= UF )]
5)F [xt (0] = = {F [100l} = =" [F (9)]
dds ’ ds
6) F [xt 0] =—{F [t (0]} = "[F (5)]
ds ds

7) If f(x) and g(x) are any two functions and F.(s) & G(s) are there Fourier cosine transforms

0 o0

then Y[ f (X)g(x)dx :J F. (S)G, (s)ds holds.

8) If f(x) and g(x) are any two functions and F(S) & Gs(s) are there Fourier sine transforms

o0 o0

then Y[ f (X)g(x)dx =J F, (s)G, (s)ds holds.

PART -A

State Fourier integral theorem.
Solution :

If f (X) is ]g)ieggwise continuous, differentiable and absolutely integrable in (— 00, 00) then
f(x) L f(t) e'S(X -t) dtds
[ ]

21'r_OMO

If F(s) is the Fourier transform of f (x), then show that F{f (x — a)} = €™ F (5)
Solution :

Given F [ f(x)] = F (s)
The Fourier Transform of f(x) is

F[f(x)] =F(s) =%? f f (x)e"™dx

1 |
F[f(x—a)] :TTI f(x —a)e™*dx

Letx —a=1t= dx = dt
o0

1 is(t+a)
=—— | f(t)e dt
1O
isa 1 ist

=e ﬁ_{of(t)e dt

FLf(x—a)]=ei=F[f(x)]

State Convolution theorem in Fourier Transform.
Solution :

The Fourier transform of the convolution of f (X) and g(X) is the product of their Fourier
transforms .

ie.F . f (x)*g(x). = F[f(x)]F[g(x)] = F(5).G(s)

1FF{f()} = F (s), then find F {e=f (x)}.
Solution :




Flrwl=Fe =2 ‘f(x)eisxdx

Vo,
Fewf(x) = & 0; e f (x)e¥ax = 1 o; f (el T 18Xgy
N N
:i j f(X)eI(S +a)Xy,
Vom _,

F e®f(x), = F(s+a)

State and prove the change of scale property of Fourier Transform.
Statement:

1t F[f(x)] = F(s) then F [f(ax)]= f f (ax) '™ dx

Solution :

Given F [ f(x)] = F (s)
The Fourier Transform of f(x) is

F[f()] =F(s) =ﬁ } f (x)e™dx

1 = |
F[f(ax] 7= [ F(ax) e™dx,

Ifa>0 Putax=t :>adx:dt:>dx:f when X =—00 =>t=—0c0 and Xx=o00 =>1t= o0

[ ei'ffjﬁ"rm
J2m . a

L1 Jrwe o= 1F S

21'[_00 a : a:

Ifa<0 Putax =t,adx = dt, dx = dt

a
whenx = —o00 =>t= 00 andx = co=>t= —o0
=>F.f(ax) = -1 T"f(t)eiff"m 1 T’f(t)el tdt=1F s, —(Q2)

J2T . a  J2m .,
From (1) & (2) we get F (f (ax)) = 1FIISII ,a+0

a .a,

F.f(ax).

F. f (ax).

o))
D
o))

Find the Fourier Sine transform of _.
X

Solution :
The Fourier Sine Transform of f(x) is

2 ” -
FLf 0] =F.(s) :\/; f f (x) sin sx dx




1 2 © sin sx
Fsl;: — f dX
1 oosmt OOsmmx T

Foo — = — = dx =—
CX 2

PART- B

1, Kx|<a " sin x
Find the Fourier transforms of f (x) = and hence evaluate f —— dx. Using Parseval’s

O |X|> a o X

“sin’t T
identity, =
2
1, —a<x<a

Solution: Givenf (x) ="+ .
.0, otherwise

The Fourier transform f(x) is

F[f0] =F(@s) = f (x)e"dx .
N f
1 . o
F(s)=— j 0e™dx + jle'sxdx - jO e~adx.
21T, o a .
- a( )d
= [ (cossx + isinsx)dx
\/_
- f COSSX dx+ifsi xax '.'sinsxisanevenfn.'.fsinsxdx=0
V a ' -a

-a
a

= j cos sx dx
0

\/2—“ sinsx:” 'sinas
-2/ - Jf
Tz_ m: S

\/—t Sinas:

JCUUDLIUII J.

By inverse Fourier transform of F(s).

-0

1
f(x) = f F (s)e ™ds

ﬁ 2sinas’' _

isxd
J. _S_ >

-4

1 27 sinas:

\17 [ (cossx -isin sx)ds
1T +

+ sinas: +sinas-
. (cossx)ds—i . (si 5

/ S —s5—. L —5—
i -




2% sinas:

(0=

¥ sinas: T

f. . €0s sx ds =— f(x)
I . 2

Put x=0

¥ sinas: 1l

f. . cos 0 ds =— f(0)
o S 2

¥ sinas: 11

i
Put a=1 and s=x we get
T sinX Id m|
Sl
(i1) By Parseval’s identity,

0

. cossxds

L[F(s)]z dx = L[f(x)]zds

2

o sinsa’ 2
f\/_—z : ds:flzdx
VYT S a

200 -sinsa-zl =
Fj‘ $ G [x]

a

—-a

R 2

2% sinsa -
— [ ds=[a-(-a)]
™2, s .

