) ROHINI coLLEGE OF ENGINEERING & TECHNOLOGY

Near Anjugramam Junction, Kanyakumari Main Road, Palkulam, Variyoor P.O - 629401
Kanyakumari Dist, Tamilnadu., E-mail : admin@rcet.org.in, Website : www.rcet.org.in

DEPARTMENT OF MATHEMATICS

NAME OF THE SUBJECT : TRANSFORMS & PARTIAL

DIFFERENTIAL

EQUATION
SUBJECT CODE : MA8353
REGULATION :2017

UNIT -1V : FOURIER TRANSFORMS



UNIT — IV FOURIER TRANSFORMS

IMPORTANT FORMULAE

Fourier transform pair:

i) The Fourier Transform dfx) is F [ f (x)] =F(9) :%I f (x)e¥dx
T —00
ii) The Inverse Fourier Transform d#(s) is f(X) =%I F(s)e ds
T —00

HereF(s) & f(x) are called Fourier transform pair.

Fourier Cosine transform pair:

i) The Fourier Cosine Transform k) is F,[ f (X)]=F.(s) = \/EJ‘ f (X) cossxdx
4 0

2 o0
ii) The Inverse Fourier Cosine Transform &% (s) is f(X) = \/:J F.(s)cossxds
T 0

HereF(s) & f(x) are called Fourier cosine transform pair.

Fourier Sine transform pair:

i) The Fourier Sine Transform &) is F,[ f (x)]=F,(s) = \/ZI f (X) sinsxdx
7 0

ii) The Inverse Fourier Sine Transform &i,(s) is f(X) :% I F.(s)sinsxds
T —00

HereF4(s) & f(X) are called Fourier sine transform pair.

Parsevals Identity for Fourier transforr;:| F(S)|2 ds= T | f ()| dx

—00 —00

Parsevals Identity for Fourier Cosine transfod.rfl::c(s)|2 ds= “ f (x)| %dx
0 0

Parsevals Identity for Fourier Sine transforﬁuFS(s)| *ds= _H f (X)|2 dx
0 0

% a
1) | e ® cosbxdx=
) { a’ +b?
2) | e ®sinbxdx=
) E[ a’ +b?

ﬁ

3) Te”zdu= 5
0




4) F[ﬁ(x)]:(—i)diS{F[f(x)]}:(—i)diS[F(s)]

) F [ (9] =~ [R[F00)} = [F.O)

) F.[¥ (0] =R f 0]} =L [F.O)

7) If f(X) andg(x) are any two functions arfel(s) & G¢(s) are there Fourier cosine transforms
then j f (X)g(X)dx = j F_(S)G, (s)ds holds.
0 0
8) If f(X) andg(x) are any two functions arel(s) & Gy(s) are there Fourier sine transforms

thenT f(X)g(x)dx :T F.(5)G,(s)ds holds.

PART -A

State Fourier integral theorem.
Solution :

If f (X) is piecewise continuous, differentiable and absolutely integrable in (— 0, oo) then

f(x):% T ) &%=t ggs

— 00 —00

If F(s) is the Fourier transform of f (x), then show that F{ f (x—a)} =e™ F(s)
Solution :

Given F [ f (X)] =F(9)

The Fourier Transform dfx) is

F[f(0]= F(s):%T F (x)e%dx
F[f(x-a)] =% T f (x— a)e™dx

Let X—a=t = dx=dt

f (t)e' D dt

=LT
Nl
_'saiOO ist
=d @_jwf(t)e dt
F[f(x—a)]=e*F[f(x)]

State Convolution theorem in Fourier Transform.
Solution :

The Fourier transform of the convolution of f (X) and g(x) is the product of their Fourier
transforms .

ie.F[f(x)*g(x)]=F[f(]F[g(x)]=F(5).G(s)

If F{f(x)}=F(s), then find F{&™ f (x)}.

Solution :




Flf(0]=F(s)=

off (x)elSdx

ﬁ .
Fle™f(0]= %:}O &% f (x)e dlx = %? f (x)e S +ixgy

OJO f(x)ei(s+ a)X 4y

_ 1
7
F[eiaxf(x)]:F(s+a)

State and prove the change of scale property of Fourier Transform.
Statement:

If F[f(X)]=F(s) then F [f(ax f(ax) e dx

b
Solution :

Given F [ f (X)] =F(s)

The Fourier Transform dfx) is

F[f(Q)]=F(9) = \/_j f (x)eSdx

F[f(ax)]:%_[ f(ax) €% dx

t
Ifa>0 Putax=t = adx:dt:>dx=d— when x=-0o =t=-0 and xX=wo=>t=w
a

F[f(ax)]:i]c fo ele &

a
FLf( ]_——jf(t) eUdt (:J ~(1)
Ifa<0 Putax=t, adx=dt, dx—it

when Xx=-o =t=w and x—oo:>t——

:>F[f

)= J—If(t) J—ff(t)e )% EF(E) —(2)

