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UNIT 111 APPLICATIONS OF PARTIAL DIFFERENTIAL EQUATIONS

PART — A

One Dimensional Wave Equation:
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Vibrations of a string
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Zero Initial velocity
Hint:
1) Velocity will not be given in the question
2) The word released from the rest will be there
in the question

Non Zero Initial velocity
Hint:
1) Velocity will be given in the question
2) The word initially at rest will be there in
the question

A 4

A 4

The Boundary and Initial “Y The Boundary and Initial
conditions are: conditions are:
i) ¥(0,0)=0 i) ¥(0,/)=0
i) y(1,1)=0 i) y(1.1)=0

A X . 0)=0
ii) %}(x,()):o —— i) g()*ﬂ )

t x=0 = . _

) 7(6,0)= f(x). 0 x <] W) o =10, 0= X

\ 4

The Correct (or) Suitable Solution is
y(x,1) = (Acos px+ Bsin px)(C cos pat + Dsin pat )

y(x,t) = The displacement of the string at a distance x from one end at time t

2

o'y

1) In the wave equation—
ot

oX
Solution:

. . .. ou
One dimensional heat equation is — = C *

ot
C?= T/m, where T is the tension and m is the mass of the string.
2) Write all possible solutions of the transverse vibration of the string in one dimension.

Solution:

(i) y(x .t)

a 2
=c?’ —Z , what does C? stands for?

2

o'u
ax’

(Ae"x+ Be "X) (Cepa‘+ De '”“)

(i) y(x,t) = (A cospx + Bsinpx) (C cospat + Dsinpat).

(iii)) y(x,t) = (Ax +B) (Ct + D



PART - B

A uniform string is stretched and fastened to two points 'I* apart. Motion is started by displacing
the string into the form of the curve y = kx(1 - x) and then releasing it from this position at time

t = 0. Find the displacement of the point of the string at a distance x from one end at timet .

Solution:

2 2

o'y , 07y
ot’

One dimensional wave equation is
oX

The correct solution is
y(x,t) = (Acos px + Bsin px)(C cos pat + D sin pat)

The Boundary and Initial conditions are
i) y(o,t) =0
i) ya,t) =0

i) 2 (x.0) = 0
ot

iV) y(x,0)= f(x)=kx(l-x), O0<x<I

Applying condn (i) in (1)

(1) = y(0,t) = (Acos0 + Bsifi0)(C cos pat + D sin pat)
0 = (A)(C cos pat + D sin pat)

Here (C cos pat+ Dsin pat) =0 .. |A =0

Sub A=0in (1)

=a —zwhereazz—

1) = y(x,t)=(Bsin px)(C cos pat + Dsin pat) — - ——— (2)

Applying condn (ii) in (2)
y(l,t) = (Bsin pl)(C cos pat + D sin pat)
0 = (Bsin pl)(C cos pat + D sin pat)

Here B = 0, (C cos pat + Dsin pat) # 0

~sinpl=0 = sinpl=sinnt = pl=nr = [p=—

Sub the value of pin (2)

nrca .
t+ Dsin

nnat\
| C )

(2) = y(x,t)= (Bsin nl—anC cos

Diff (3) partially w.r.to ‘t’

(2)= 6—y(x,t)=(Bsinn_“X\r_Csin nza (nna)
ot L | JL

Apply condn. (iii) in the above equation

T

3




Z—Z(x,O):{Bsinnl—nxJ{—Csin Ll—aj+DcosOx(

T (nra )]

Oz(Bsinn—nx D x
ST R
Here B;tO,sinnI—nx;tO,m;tO,

nra \—|

=)

Sub the value of D in (3)

n nmta
3)=> y(x,t):(Bsin—nxVCcos T t+0\
N )
. nm nna
y(x,t) = BC sin —xcos t
| |
nm nmta
y(x,t) = b, sin —xcos —t let BD =b,
| |
The most general solution is
” .nm nna
y(x,t)=>" b sin —xcos —t|- - - -~ (4)
n=1 I I

Applying condn (iv) in (4)

> o nn
y(x,0) = b sin l—xcosO

n=1

” . nn ..
f(x):ansml—x “cos0=1

Which is half range Fourier sine series in (0,1)

I
2 nmx

b = f i
. IJ. (x)sin

dx

nmx
dx
|

—4kl’?

— [(—1)“ —1]

nmn




JO if nis even

b,=438kl>
t . if nis odd
n“n
Sub b, in (4)
“ gkl’ nn nma

y(x,t) = z S sin —xcos t

n=135,.. 101 T I I

gkl = 1 2n -1 2n -1)ra
(or) y(x.t)=— Z—ssin( )nxcos( ) t

o N | |

A string of length 2l is fastened at both ends. The midpoint of the string is displaced transversely through a
small distance ‘b’ and the string is released from the rest in that position. Find an expression for the
transverse displacement of the string at any time during the subsequent motion.