2 . sinsa-
—2j. . ds =2a
ﬂ OI S 1

o = 2

»sinsa - 2TT a

, , S:_
Of. s . 4
Puta =1 & s=t we get,
*sin’t “.sint -

i
| o dt:!-'Ti dt= 21

0

ds= () L f(x)=1= f(0) =1

+sinas -

.sin sx is an odd function

i i X5 I X<a
Find the Fourier transform of f(x) = | |
0; if |x| >a
X, —a<x<a

Solution: Givenf (X) ="+ .
.0,  otherwise

The Fourier transform f(X) is

1 _
F[f()] =F(s) :ﬁ,f f (x)e™*dx .




1 , —a ) Y ) |
F(s) =— . [ 0e™dx+ [ xe™dx + [0 e¥dx.
T { Joer
(I o
=—== | x(cossx + isinsx)dx
21 Y,
,_1 ] cosSx dx + a sins d "Xxcossxisanodd fn .’ acoss dx=0
= X x dx +i [ xsinsxdx= ."x Xi Sl x X dx =
21, J;\ ;[a h J‘—a

a

a a
1 ijsin sx dx " xsin X isaneven function .. j xsinsxdx = 2[ X sin sx dx
ﬁ 0 —-a
\/2- . —COSSX: . —sinsx
-V W

W,

\/_%/_ﬂ s S "
+ XCOSSX Sinsx-
:i - - + 5
m. S SR
. ' acossa smsa
=1 o —(O)
LT S
TSITSa — as Ccos bd
F(s) =i ) .
T 5 y

a- X, a 1- ‘
Find the Fourier transform of f (x) =, r | r | is \/_‘2 1-cosas .Hence deduce that (i)
m

0: if |x>a>0 s’
*vsint ™ “rsint- L
——dt=~= (i) [ —dt=_+—
Of. t 7 )of. t 3
_ _ a- —a<x<a
Solution: Given f (x) = m

0, otherwise

The Fourier transform f(x) is

F[f0] =F(s) J_ff(x)e.sxdx

F(s) Tﬂ j 0e™dx + J (at k)e™dx +O}O e‘s‘dxlll

— 00 —a a

af (a + |x )(cos sX + isin sx) dx

: f (a K )cossx dx de

-~ (a >{)sin sxisanodd fn.". fa(a—} k)sinsxdx =0

ﬁ\

:ﬁ\

a
j a- x cossx dx
0

ﬁ\




_242° (a=x) sinsx- (-1 —cozssx;'a
Bt

2
L _ 152. I'O )
= [ - (cossa-cos0)
LS
2+ 1—cossa
F(S)_\/n: e
Ssint B 1—c0s26 . 9. as
o2 2 vsinf®=__  =1-cos®=2sin*. _. here®@=__
F(s) ;
mos 2 L2 2
Deduction: 1
By inverse Fourier transform of F(s).
_ 1 ; —isxdS
f(x)= ﬁ_lF(S)e
' sint L B
1" U
= I.IZ\/Z:_éE I:.'eisde
Jom AW
' I' ) 'l'
_rasy
v SiNL 2
_ 2 \/?L ++ (cos sx — isinsx)ds
Jom Nk s
' 2 ' 2
©oase ©ooas
__2-'°°',S'n'-%".' w8 g
m I s . (COSSX)dS—if_ (sin sx) ds,
I2 . I 2
o orasee ©oasee
P I ! sin 20t . .
f(x)= 4 ji (cossx)ds 2 (sin sx)is an odd function
TT_' 0l S ' ! - |7S '
"
' as:
oSN
2 n
' cossxds= " f(x)
J S 4




o0 SIN. S
T

Lo cos0)ds="f

jn—fg——.( Jds=" 1(0)

'aS-'
oosine 2 Ta
Lt ' ds= vfx)=a—|x=>f(0)=a
[ 4 () =a-3=10)
Put a=1 and s=t get
' 'S' '
o SINL S ds
2 n
't ds= put_=t=__=dt
[—s— %74 7 ?
'-lsint-2 T
. 2dt =,
o .
“osint m
ST dt = 7
[t

(ii) By Parseval’s identity,

[FeFdx= [[feo]%ds

2! aS|I'

o 2.sin — a i
fZ\/% sI,ZZI" | ds=j(a\—\x)dx

2 1

] sin &8 4 ) sin ﬁll
ol 2 2 2 L2,
ot . ds=2[(a-x) dx '.'(a—‘x‘) and ~~ areeven functions
L l[ s 2
0 S
|I .%.l 4
 Sin. L
8% 2 2
11_{. S ds:l(a—x)zdx
casy " 3
sine 2 ‘(a-x
g ds:-( )




sin.

8" 2 ' ';aL'

[ ds=.(0)—, o+ 1

. 3
!
.t as

L Sin 5 27
[ " ds=
0 S ' 3% 8
Puta=1& s=t4we get,

. ' S o

CSInL - 2,
i 2 T S ds

— ds= ut- =t=—_ =dt
[ 8= 5 P 2
*.sint: 1T

—Zdt —

2t 24

' smt- 1T

j,—,dt ==
it 3

. . 1- r(} |X| <1 .
Find the Fourier transform of f (x) = and hence find the value of

0, Ixz21

®sin’t “sin’ t
(i)
Sloution:
Hint in the previous problem a=1.