From (1) & (2) we get F(f(aX)):HF(Ej, az0

1
Find the Fourier Sine transform of —.
X

Solution :
The Fourier Sine Transform d{x) is

R (9] =Fi(9) = \/gj f () sinsxx




kl

R N e

PART-

. . 1,[¢<a % sinx . ,
Find the Fourier transforms of f (X)= and hence evaluat§7 dx.Using Parseval's
0./x>a X

Int T

5
1, -a<x<a
0, otherwise
The Fourier transform f(x) is

F[f(x)]:F(s):%J' f (X)€% dx.

Solution: Givenf (x)={

F(s) =%U10e‘*dx+ i 1e‘5*dx+T Oés‘dx}

= 1 I(cossx+i simsx Jdx

Jor

_E“ COSSX dx+W} ssinsxisan evenfnJ' sisxdx =

=— 2j cossx dx

Ea[am] e

£ (o :\/g{sir;as}

Deduction: 1
By inverse Fourier transform &{s).

F(x) = % T F(s)e"™ds

7] (\F S'T‘S] e
=T\PI ( Sinas}(cossx—i sinsx) ds

< L[ eoms ][ |

&‘




f(x) =EI(SInaS)coss<ds (SmaSJsins( isan odd function
7yl s s

T(Sinasjcossxds=£f )
AN 2

Put x=0

j(smasjcosOds=£f (0)
AR 2

T(S"‘Sasjds:%a) - f()=1= f (0)=1

0

Puta=1 ands=x we get

e
X 2

0

(i) By Parseval's identity,

T[F(s)]zdx: j[f (x)]?ds

—00

2
Tl [2sinsal %,
[[‘/” S }dsjﬁldx

.| s
2 = (sinsa\’
= ds=[a—(-a)]
72\ s

© . 2
gzj(smsa) ds = 23
AR
© 2
jsmsa) gs = 22
° 4
Puta=1 & s=t we get,

- o o . 2
js'rltdtzj(ﬂj dt ==,
- t 2

_ _ x; if [{<a
Find the Fourier transform of f(x)= ) :
0; if|[x>a

X, —a<x<a

0, otherwise
The Fourier transform f(x) is

F[f(0]= F(s):%]? f (x)eSdx .

Solution: Given f (x):{




ﬁ\

F(s) {J‘ 0eSdx+ I xe's‘dx+_|‘0e'9‘dx}

a

\/_ _[ X(cossx+1i sinsx Jx

a

ﬁ\

a

[ dx +|jxsmsxdx} ‘s X COSsX isamdd fn-. j X cosxdx=

—a

= —2 X sinsx dx - X sinx isaneven function ... | x simxdx= 2 x simexdx
= I ] 4

Bl ol = _a

2 xcossx+ sinsx |°
7 0

s s?

. Eﬂ_acossa smsa) (0)}
r s

F(9= '\/EK sinsa— 82.5 cosmﬂ
r s

a—|x; if Ixl<a _
Find the Fourier transform of f(x):{0 | | | | is \/2(1 Cosas
' T

. > j.Hencededucethat ()
if [x>a>0
® . 4
j(s'”tj dt=". (ii)j[—smt) dt=".
A 2 o\t 3

s
. . a-|x, -a<x<a
Solution: Givenf (X)=

0, otherwise
The Fourier transform f(x) is

Ff()]= F(s):%i f (x)edx.

F(s)=\/1_“0e'5xdx+j ~IX) éS*dx+j0e'Sde}

a
_[ —[x]) (cossx+i sinsx Yix
a

( |x|)smsx|samdd fn-. _[ x|) sirxdx = (

—a

@\H @\

-
S

Zj(a—x)cossx dx
0




a

V242 i —COSSX
:_m;[(a_x 2o~ ﬂo

B g[_cossx}a
Nzl &,
{2|[-3 oo o)
=./—|| - |(cossa— cos
7|\ s
o=

sinz(
F(s) = 2\E 2 csit0=2"0%2 _ 1 cog= 2sit ¢| hew=2
7 2 2 2

SZ

Deduction: 1
By inverse Fourier transform &{s).