Solution:

. ) ..oy , 0%y LT
One dimensional wave equation is —-=a” —- where a* = —

ot oX m
The correct solution is
y(x,t) = (Acos px + Bsin px)(C cos pat + D sin pat) —— — — — @ 4

The Boundary and Initial conditions are /
Assume 2I=L A (?bj
i) y(o,t) =0
i) y(L.ty=0 b
o O
iii) —y(x,O) =0 0(0,0) B(L.0)

iV) y(x,0)= f(x)="?
To find f(x):
The equation of line joining two points is

X = X, N y-y

X, =Xy Y. = Y,

Eqution of OA is O(0,0)& A(l/2,b):

x—=0 y-0 2x y 2b

N
o
|
o
- |
o
- |
N}

Eqution of AB is A(L/2,b)&B(L,0):

L 2x - L
X_; y-b 2 y—-b 2x - L y—-b
= — = = — = = —
L—L 0-b L -b L -b
2 2

-2xb+1b=yl-1b

-2xb+Lb+Lb=yL = -2xb+2Lb=yL




2b L
y=—(L-x), —<x<L
L 2

(2b L
—X 0< x<—
L 2
y:f(X):J
b

| L
—(L-x), —<x<L

L L 2
Applying condn (i) in (1)
(1) = y(0,t) = (Acos0 + Bsifi0)(C cos pat + D sin pat)
0 = (A)(C cos pat + D sin pat)
Here (C cos pat + Dsin pat) =0 .. |A =0
Sub A=01in (1)
1) = y(x,t) = (Bsin px)(C cos pat + Dsin pat) —---- (2)
Applying condn (ii) in (2)
y(L,t) = (Bsin pL)(C cos pat + D sin pat)
0 = (Bsin pL)(C cos pat + D sin pat)

Here B = 0, (C cos pat + D sin pat) = 0

..sinpL=0 = sinpL=sinnt = pL=nn = p:n—7t
L
Sub the value of pin (2)
(2) > y(x,t)=(Bsinn—nxVC oS =2t 1 D sin nnat\ ————— (3)
ST | G )
Diff (3) partially w.r.to ‘t’
(2) > Z—Z(x,t):(BsinnTnx}{—Csin n:atx{n:aJ+Dcosn:atx[n:aﬂ
Apply condn. (iii) in the above equation
oy (  nn \|— ) a) (nna\—|
—(x,0) =] Bsin—x || —C sin —— | + Dcos0x |
R S .y o]
\T (nra )l

( nm
O:LBS”}TXHDXL 1 H

nm nmta
Here B = 0, sin—x = 0,
L L

Sub the value of D in (3)

nmta

L

3) = y(x,t)= {Bsin n—nxj(c cos

C t+0j




nma

.nn
y(x,t) = BC sin —xcos t

L L

nma

L

. nm
y(x,t):blslnTxcos t let BD = b,

The most general solution is

- . nn nma
y(x,t)=2bnsm—xcos—t ————— (4)
n=1 L L

Applying condn (iv) in (4)

- nmw
y(x,0) = Z b, sin Txcoso

n=1

- L ..
f(x):ansme “cos0=1

n=1

Which is half range Fourier sine series in (0,1)

L
2 . nmx
b, = —_[ f(x)sin ——dx
L L

0

= 1 (ﬂx O<x<L
2122b nmx 2b oonmx | L. Y 2
:—|J'—xsm dx+J'—(L—x)sm dx| Ty=f(x)=
LI L L L | 2 L
LO L J —(L-x), —<x<L
2 (L 2
Ff . 1
:@ijxsinmdx+I(L—x)sinmdxI
A )
( L L)
|F ( nex ( . nmx \TZ [ ( nex ) ( . onmx \T
4b|‘ | —cos | | —sin . |l | | —cos | | —sin i [ |
=410l |- () === +[(L-x)| |- (-l —=—=—11 ¢}
I LA L nw J\ | | L nw J\ |
“ oo ) e, o) L JLJ
4bj|— nmx L? nnx—|? [ X L nnxTLl
= — 4| - —xcos + ——sin | +]-—(L-x)cos - —sin |
“ nn L n=w L JO | nm L n'=w L JLJ
2 > L1
ap |l L L om0 nr) 2 (L(L)Y nx L  nr)l
=— || ———cos—+ ——sin— |- (0) | +1(0)-] -—] — |cos— - —sin — ||
L LLK nm 2 2 n’n 2 ) 11 L nnLZJ 2 n’n ZJJLJ
apl 2 ir L° nn L = > nnl
=—| - 0s— + ~sin —+ s— + —sin — |
L L nn 2 nmn 2 [ 2 nmx ZJ
apl 212 nm |




8b nn

.= ——sin—
n'm 2
Sub b, in (4)
x.0) z“‘: b nm _ nnx nmat
Loy (x,t) = sin —sin cos
~ n’n’ 2 L L
(x.1) bi 1  nm | nmnx nrat
Sy (x,t) = —Y —sin —sin cos
n?5n’ 2 21 21

This is the required displacement.