2 2

a - X, |x|sa

Find the Fourier transform of f (x) = and hence evaluate

0, x> a
®. sint—tcost: 1'r “. sint—tcost: 'rr
dt =— i) | ——— dt= —
Of % = [~
ra’—-x*, —a<x<a
Solution: Givenf (x) = - .
.0, otherwise
The Fourier transform of f(x) is
F[f(x)]=F(s) :Lf f (x)e"dx .
2T
F(s) = 0e™dx + e™dx + [0 e™dx.
T 02 [ (=) o

= j (a —xz)(cossx+isinsx)dx




T a a

f(a2 - x2)cossx dx + ij(a2 - x?)siarsKax -

'-a “a
a

. (a? - %®)sin sxisan odd fn.". | (a>- x?)sinsxdx =0

—a

~acossa_sinsa
(0)
5 5

_9 [2+ ascossa — sinsa:

J;.- :
.

2 sinsa—ascossa:
3

F(s) =

Deduction: 1
By inverse Fourier transform of F(s).

1 - |
(0= [ F)e=gs

—00

w, |2 -sinsa—ascossa- i
-1 e s
om o[:2\/;'- s° .
\/ZTT
5w
T

S

.sin'sa — as cos sa -
\/ 0 (cos sx —isinsx) ds

- Sinsh — ascossa- . sinsa —ascossa- '
j'. ’ ,l(cossx)ds—lf.l/sg/ (sin sx)ds

4" sinsa —ascossa- .’sin sa —ascossa-
f(X) f g L COsSXds E . (sin sx)is an odd function
smsa Pascossa: N
f. 3 . cossxds= — f(X)
0’ S ' 4
Rut x=
-SInsa —ascossa- N
[. & . (cosO)ds:4— f(0)
T- sinsa—ascossa: ma’
"\ 3 = 2 2 2
X s 0= 0 i =a —x =>f(0)=a

Put a=1 and s=t get




“vsint —tcost: L
f,f,dtz —
' t ' 4

0
(i1) By Parseval’s identity,

j[F(sﬂzds: j[f(xﬂzdx

— 00 —00

o =sinsa—ascossa: a 2
| :2\/’; 3 ;o ds= j_(az—xz) dx

8 *-.sinsa—ascossa-’
ﬁ2£ '. & . ds= 2j0(a4 - 2a*x’ + x“)dx

2

sinsa - as cossa

areeven functions

+(a? - x*)"and, 3

S .
8~ sinsa—ascossa: - RS X5
T 5 p ds=.a'x— —3—+5.,
8 sinsa - ascossa: : 2a° a*:
aR 3 Os=.a" - o +5

] . .
8 T 'sinsa - ascossa: ds= '15a° -10a’ +3a’
™ 5 | 15

0 5 '

*.sinsa - ascossa: 8a’ m
| ; ds=, — X —
0 S : .15 . 8
Puta =1 & s=t we get,

*sint -tcost:” T

j —,— dt=—

o' t ! 15

_ _ 1-x7 5 f x| <1
Find the Fourier transform of f (x) = -

0; if |x| 51
" sins-scoss: s 3m *(xcos x-sinx)’ m
Hence show that (j cos: —ds= —and (ii dx =—
()J(;' Sz ' 12 ' 16 ( )IO X6 15
o 1-x4,  —1<x<1
Solution: Givenf (x) = - .
.0, otherwise

The Fourier transform f(X) is

FhuﬂzF@y;i_}fummw.

Jom
1 -1 1 © .
F(s)=— . [0e™dx+ [(1-x*)e™dx+ [0 e%dx:
T 0270 [l o

(1— X’ )(cos sX + i sin sx) dx

1 1
i




v 1 1

-f(l—xz)cossxdx+i (1—x2 Sinsxdx - |
2m .,

9]

-1
1

(1= % )sin sxis an odd fn.". | (1— % )sin sxdx = 0
-1

1

RN e

L XCOSSX  sinsx:’

S $ o

* COS S sms-_(o)-
"sz— i
=_72[p2+sScOSS—sins:

SS

2:5inS—scoss:
o g7

Deduction: 1
By inverse Fourier transform of F(s).

1
f09="7— fF(S)e s

=

-0

®, 2-sins—scoss- '
=_1 SR A AR
\/211 r 2\/;' 3

iy s
.sins — sCoSS:
\/ﬁ \/7 — (cos sx —isinsx) ds

2" sms SCOSS + SiNS—SCOSS:

S I-I—Sa—,l(cossx)ds—lf.l

(sin sx)ds
4™ sins —sCcoss: .’sin's — $COSS:
f(x) —f T sse T (sin sx)is an odd function
. 5iN'S— SCOSS: m
——— cossxds= — f(X)