T F(s)e'ds




2
" sin(zj
[|— (cos()ds:%f 0)
0
2
. (as
(=]
| - ols:”7 () =a-|{=f(0)=a
0
Puta=1 and st get
(Y
T sm(zj 7 s ds
j— ds=— put—=t =>—=dt
s 2

2(sint )’ Vs
() a2
0 2t

4

0

"‘J(sintj2 s
[ g7
t 2

(i) By Parseval’s identity,

—00

2

é"—;S

T[F(s)]zdx: _T[f (x)]?ds

> sinz(asj 1 a
2l A2 e j(a—\x\)zdx
|

Sin(zJ ds= Zj:(a—x)zdx ~(a-[X) an

sin’ (j
diz2 areeven functio
S




O 8
0 1
5.
7~ N\
S
N———
L
o
i
©w
S|

S ~ 3x8

Pu_ta =1& s=t_we get,

4
sin(zJ S ds
) gs= T put==t = — =dt
S 24 2 2

O 8

I smt} ot~
o 2 4

2
T{smt} il
t 3

0

_ _ 1-|¥, |¥<1 _
Find the Fourier transform of f (X) = 0 |x| 1 and hence find the value of
o 2 o 4
. rSin“t .. rSIin’t
(|)J; = dt . (||)J; 3 dt .
Sloution:
Hint in the previous problera=1.
X <a
Find the Fourier transform of f (x)= { 0 I I> and hence evaluate
. [ sint— ¢ sint—t
0 J»(smt ;cosjdtzg I(SI cost} at=”
0 t 4 : 15
. . a’—x?, —a<x<a
Solution: Givenf (x)= _
0, otherwise

The Fourier transform of f(x) is

F[f(x)]= F(s):%i f (x)edx.

F(s) = {J‘ Oe's‘dx+_|‘ —xz)eis‘dx+]20ei9‘dx}

ﬁ\

(8% —x*)(cossx+i sinsx Yix

N~
5]
o —




_%ﬁ(az—xz)cossx dx+W}

-.-(az—xz)sinsxisamdd fn-. T(az—xz) sirsxdx = (

Zi(az—xz)cossxdx

S
acossa sirsa

s? s

—COSsX
?

XCOSSX  Sirsx

(rom

s s
[ ascossa— sirsa

o

S }
sinsa—as cosm}
Deduction: 1
By inverse Fourier transform &{s).

0

SS

f(x) = T F(s)e '™ds

=1
=

sinsa—as cosa

S3

s

sinsa—as cosa .
(cossx—i sinsx)ds

S3

2
_gﬁ[sin
s —0
f(x)zgj-{ sisa—as cosa

SS

sinsa—as cossa
S3

}cossxds [

SINSAZASCOMA | cpsexds =~ f )
3
oL S - 4
Put x=0
[ SINSA~A5CORA | (cosds=2 f (0]
oL S - 4
o[ _ 7 2
sinsa-ascosa |, 7a cf()=a?-x*= f(0)=
s’ 4
0

Puta=1 anc s=t gel

)

}( sinsx) isan odd functic

a.2




J- sint —3t cod T
t 4

0
(i) By Parseval's identity,

j[F(s) |’ ds= j f ()] 2dx

—00

it z{sm-i‘s“’%ﬂzds— (o) o

T S —a

—00

00 H 2 a
§2j {smm— ?S cosm} ds= Zj(a“ — 2222+ x“)dx
0

S
, a2 sinsa—ascosa |° _
'.'(a —X ) an({ S } areeven functiot
8% [ sinsa—ascosa | L2 x°Y
— ; ds=| a'x— +—
ol S ) 3 5 ),
8% [ sinsa—ascosa | . 25 a’
— . ds=| &’ ——+—
Tol S | 3 5
87 sinsa—aSCOSa_zdS_ 18° - 18°+ &
Tol s’ ] 15
= sinsa—ascossa |’ &) r
_[ : ds= X —
5 S 15 8

Puta=1 & s=t we get,

© . _ 2
J[smt 3tcost} g
0 t 15

_ _ 1-x°;if [q <1
Find the Fourier transform of f (x) = _ .
0; if|x=1

Hence showthat(i)T|:SinS_2SCO$:| { jds_z and i p XCOSX6 SII‘]X) dXZ;-[5
0 S X

1-x*, -1l<x<1
0, otherwise
The Fourier transform f(x) is

F[f(x]= F(s):%? f (x)e*dx.

Solution: Givenf (x) :{

F(s)=\/1_“0és‘dx+f (1-x é“dx+j0e'5‘dx}

N J' (cossx+| sirsx Jix
-1




_%ﬁ(l— ) cossK dx+ W}

(1— xz)sinsx is arodd fn-. Jl'( 1—x2) sisxdx =

2r %
i 1
_2V2 (1-% (-2 )( cozss><j+(_2)(— S'S”SX)
NONS S S S .
r 1
2 [ xcossx  sirsx
=-2,|— 2 3
7| s SN
2[(coss sirs
[ e
7|\ s s
2 [ scoss— sins}
=2 [0 T
7| s
F(9) =2\/§[sms—3s cos}
T s
Deduction: 1

By inverse Fourier transform &{s).