N

1
Put X =
®.sins—scoss

s Ty Lty

&j-sins—scoss- Y m 3 1 1 3

— ¢ cos. _.ds= , X T =1-x"= f. 5 = 1—_4 =

0




®.sins—SsCcoSS: Y 3m
f.—3.cos. — ds=—
; S ' 2, 16

(i1) By Parseval’s identity,

0

[TF@)] ds= [[f(0]%dx

—00 —00

o . sins —SCOSS' ' ! 2
Jm:z\/_.nzrl Sd I: dS: Jl(l—xz) dX

8 “ sinsa-ascossa:’
o — _ 2 4
72l = -~ ds 2}0(1 2% + x*)dx
2
2 Sins —SCOSS: )
'.'(1— xz) and, = areaneven functions
. g°

8~ sins-scoss’ N
—j ; ds=. x- —+ —
Ty S . . 3 :

. 2 0
8 “sins-scoss: ' 1:
_j, s , ds=.1-—+—"o
me S : . 3 5.
8]"sms—scoss' ds=,15-10+3"
™o s? ' —15——

0- )
“1SINS —SCOSS! 8 m
j 3 ds=. — x —
. S ' 15 . 8
Put s=t we get,
* (sint - tcost)” m
j - dx=__
0 t 15
=X, for0<x<1
Find the Fourier cosine and sine transformof f (x) = 2 —x, for1 <x < 2.
‘0, for x > 2
Solution:
X forO<x<1
Givenf(x) = 2-Xx forl<x<2
"0, for x > 2

The Fourier Cosine transform of f(x) is

5
F.Lf0] = F(s) :\/; f f (x) cos sx dx .

2ll 2 [ '
:\/; [ xcossxdx + (2 - x)cossxdx + [0cossKdx
A |

1




\/‘[~ +Sin sx -—cossx--l - ' SiN SX - '—cossx"z-
=\_ .(x). '-(1)- , +-(2-X)' '-(—1)' ¥
m., .S S S

" ' P

\/‘Z xsinsx  cossx:' 'sinsx:  cos sx -
= + 2-X - .
T . H@20

2
S S o S . S

2''+8iNS COSS: X €0S2S: -+ Sin s coss
= = _+ — Q+ 0.- —=. —
2 2. s . . S S

Z Si coss 1 _ C0os2s i +coss;
S-S S 54

Fc(s :\/7 2C0SS - (:20525 1
e S -

T he Fourier sine transform of f(X) 15

F|f =F.(s) = f i dx .
[iw]=F J:of (9sinsxdx
v 1 2 ) '
=\/‘ZL jxsinsxdx+j(2—x)sinsxdx+W
.
|0 1 1
X " —COSSX " -—sinsx--1 - '+ —COSSX '—sinsxllz-
= —_ N — 1' L ‘I’. 2_ ! —_— —1| L
n:.(x). _— (). 7 ( X). _— ( ). il

. 1 . 2
\/.zu—xcossx sinsx:~ 1 COSSX'  sinsx'
== + +.-(2-x). - :

S s . s

m.

2' cosSs sins sin2s coss @ sins:

711'_}1 sz_ser/éf/Jr 5

Find Fourier transform of e Mand hence deduce that

cosxt _ _ 2 2as
@ | ee*yf (b)F,'xeak.':i\/:

a+t M2 4+ g2

The Fourier transform of f(x) is

1 - :
FLF0T=F(s) == [ 100e"ax.

f PK(cos sx + isin sx) dx

ﬁ\




EL

- feﬁa‘x‘cossxdx+ i fe@ax‘?insx .

|
e"J“sin sxdx =10

'.'e’; sin sx is an odd fn.". f

—00

-

= Tom Zle cos sx dx

Va2 -
:m@[e“cossxdx

F(S)=F'e‘“" - \/? a - e *coshxdx =
Thal+s%" f[
Deduction (a):

By inverse Fourier transform of F(s) is

a’+b?

1 = _
(0= 7= [ Fs)e s

—00

m

{J'- — cossxds=_— F(X)

attst 2a

‘j"cossx T 4y
s=,_¢

la’ts’ 2a

Put s=t

°.COs tx T _ay

Jl 2 2dt=—e

t+a 2a

Deduction (b):

_ il \ﬁf +3°"

By Property
Foxt () = - 1 [F (9]
dds
Frxe ™| =-i— F(e’”)
' ' ds

herea=ab=-s

-1 T\E a ' eds
Jem ! \m '-azgsz.'
1 [2 o
:\/ﬁ\/;l .Iaz+Sz.l(cossx—|smsx)ds
a't 1 .1
= f-—aszz-(COSSX)dS—iaf- ~(sinsx) ds
2% 1 ~ 1
f(x)=— cossxds .(sinsx) is an odd function
-] 7oe g sinsx)




= — \/E -1 + :\/ZZL
ia 11" (ﬁf(o 2s)" i (a2+sz)2

a +s 1T

F'xe”'—i\/?' 25

Find the Fourier sine and cosine transform of e ™, a > 0 and deduce that

) [ S 2sinsxdx=fzeax.
0

i) [ 1 jcossxdx=Te
bS ta 2a

Solution:

The Fourier sine transform of f(x) is

2 ” -
FLf0] =Fs) =\/% f f (x) sinsxdx .

200_ axX a3
=,{—fe sin sx dx
TrO
-ax ' S ' e b .
F(s)=F e™ = /_ . Je sinbxdx = herea=a;b=s
S S Tl_

‘a?+s7 | a’+ b’
The Fourier cosine transform of f(x) is

FLf0] =F.(s) =\/% wf f (x) cos sxdx .

= /_ f‘e cos sx dx
TrO
P .

F(s)=F e = ' "'Je_axcosbxdx= % herea=ab=s
¢ ¢ T a’+s’ a’+ b’

0

The inverse Fourier sine transform of F(S) is

f(x)= |_ [| f(x)sinsxdx
@ \/:Oj Q
00 , s ,
= , , Sin sxdx
ﬁof Ta s
2% s

,. sin sx dx

B 2T s

Sy
s 1
csinsxdx = f(x

[ are 2T

o]", S 2:sinsxdx=zél -
0

ax




The inverse Fourier Cosine transform of F_(S) is

f (x) :\/Z f f (x) cossxdx

\/? f\/? . C0S sxdx
at+s

=— f . C0S Sx dX
ooa T
Of mz.lcos sx dx :—zf(x)
mf. 2 ,lcossxdx= T e

rats: 2a

10.

Solution:
The Fourier sine transform f(x) is

2 ” -
FLf0] =F(s) =\/; f f (x)sinsxdx.

2%, .
=\ﬁfeaxsm sx dx
TrO

F(s)=F e™

The Fourier cosine transform f(x) is

FLf0] =F.(s) =\/:—T[0f f (x) cos sxdx .
= |__ A X d
\/:T[of e ®cos sx dx
F(s)=Fre® = [
C C ﬁ.l
We know that
)F [xf (0] = %: Elrolt=

d ]l d
ds{F°e } .
d: 1 ..
:_a\/’éd_s a’+¢
2

RCeE

00

d

a’+s%

IF

F oxe™®, =-

%\JQM

Find the Fourier sineand cosine transformof e ®

s ® e
= |7 '.'Jeaxsmbxdx=
m'a’+s* |

* a>0andhencefind F ',xe;ax',and F ',xe*";‘x',.

herea=ab=s
a’+ b?

e ™ coshxdx = a herea=ab=s
f a’+ b’

(s)]




- \éz 2as 'FS
T '(a2+sz)2' .

i) F [xf (] —_{F [ fx )]} S 30)

P e =%3{F°.e‘a*.}=%ls;ﬁ/;ﬁ2%sﬁ'l

'(a2 +sz)(1)—s(0+25)'
e

2 2 2"

|2+ a+s -2

™. (a% +57)
A - F

xe ¥ = '
5 V{——z—
(a2 +5s2)"" .

11.

—ax

Find the Fourier sine transform of
X

Solution:
The Fourier sine transform of f(x) is

200
FIf(X)| =F.(s)=,— [ f(x)sinsxdx
L1 0] s<)ﬁoj )
,e—ax, 200 —ax
F.—= |— sin sx dx
X, \/;OJET

Taking diff. on both sides w.r.to s

d: e d'27e®
— F — = — Jf —sinsxdx
ds. ., x .,

00 —axa
\/Tf 5 (sin sx ) dx
\/—[f_(cossx xdx
\/Tfe *cos sx dx
d 'F,, e
\/;F[a s

Integratmg on on both sides w.r.to s

ffaﬂ

,a> 0 and hence find F;. I




. e—ax Y
Fo. ™ =4 tan .7
X T vd
\ e—bx S
Similarly F,. ——= —tfan .
y o5 X T h
Deduction:
—ax __ p—bx, \ p—ax =bx,
F e —e ™ _ Fs.e e
X . X X
' e—ax. ,e—bx,
=F. - F.
X X
_1' S
= [Ttan’!

P

T
' By S o R
T . tan —tan N
: . o

12.

—ax

Find the Fourier cosine transform of

Solution:
The Fourier cosine transform f(x) is

FLT(X)]| =F.(s)=,/— [ f(x)cossxdx
[f(0] ()JiJ‘)

DT 0 —ax
F, T \/:éoje_xcos sx dx

Taking diff. on both sides w.r.to s

d: e® d Te ™
— R = % —_cossxdx
ds v, ds.

:\[zf 5 (cos sx ) dx

L
%

\/?fe *sin sx dx
dF
ds M_

Integratlng on on both sides w.r.to s

ff“s

,a> 0 and hence find F_.

' e—a)(
X

_e—bx.




:—\/Efll S IIdS
o a’+ s
21 .+ 25
=== ds
\/;2 a2+ s

< [ Lioo(s ) W< 10g 1 ()]
M 2 f(x)

:—ilog(sﬁaz)
Y21T
= ogh . 1
2 g'EZ aZ
F e = L lo L
“ox . o g s’+a
Le T 1 1
Similarly F._. —= ——oq. :
imiarly ¢ X | 2_” g.Sz-l-bz
Deduction:
L a—ax _ a-bx, . p- & -bx ,
Fc.e e .=Fc.e _ e
L poax, . a-bx,
-F.° U -F
1 X 1 1 X 1
1 - 1 1 - 1 .
= log. , =, - log. , ",
1 + 5% 4p?
= log.
ﬁﬂ .S +a
—ax bx, 2,
= _ 1 Iog s2+b*

S—x—?ﬁsz—-!-—az—

13.

Using Parseval’sndentlty evaluate the following integrals.