1 % -
f(X)=—— | F(s)e"™ds
(09 == j €]
(2 E{MDQN%
T S

__ 2 \/EI [—S'ns;f CO$}(cossx—i sinsx) ds
e

2 .

2| 7| sins—scos .| sir;—s cosl —
:;{L[T}(cos&)dsW}

4°%| sins—s cos SireE—S cos
I = T lcosxds | —M——

fg=" = .

}( sinsx) isan odd functic
s

0

T{sins—scoss
3

T
}cossxds:zf x)

0

1
Put X=—
2

SinsS—SsCcoss S Vs 1
—————|cog — |ds=—f| =
S 2 4 2

{sins—scoss}

53

(@]

o
/_(-D\ /_m_\
N »
N

o

(7))

Il
IR

X

leo

_

<

| ——

m

N

>

N

-

|
— I~

I

I-l—‘

e

|
I




| sins—scoss s &
J- —————|co§ — [ds=—
0 S 2 16
(i) By Parseval's identity,

T[F(s)]z ds:j [ (x)]%dx

—00

[ofZ[omso] ey o

3
V3 -1

S

—00

3

S

o [ i 72 1
§2j[3'”sa_as OB ds= 2[(1- 2¢ + x*)dx
T o 0

. 2
2 sins— scoss .
(1— X ) an areaneven functio

3

S

8=[ sins—scos | 2 XY
8 3 ds=| x— X X
TolL S | 3 5 0
o[ cine -2
87| sins 3500$ dse 1__2+_]j
Tol S ) 3 5
§°°_sins—500$_2ds_ 15 10 7
ol s’ | 15

w{sins—500$}2 ( 8) T
J- : ds=| — |x=
5 ) 15) 8

Put s=t we get,

0 1 _ 2
I(smt t cog) e ”

o t° 15

X, for O<x<1
Find the Fourier cosine and sine transform off (x) =< 2—x, for 1< x< 2.
0, for x> 2

Solution:
X, for O<x<1
Givenf (x)=42-Xx, for 1< x< 2
0, for x> 2

The Fourier Cosine transform of f(x) is

F[f(¥]=F.(5)= \ET f (X) cossxdx..

:\/gljl'xcos&dx+f( 2-X) cosxdx+I/0D<@}




(>(S'”ij ® ‘Cfxﬂo {@ o3[ mﬂl}

{_xsins><+co;$>< {(2_ )( sm;xj cz&}}
L S S 1y S X

s> s°

mmmm

smé coss_ cos8 §'n§+ coss
s s?

7 s?

(s)- E{Zcoss— cos&- j\

The Fourier sine transform of f(x) is

F[f(0)]=F.(s)= \/z]c f (x)sinsxdx.

ﬁxsmsxdwrf 2— smsxdx+£/s«@}
0 1

{ ~XCOSSX sw;sx} {—(Z—X)( cosxj_ sizsx} }
| s s s s |

[(sins cos 1 cosg Sif
P2 2 0k | ||| 0-— |- _
s s s s s

)

e

mm%&&

E(SS %) (0) 1] 0S¥ --=-

C sms smzs C sins
088 08 | sin
V4 S S

F () :\/g[ ZSinsS—2 sin 3}

S

“)

Find Eourier transform of & ** and hence deduce that

( )I Coi)t(tz -z e‘dx‘ (b) F[xe ax]_|\/5 205

(s+a)'

The Fourier transform of f(x) is

F[f(0]= F(s):ﬁ? F (x)edx.

=ije‘dx‘(cossx+i sinsx) dx

N2




- \/Z—II g ¥ cossxdx+W}

Xsinsx is arodd fn-. je M simxdx= (

—00

g

1 o0
=——2| e * cossxdx
\/ 27z I

_[ e ¥ cossxdx

B 2 a i a
F(s)=F|e™ |= —[ } - | e * cosbxdx= hera=ab=s
(5= [ J 7| a?+s? ! a’+b? "

Deduction (a):
By inverse Fourier transform &1(s) is

F(x) = % T F(s)e " ds

:f z\/;{a s } e
e
a

2 I

2.

T( jcossxds:lf x)
-\ a%+s° 2a

T CoSSX | _alx|
2 2 e
sa +s

(cossx)ds— |aj isz sinsx)ds}

}cossxds ( 21 2j(sirrsx) is an odd functic
a’+s

Puts=t

J- Ccostx dt—ieﬂ#x‘

ct?+a’  2a

Deduction (b):
By Property

F[xf(x)]:—i%[F(s)]

F[xe‘aqﬂ IdEF( EM)

__ig\ﬁ a
ds\| V7 a®+¢°




——ia 3-——'3—7(0+25)=i-2

7 (a2+sz) 7 (a2+ sz)

_al . |2 2as
F|:Xe Mj|:| ; m

2as

2

Find the Fourier sine and cosine transform of e ®,a > 0 and deduce that

—aX

i)j S sinsxdx=%e
0

s+a’

1 T
u)j ;—— COSsXdx=-—¢e™
v S +a 2a

Solution:
The Fourier sine transform of f(x) is

F[f(0)]=F(s)= \/%T f (x)sinsxdx.

:\/z_[e‘axsinsxdx
72-0

The Fourier cosine transform of f(x) is

F[f(X)]=F.(s)= \ET f (X) cossxdx .

=\/§Ie"‘x cossx dx
7[0

The inverse Fourier sine transform Bf(s) is

f(X) :\/g].i f (x) sinsxdx

27 (2| s :
:\/;I\/;[a2+sz}3|nsxdx
0

:EJ‘[ ZS 2}sinsxdx
rylLa’+s

2+52

QD

{ 3 }mym=%fa)

O 3

a’+s?

[ S }sinsxdx:ﬁeax
2

O3

sinbxdx=

F(8)= Fs[em]=\/§[a2isz} '.'Te

 cosbxdx=

Fc(s)=Fc[e-aX]:\/§{a2j‘sz} je

a’+

a’+

b2

b2

hera=ab=s

hera=ab=s




The inverse Fourier Cosine transformfgf(s) is

f(x)= \/ZT f (x) cossxdx

SHIEE

:—[ 1 }cossxdx
7Ty a’+¢s?

° a Vid
cossxdx=—f
ﬂaﬁsz} 2 )

oa T o
J'{ 2}coss»(dx:—e
° 2a

10.

Find the Fourier sine and cosine transform ofe ®,a > 0 and hence findF [ ] andF [

Solution:
The Fourier sine transform f(x) is

F[f(X)]=F(s)= \ET f (X) sinsxdx.

=\/§Ieaxsinsxdx
7[0

2 S I . b
F(s)=F.|e®|=,|— | e sinbxdx= herea=ab=s
(9 S[ ] \/;[a%sz} ! a’+b’ g

The Fourier cosine transform f(x) is

F[f(¥]=F.(5)= \ET f (X) cossxdx..

:\/éj‘e‘axcossxdx
72-0

2 a I a
F(s)=F.|e®|=,|— | e ® cosbxdx= hera=ab=s
(9 C[ } \/;{a%sz} ! a’+b’ "

We know that

) F.x 0] = (R 00)) =~ L [Fts)

peml--2ner) -2 B2




i) R[4 )= (R0} =L [FO)

-2l ]

e (a2+sz)(1)s(0+25)}

” (a2+sz)2

_ |2 a2+52252}

m (a2+sz)2

11.

e—ax e—ax _ e—bx
Find the Fourier sine transform of —,a> 0 and hence find F {—}
X X

Solution:
The Fourier sine transform of f(x) is

FLf(0]=F(s) = \ET f (x) sinsxdx

F{e—}\/gfe—sinsxdx
X Ty X

Taking diff. on both sides w.r.®

i Fs L :i \/zje_sins(dx
ds X ds|Vzy X
= 2 ii(sinsx)dx
Ty X oS

d e™ 2 a

P L Bl [PV il e

ds X rla +s
Integrating on on both sides w.rgo

o e




F, {e_}: Etan‘l(ij —dx taﬁl(ﬁj
X 7 a X% +a? a

—bx
Similarly F{e }: Etan‘l(s)
X Vs b

Deduction:

e (e e
A el =)

12.

—ax

Find the Fourier cosine transform of e—,a> 0 and hence find F
X

Solution:
The Fourier cosine transform f(x) is

F[f(]=F(9) =\ET f (x) cossxdx

F. [%} \/7T—axcossxdx

Taking diff. on both sides w.r.®

&5 é’s{f [

:—\/;leaxsinsxdx
s

Integrating on on both sides w.rgo

)

_ e—bx

e— ax
C

X

|




21 2, 42 f’
:_\/;Elog(s +a ) TJ’%dx: log[ f (x)]

1
=-——1log(s’ +a’
on o )
_ 1 Iog( 1 j
Jor & +a’
e 1 1
F = lo
{ X } N g[sz+a2j
- O 1 1
Similarly F{ }:@|09(32+b2j

E e¥-e™| 1 l0g s +b’
s X J2r s’ +a’

13.