2 f(x (X2 + &%)

2
X
2 ——— . dx, wherea > 0.
) Of(x2 + a%)?
Solution:

Assume f (x) = e ™
The Fourier sine transform f(x) is

2 ” -
FLf 0] =F.(s) :\/; f f (x) sin sxdx .




2%
:\/;Je sinsx dx
2 S

—ax — i b
F(s)=F.e™ —\/;.-azﬂz : '_'le‘axsinbxdx= 2+ herea=ab=s
The Fourier cosine transform f(x) is
2 o0
E[fo0] =F.(s) = ;0[ f (X) cossxdx.
2 o0
= {gfe‘axcosxdx
20 a ” a
F()=F.e™ _\/;-'a2+32-' '.'£e‘axcosbxdx:m herea=a;b=s

(i) The Parseval’s identity for Fourier cosine transform is

iT| Fc(s% ds =°°J f(>j)2dx
8,

[ 2 -'st=T(e‘aX)2dx

T o(a®+s?) °

| mee ™"

£(a2+52)2 ds:Za2 -2a

T 1 ds=" g g

&(azﬁsz)z {a;

f{_Lz_)?ds=_3,[0—l] e =0e°=1
0a + s 4a

J 1 as=T,

o(a?+5s?) 4a

Put s=x we get

- 1 I
J(az +X2)2dX— 43°

(i) The Parseval’s identity for Fourier sine transform is

T| FS(s%ds :”( f(j)zdx

] 0
1 S )

f\/? o ds:T(e’ax)zdx

U U




w;z;ds ="Me~—¢g"
o(a?+5?) 4a
§° ~TT
i .. )2d8=4_a[0_1] e =
¢ T
f Sds=_—
0(a2+82) 4a
Put s=x we get
X 2dx=l
o(a2+x2) 4a

14.

0 2

® 1
Evaluate (a) l(xz +a2)(x2 erz)dX (b)L(XZ +a2)(X2 b2

Solution:

(@) Assume f(X)=e™ ;g(x) =€~
The Fourier sine transform f(x) is

200
FLT(X) ] =F(s =\/: f (x)sinsxdx.
[fe0] =R = [T
200— ax o:
=\pfe sin sx dx
TrO
. s
\/_F?-'a2+sz-'
Similarly

} 2 S
G(s)=F e™ = |2 _>
() =F, Ve bP+ s

We know that

bx

F(s)=F e

o0

@[FS(S)GS(s)ds :of f (X)g(x)dx

: 'Je'ax sinbxdx =

00

a’+ b?

. . ; ds=[€ _ e  dx
T\/}IEI'HZ +SSZI' \/%I'bz +SSZI- JI Tax bx
0 0

)dx using Fourier transforms.

herea=ab=s




2% s ' ©
» ., o — ax bx
FJI(a%s‘)(bﬁsz)l s of e

00! Sz m .
Br(s?-—az—&sz—-!-—bj) ds= 24 e @D xdy

o0
-+

[ & @0y

00

' e—(a+b) X4

m
20
T

2.—(a+b),

-1 e o
= g —p

1

Put s=x we get

]OI/Z A\sz Z\IdX: m
X +at)(x +b%) o )

0.

(b) Assume f(x)=e ™ :g(x) =e ™
The Fourier cosine transform f(x) is

200
FLf 0] = F(s) =\/TT:J f (x) cossx dx.
200
= {Je‘axcossxdx
2. a o
F()=F.e™ =,[—, :
(o) =F \/; al+s?:

Similarly

2+ b
G.(s =F,ebx,:\/:
L) =F T b’ +5%

We know that

o0 o0

J F.(s)G.(s)ds :OJ" f (x)g(x)dx

T\/zl a I\/ZI b °° , axg bx
ACRIING Tr'.b2+52:dszofe e "dx

00

_xa+m o

a

- —aX —
.le cosbx dx IR

herea=ab =-s




00

2ab "’ 1 o
| L, o — ax bx
md (@rs)oresy ) ¢

0!

1’ ds= o °°_+(b)
(s,¥b)) 2ab J e“Pdx

Y \
As,ta,)ls,

o0

m
=2ab [ e (" *dx
T e (@ «

“2ab.—(a+b),

- e o
= g g

_2ab(a+b)' o0
—TT
———0-1 A ® a0
2a|O(a+b)[ ] et =0e =1
2 Std 1o o gs= T
0-( )( ); 2ab(a +b)

Put s=x we get

T:/ , 4\]; 5 l\'ldX: T
X +a%)J(x*+b%)  oap(a +b)

0.

X2 1

; )( ; )dx using Fourier transforms.
X +1){x°+4

dx,(b)u
0

Evaluate (a) L(Xz +9)(x2 +16)

Solution:
(@) Assume f(x)=e* ;g(x) =e"
The Fourier sine transform f(x) is

>
FLf 0] =F(s) Z\/TT:J f (x) sinsxdx.

2%
= ﬁfe sin sx dx
0

bx

F.(s)=F e™, :\/%-'az -:SZ '.'le’axsinbxdx= azibz herea=ajb =s
Similarly
G (s)=G ,e™ =\/§' >
) ’ b2 +s%
We know that

o0 o0

JFS(S)GS(S)dS :of f (X)g(x)dx




! 2
/

S
e W

Put a=3,& b=4 ar;(q S=X we get

o= l(x2 +9)(x? +16)dx 23+ 4)

® 2
=T
Of(x2+9)(x2+16)dx_14

(b) Assume f(x)=e* ;g(x) = g™
The Fourier cosine transform f(x) is

>
FLf 0] =F(s) :\/“:g[ f (x) cossxdx .
5=
=\/ﬂ:JeaXcossxdx
2 a a

FC(S)ZFC|87 . :\/;,'a2+52,' .-.J;e—axcosbxdx:m here a = a;b: S

00

Similarly

GC(S):FCIe—be :\/z' b
b2 +s%

We know that




00 o0

@[ F.(5)G, (s)ds :of f (x)g(x)dx

”j\/z ,a 2,-\/?, , b 2"dSZTe*axe*bde
o 'TMra+s: Vb +s

0

2ab°°'( )1(| )I oo__ax bx
_H_OJ.I 2 2 2 2|Ids:0fe dX
L ssraflssbs) ds=2ho J e Vex

o0

™
~2ab | & "

_ e p-(a+b)x, «
2ab. —(a+b).,
_—Tr -0 -0
= et —e
2ab(a+b)’ "o
=_—1T[O—1] e —0e =1
2ab(a +b)
00! 1 ' _ 'n'
. N —ds =
MG DI 2ab(a +b)

Put a=1 & b=2 s=x we get
N TT

O = | L -
O(X +IHX +2[' Z2)T+2)
‘j" 1 1
X +INTX" + 12

Self
If a

reciprocal:
transformation of a function f(x) is equal to f(s) then the function f(x) is called self reciprocal.

14.

—x?

22

Find the Fourier transform of e **Hence prove that e 2is self reciprocal with respect to
Fourier Transforms.

Solution:

The Fourier transform f(X) is

1 ° _
F[f(x)] = F(s) :\/; J f (x)e™*dx

00

= e—azxzn — # J‘efazxzeisxdx
' ' 21

:712—; J‘ e—azxz+isxdx




- [e dx (A—B)Y’=A"—2AB + B
V21T _, .
~ 1 o —:(ax)lisx+. 2I;52 ) Zfz 2AB = isx
g U )
2m ., L Here A=ax,B=_
= 1 ‘f&' ax—23' e‘%' dx 2a
2m
= 1 ezli " el_ Eza dX
21 £
is du
Letu=ax—__ =du=adx = dx=__ :u:—ocoto o
2a 122 a
:—1 eélai J‘ e—UZ d_u
21 oo a
- -u? Y S
I S - T
Eﬂ o
1 =S 00

12 . .
= ez‘#zje “du ..g-w isan even function

a\/Z; ,0

: Y u? il
R SN | je du =
av2NT 2 b 2
V-t 1 =
F le = a\/§e4az ______ (1)
Deduction:

—x?

Toprovee ? s self reciprocal

It is enough to prove that F =e 2! ise 2
1 .
_ __in(@
Puta =
J2
. 4:71_2
Fe °? = g2
. D1
2',‘5
] 7X2| 7?52
Fe 2.=¢2




". e 2is self reciprocal.

15.

— XZ
Find the Fourier transform of e 2.
;)(2
(or) Show that e 2is self reciprocal with respect to Fourier Transforms.
Solution:

x2

Let f(x) =e 2

—a?x? 1
Assume f(x)=e* where a=_"_
V2
The Fourier transform f(x) is

F[f()] =F(s) =iTT o} f (x)e"™dx

2.2 1 y 2,2 2 2 2
Fre® = _—_ [e ¥ e™dx (A-B)"=A"-2AB+B
' ' \/211 _wf
© 2AB =isx
:fi; eax +|sde -
Here A=ax ,B= E
_ J’ a X ISX)dX 2a
o L2 L2,
1 (ax)2 ISX+'.2?._'.2?.
=_~ (e "dx
o | J
1 Te e Ez"f‘ e dx
\/ZTT .
Te | & “dx
«/ZTT
is du
Letu=ax—_ =du=adx =>dx=__; u:—ootooo
2a a
= 1 p4a” J e—u2 du
2Tt . a
= ga’ j e du i2=-1
a Lo
= 1 e“azzje’uzdu e isaneven function
VT ¥
A Ie’”zdu .
a2 2 0 2
Fe = & e | ——— @)




,XZ

Toprove g2 isself reciprocal

. ), ¢
It is enough to prove that F e "2+ ise 2
1 .
Puta= —7= in (1)
V2
— 3?2
R Y 1:2
Fle Tl e
% =
K 2
Fie 2. =¢2
Fe Zr=6%

- g2 isself reciprocal.