Using Parseval’sidentity evaluate the following irggrals.
dx
1 -
) '([ (x* +a?)?
2) |-———=dx, wherea> 0
) '([(x2 +a?)?
Solution:

Assume f(X) =™
The Fourier sine transform f(x) is

F[f(X)]=F(s)= \ET f (X) sinsxdx.




:\/zfe‘axsinsxdx
72-0

F(9)=F,[e™]= \/g[az i SZ} e sinbxdx=%b2 hera=ab=s
0

a

The Fourier cosine transform f(x) is

F[f(X)]=F.(s)= \ET f (X) cossxdx .

= \/EI e ™ cosxdx
T 0

2 a r a
F(s=F|e®|=,]= | e®cosbxdx=——— hera=ab=s
(9 °[ } \/;{a%sz} ! a’ +b? "

() The Parseval’s identity for Fourier cosine sfomm is

T| F.(s)| ds= T| f (x)| 2dx

Put s=x we get

r 1 T
!(a2 + x2)2 = 4a’

(i) The Parseval's identity for Fourier sine tréorsn is

T| F.(s)| ds= T| f (x)| 2dx

([l e fre




(a +sz)

T - . y
ja2+522ds=4—Z[0—1] ce”=0e’=1
0

T s ds= -

Put s=x we get
© 2
X
—dx_
o(a’+x ) 4a

14.

dx using Fourier transforms.

Evaluate (a) I dx (b) I

(x*+a°)(x*+b?) (x*+a)(x*+b?)

Solution:
(@) Assumef(X)=e ™ ;g(x)=e™
The Fourier sine transform f(x) is

F[f(X)]=F(s)= \/z]8 f (X) sinsxdx.

\/7]e sinsxdx

° b
F(9=F,[e™]= \/; .o °.-£e sinbxdx=—— her@=ab=s
Similarly
o 2[ s ]
Gs(s):Fs[eb:I:\/; b2+SZ

We know that

TF (S)G,(s)ds= T f (X)g(x)dx

I\f{a +s}\f{b2+s}ds Ie el




ET Sz dS — Te—ax—bxdx
s (a2+sz)(b2+sz) )

[ _ﬂw _(a+b)x
;[[ ? +a s +b2)]ds_ ZJ;e o

_zj'ef(am)xdx
29

P e—(a+b)x ©
_E{—@+bjo

- Y o
:2(a+b)[e ° ]0

-

= [0_1] e = O;e—O =1
2(a+b)

i _ T
![ s +a’)(s? +b2)]ds_ 2(a+b)

Put s=x we get

T x? e T

o| (3¢ +a)(x*+b?) 2(a+b)
(b) Assume f (x) =e® ;g(x)=€e™
The Fourier cosine transform f(x) is

F[f(X)]=F.(s)= \/:T f (X) cossxdx .

Similarly

G.(s)=F [eibx] :\/g[bzisz}

We know that

J 998 [ £ 09000

I[{a +8° }[{bzis }dS:Ieaxebxdx




2ab ¢ 1 _oo —ax—bx
r Ji(a%sz)(sztsz)}ds_!e o

T 1 T T _(a+b)x
£[(82+a2)(32+b2)]ds_2abje o
Te(aer)de
O
(a+b)x 1%
{ (a+b)}
2ab(a+b)[ -¢’],

:L[O—l] e =0e"=1
2ab(a+b)

T[ ]ds: ad
o1 (S +a s +b2) 2ab(a+b)

Put s=x we get

00

J- 1 dx = T
! (x2+a2)(x2+b2) 2ab(a+b)

0

NG b 1
| evo)erag )'c[(x2+1)(x2+4)

Evaluate (a) I dx using Fourier transforms.

Solution:

(a) Assumef(x)=e ™ ;g(x)=e™
The Fourier sine transform f(x) is

F[f()]=F(s)= \/%T f (x)sinsxdx.

:\/z_[e‘axsinsxdx
72-0

2 S ° . b
F(s)=F.|e®|=,|— | e®sinbxdx=——— hera=ab=s
(9 S[ ] \/;[aﬂsz} ;[ a’+b? b

Similarly

Gs(s)stl:e_bx]z\/%[bz_is_sz}

We know that

T F.(S)G,(s)ds = ]o f (X)g(x)dx




N2

2\ 7| b?+s?
2 T > ds= j e > ™dx
7% (az+82)(b2+sz) )

[ _ﬂw _(a+b)x

{[ s? +a s +b2)]ds_ ZJ;e o

_ﬁj‘e—(am)xdx

P ef(a+b)x *©
_E{—@+bjo

-

- 2(a+b) [eiw - 870]0

}ds _[e e dx

0 _ O;e—O — 1

—7T
:2@+bﬂo_ﬂ

. < .
;[[(sz +a2)(52+b2)}d5_ 2(a+b)

Put a=3 & b=4 and s=x we get
2

oz
(1)3_[ X +9)(X +16)dx_2(3+ 4)
@ X2 z
!(X2+9)(x2+16) dX_14
(b) Assume f (X)=e ™ :g(x)=e™

The Fourier cosine transform f(x) is

F[f(X)]=F.(s)= \ET f (X) cossxdx .

= \/zjeax cossxdx
T 0

ax]= E a
rla®+s”]

F.(s)=F[e °.'Te‘ax cosbxdx=
0

a +

Similarly

We know tha

P

hera=ab=s




F. (96, (95 = [ f()g(x)cK
\E{azisz}\/g{bzisz}dszzeaxebXdX
e
I(Sz+a)1s 2, p? ] :27a[bje(a+b)xdx

T

2ab
P e—(a+b)x i
B E[—(aw bJ0

o
= Zabarle ¢ b

J’e (a+b)xdx

-

- __[o0-1]
2ab(a+b)

T 1 ds— r
o| (88 +a%)(s*+b?) 2ab(a+b)

Puta=1& b—2 s=x we get
0= j

dx = il
X +1)(x +4) 2D (2)(2+ 2)

K 1 7
~([(x2+1)(x2+4) d)(_1_2

Self reciprocal:
If a transformation of a functioifx) is equal td(s) then the functioifi(x) is called self reciprocal.

14. X

Find the Fourier transform of € ** Hence prove thate ? is self reciprocal with respect to
Fourier Transforms.

Solution:

The Fourier transform f(x) is

F[f(x]= F(s):%?  (x)&*dx
e

e @ d%dx

e a X +IS(dX

T;
I

NI
@\H 3\




(A-B)>=A*-2AB+B?
2AB =isx
is

Here A=ax,B=—
2a

2a

—52 o)

1 2 12 .
et | edu i
a\2r _J;

1 5% .
= T g Zle” du
1 =z
Sl 2
1 =S

e4a
a2

0
IJ2

e e*

du:ﬁ

F [e’azxz}

Deduction:

To prove e 2 is self reciprocal

XZ

It is enough to prove thet l:e_2

Put a=—— in (1)

1
V2

J» ]

-

_(i
e 2

1
2

2

ise 2

|

i

isan even functio




.. e? is self reciprocal.

15.

Find the Fourier transform of e 2 .
(or) Show that e 2 is self reciprocal with respect to Fourier Transfoms.
Solution:

XZ

Let f(x)=e 2
Assume f (x) =€ where a= 1

NE

The Fourier transform f(x) is

F[f(9)]= F(s):%f f (x)€dx

F [e] = % T e dx (A—B)? = A~ 2AB + B2
T s
:% T e—a2x2+i9<dx 2AB =i
T, .
1 T 7(azxzfi9()d Here A:aX,B:;—jjl
BN
:% ]‘2 e—[(ax)z_m({;l)z—(izzl)z}dx
T %

is du
Let uU=ax—— = du=adx = dx=— ; U:—ootow®
2a a

i282 ]
— 1 eﬁ J. e7 i %
N2 e a
752 0

-5 ) _
g’ j e'du -it=-1

1
- a2

R,
1 .2 12 12 . .
= e 2le'du --e" isanevenfunctio
av2r ‘([
-¢ o
__ 1 g’ 2\/; -:Ie‘” du:ﬁ
a2\ 2 ) 2
—a’x? _i ;T; ______
F [e }_ ol e @)

Deduction:




To prove e 2 is self reciprocal

2

X s2
It is enough to prove thdf l:e 2 } ise 2

Put a:i in (1)

NG
— 2 _322
=| ol :1;;(&)
R
F e_Z}ze2

F {e_z} =e?

.. e? isself reciprocal.

16.

Find the Fourier cosine transform of € ** Hence find Fs[xe‘azxz]

Solution:
Let f(X)=€*"
The Fourier cosine transform f(x) is

FLf()]=F.(9)= Ej f (x) cossax

2% o
:\Ele

cossxdx

- \/2 1 j e cossxdx
w27

FLf(0]= R.P.ofi\/gj e e~ dx

F.[f(X)]=R.P.of . — T X @y
=R.P.of— T “d%dx
=R.P. offz e iy
_ TL ax ISX X

Tf (x):lx:%g_f f (x )dx

- cosx= R.P.of™

(a—b)?=a’-2ab+b?