Find the Fourier cosine transform of e " Hence find F,'xe "

Solution:

Let f(x)= g ax
The Fourier cosine transform f(x) is

. r
F[f0] =E() =\/ﬂ2f f (x) cossxdx [ FO)dx= Ef f (x)dx

—2 :
e cossxdx
\/7 fe ¢ cossx dx

F[f(x)] =RP.of 2\/;} o 4 gy .c0s sX = R.P.of e
F[f(x]=RP.of \/—j e " evdx
1 ) —a?x? qisx
= R'P'OfT j e ¥ e™dx
LI
1 T a2x2+is><d
:R.P.ofﬁje X (a—b)’=a’— 2ab + b’
1™ ~(a?x2-isx) —2ab = isx
= R.P.of
T d
| e X
Herea = ax




. .2,
2 cISe ISy

- (ax) fisx+..27.‘—.‘2*.‘
e’ a0

|
= R.P.of T e 'a@i‘”iféz'—zla‘ dx

= R.P.of & Il e B dx

—00

] ~9\~

is u
Letu=ax — =>du=adx > dx=— ; u:— otooo
2a _ a
i%% 0o
egje*‘zd—u

1
= R.P.of
21T Y a

—Szoo

Ty 2
g4a’ j e du
a~/21T Yo

5% 00

g4’ Zje‘uzdu e

a2
= R.P.of L . \/; }o \/1:
a2 T 2 -0

it =-1

= R.P.of

“u? - .
isan even function

= R.P.of

Deduction:

£ 0] = —HE [ ol} = —IF o

-a?x% _ Q{F C.Ie—azx2 .}

F 'xe =
s ' ds
_ d' 1 n;z
ds,a
1 -2
= — e7l§2| '
q/_Z 43’
Foed = 5 e
' o2 pa
10<s<1

Solve for f(x), the integral equation f f(x)sinsxdx = 2,1 <s<2

17.
0 "0,s>2
Solution:
*10=<s<1
Given J' f()sinsxdx= 2,1<s<2. -~~~ — @)
0 s>2
We know that




200 -
FIf ] :\/1:11 f (x) sin sxdx

r1,0<s<L: .
f(x)z\/'ZF‘l 2,1<5<2 F‘l[F(s)]=1‘(X)=\/{LJ:(S)8inSXOIS
T 0522 | s mé

f(x)= \/—Z\F 1smsxds+ 25|nsxds+f05|nsxds

1
= Jlsm sxds + jZSln sxds.

T,

‘o 1

1 2,

2" —COSSX: '+ —COS SX
=_, .t 2
T, X . X
:2 ' —cosx+cosg- +2 —c052x+cosxnv- X
- X ' XX "
2 —C0SX 1 2cost o COSXTT:
——x— X —%— —X%

[1 — COS X — 2C0S 2X + 2C0S x]
41x

[1 + COosS X — 2c0s 2x]

f(x) =

18.

Find the Fourier cosine and sine transform of x"~*. Hence show that

Fourier cosine and sine transforms.

Solution:
By definition of Gamma integral
g
Je‘”x”‘ldx =—,a>0,n>0
a
Put a=is
. g
e X" tdx = ,a>0,n>
f 0 is)"
® M
J‘ anlefisxdx ZIE
.,
_S_n (_l)
m n n' AT mTooom
=— C€0S— —isin—, e 2=c0S— —isin— =+
s’ 2. 22
n

1n nm M
= .cos —isin
S
" o . oo nme
fx”‘l(cossx —isinsx)dx =" €OS—~ —isin—"

°° n
X" cos sxdx - ij X" sin sxdx =
0

ntt  In nTT
g COS ™5~ sin™,

o—— go

X

is self reciprocal under

" by Demorives theorem (cos8 = isin®)" = cosnd +isinnd




Equating real and imaginary parts on both sides

m nm T x sinsxdx =N sinnTT
s 2 n-1 <t 2

0 0

27 2In nmr 2" _ 2 n_nm
- - - f X sinsxdx =4/~ —_sin
.I.l. n o n
o T 2 T, TS 2
-1 2 In__nm 1 2Mn . nmm
Frx' = cos Fx = sin

m s 2 m s 2

Deduction:
1 . . . .

To prove N is self reciprocal under Fourier cosine and sine transforms.
X

1 1 T 1
It is enough to prove that F ~— _ = dF ="
NN AN SN A
We know that
Frx'h = EEcosE Frx' = \/Zrisinm
¢ T s 2 ° ™ s" 2
Putn =—
2
= rI 21,' -Q- %1 . r,:zl .Q-
F..x?2 :\/—E[_Tcos_ Fox? e \/E_T5|n_
S s
2 2. Jm 1 - 2. Jm 1 T
Fe-x?. = ££7 Feo X2 = ££— cos” =sin~
Vi s 2 o An s V2 4
N ool
S S
1

is self reciprocal under Fourier cosine and sine transforms.

ﬁ

19.

— as

Find the function f (x) if its sine transform is

S
Solution:

—as

£

Given FS[ f(X)] = F(s) S

f(x) =F[F )] =\E°"F (s)sin sxds
S .n.! S

2°° —as
f(x)=,— |E—sinsxds
() \/;0 S

Taking diff on both sides w.r.to x

d d' [2%e™ :
dx[ f(x)] :dx \/; Of? sin sxds-l




el ]

* 0
(ansx)ds

_\[_j COS SXX/5 ds

Yl

*cos sx ds

d - N a
—LfX) = 4|— t — =
dx[ ] JTT-a2+X2 o le cosbx dx =—7_
mmWMMmmwrmx

| 1 F X
f(x . ——tan 1. =,
(x) = \/ . L o X =t

a+x
[h
T a '

a

f(x) = \Ftan e X
va

herea=a,b=x
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