_2ab=

Here a=aX




—R.P.ofijei dx
2r *,
=R.P ofi I e{ ?‘J e(ZJ dx
2r °,
R
=R.P.of—e? |e' %/ dx
N2 ‘[o
Let u:ax—E = du=adx = dx:% : U:—ootooo
2a a
1 g < > du
=R.P.of—=e* | e" —
N2 '[, a
1 =% .
=R.P.of e“ﬁ‘zj'e’u du -i2=-1
av2r bt
= R.P.of et q‘e’uzdu -+e** isan even functic
av2r 0
_RP.of_ T e 2ﬁ -.-Ie”zdu—ﬁ
a2\ 2 ) 2
. 1 =
Fle®™ |= e | === 1
e = N &
Deduction:
d d
FIXF(X) | =——1F| f(X) |t =——|F.(S
D4 ()= (RITO0) = [F.9)]
—a’x? | d —a?x?
R e }-‘d—s{ﬁ[e |
&
_—i{—l e45\2 }
ds| av/2
o1 ;:i(—zsj
a2 432
a?x? | _ S ;TS;
Fs[xe }—2\/_2a3e
. 1, 0<s<1
17. Solve forf(x), the integral equationjf(x)sinsxdx= 2,1<s< 2
0 0,s>2
Solution:
. 1,0<s<1
Givenjf(x)sinsxdx: 2,1<S< 2.————— @
0 0,s>2

We know that




F[f (] =\/§f f (x)sinsxdx

5 [(1,0<s<1
f () =\PFSl 2,1<s< 2
T 0,5>2

-

FF.(9)]=f(x)= \ET F.(s)sinsxds

Ilsinsxds+f Zsirsxds+T Osirsxds}
2

=— jlsmsxds+_[ Zsmsxds}
n L O 1
- L 5
2| —cossx — COSX
== +2

2_(—cosx cos(j (— cos® cosﬂ
=— + +2 +
|l x X X X
_2 —cosx+_1_2 cos? o coﬂ
Y X X X

2

=—[1— COSX— 2C0S2+ Zcoq

fg=—"

[1+ COSX— 2C0S 2]

18.

. Hence show thati

Ix

Find the Fourier cosine and sine transform ofx™™*

Fourier cosine and sine transforms.
Solution:
By definition of Gamma integral

Ie’axx”’ldx:r—?, a>0,n>0
a

Puta=
Ie"sxx”’ldx: _an, a>0,n>0
(IS)
Ixn -1 7|9( dX—
i"
:_n(_i)”
S

s"
Fn
s"

Fn " -7 T . .I .
COS——l S|n— e = COS-—I SIR-=-I
2 2 2 2

cos i sin 2
sleot ey

1 I'n nr . .nrx
jx (cossx—i simx dx=— COSZ——I smz—
s"

1 7 I'n nzr .I'n _.nx
jx cossxdx—lj smsxdx_— COS——i— sin—
5 s 2 9

* by Demorives theorfm adsi  6i

n

is self reciprocal under

no< i

el




Equating real and imaginary parts on both sides

T I'n  nz T I'n .nx
Ix cossxdx =—- cos— fx SiEXdx=— siR—
s 2 s 2

27 n 2 : I'n _.n
\/:Ix“lcosadx= — cos— \/:jx“ simxdx =, |~ — siR—

7% 2 Ty s 2
F [x” 1] 21In cos F [X”‘l]z gmsi AL

‘ 7 s 2 ° 7 s 2

Deduction:

1 . : . .
To prove—= is self reciprocal under Fourier cosine and siaadforms.

N

It is enough to prove thdt { 1 1

AR e

We know that

Fc[x“‘1]: Elﬂ—?cosn—” Fs[xn‘l]: EF—? sin~
TS 2 TS
Putn:1
2
1 1
1l SINEUE
F.| X2 }: 2 12 cos™ F{x(2 qz 2 12 sin—
T 4 T 4
L SZ 52
1 1
F|x?2 =££i F|x?2 =££—1 cos” = sirn =
s 2 7 NS N2 4 4

1

— is self reciprocal under Fourier cosine and siapgforms.

19.

N

: : o €
Find the function f(X)if its sine transform is —
s

Solution:
—as

Given F,[ f ()] = F.(9) ==—

f(x)=F*[F(s)] =\/§T F.(s)sinsxds

f(x)= \/7]—smsxds

Taking diff on both sides w.r.to x

&[f(x)]:i{(jj3|nyds}




\/7 ;i smsx ds
:\/7I—cossxx/§ds
=\/:je‘as cossx ds

T

[f()] \/7[ a } -:Ie’axcosbxdx: 2a > hera=a p=x
a’+x* . a’+s

Integratmg on w.r.to x

f(X)= \/761] .' 21 de:—ltanl(fj
a’+x° 0 a’+X a a

\/7a1tan (Zj
f(X)= \/z tan™ (KJ
T a