A string of length | is fastened at both ends. The midpoint of the string is displaced transversely through a
small distance ‘b’ and the string is released from the rest in that position. Find an expression for the
transeverse displacement of the string at any time during the subsequent motion.

Solution:

Replace L by | in the above problem

A tightly stretched string with fixed end points x=0 and x=I is initially in a position given by
y(x,0) =y, sin’ X If it is released from rest from this position, find the displacement y at any distance x
[

from one end any time t.

Solution:
. . . . azy 2 o° y 2 T
One dimensional wave equation is —-=a” —- where a* = —
ot OX m
The correct solution is
y(x,t) = (Acos px + Bsin px)(C cos pat + Dsin pat) — - - - — 1)
The Boundary and Initial conditions are
i) y(0,t) =0
i) y(,t) = 0
.. 0
iii) —y(x,O) =0
ot
. . 3 X
iV) y(x,0)= f(x)=y,sin-—, 0<x<I
I
Applying condn (i) in (1)
(1) = y(0,t)=(Acos0 + M)(C cos pat + D sin pat)
0 = (A)(C cos pat + D sin pat)
Here (C cos pat+ Dsin pat) =0 .. |A =0
Sub A=0in (1)
1) = y(x,t)=(Bsin px)(C cos pat + Dsin pat) — - ——— (2)

Applying condn (ii) in (2)
y(I,t) = (Bsin pl)(C cos pat + D sin pat)

0 = (Bsin pl)(C cos pat + Dsin pat)




Here B = 0, (C cos pat + Dsin pat) = 0

~sinpl=0 = sinpl=sinnt = pl=nn = [p=—

Sub the value of pin (2)

(  nx [ nra _ nra
(2) = y(x,t):LBsmI—XJLCcos t+ Dsin

Diff (3) partially w.r.to ‘t’

oy (  nm NI _ nrna
(2) = —(x,t) =] Bsin—x || =C sin
ot S]]

Apply condn. (iii) in the above equation
[

Z—Z(X,O)—[Bsin:—nx]L—Csin L|_aj+DCOSOX(

I (nna )l

O=(Bsinn—nx D x
SRS )
Here B¢0,sinnl—nx¢0, 12 o,

Sub the value of D in (3)

nmta

3)= y((x,t)= (Bsin nl—nxj[c cos

t+0j

.nn nrta
y(x,t) = BC sin —xcos——t
|

.o n=n nrta
y(x,t):blslnl—xcosl—t let BD = b,

The most general solution is

- . nn nma
y(x,t)=2bn5|n I—xcosl—t ————— (4)
n=1

Applying condn (iv) in (4)

- nmw
y(x,0) = Z b, sin I—xcosO

n=1

” . nn ..
f(x)=2bnsm|—x “cos0=1
n=1

-
L g TX . nm
yosin® —=>" b sin —x

| not |

x nn . 1
yosin® —=3" b, sin —x “sin®0 = —[3sin 0 - sin30]
[ | 4




ES

[1|— . WX . 3‘n:X—|] . nm
Y, 4 —| 3sin ——sin t=> b, sin —x
l4\~ l I JJ n=1 I
3y, . mx Yy, . 3mx . mX . 27X . 37mx  4nx
——sin—— —sin——=b, sin —+ b, sin +b,sin ——+ b, sin + ...
4 I 4 | [ | | I
Equating co-efficients of likely terms on both sides
3
b, = Yy ib, = 0; bgfy—°;b4:b5:b6 =0
4 4
Sub these values in (4)
nat 27X mat 3nX 3rnat

X
(4) = y(x,t) =b,sin —cos——+ b, sin 0s
I I | I I |

3 X rat 3mX 3nat
y(x,t):isin ——cos Yo gi
4 | 4 | |

A tightly stretched string end points x=0 and x=I is initially at restin its equilibrium position. If it is set
vibrating giving each point a velocity 2 (Ix - x*) , then show that the displacement of given string is

sal’ ” 1 2n-1 2n —1)nat
Yy = ——3 —sin ( )X in & Jrat

an ., (2n-1) | |
Solution:

. . .. at o’ T
One dimensional wave equation is —zy —a’ —Z where a® = —
ot OX m

The correct solution is

y(x,t) = (Acos px + Bsin px)(C cos pat + D sin pat) — - —-—— 1)

The Boundary and Initial conditions are

i) y(0,t) =0
i) y(,t) = 0
iii) y(x,0)=0

. 0
iv) s (x,0) =2 (Ix - x*), 0< x < |
ot

Applying condn (i) in (1)

(1) = y(0,t) = (Acos0 + Bsifi0)(C cos pat + D sin pat)

0 = (A)(C cos pat + D sin pat)

Here (C cos pat+ Dsin pat) =0 .. |A =0

Sub A=0in (1)

(1) = y(x,t) = (Bsin px)(C cos pat + Dsin pat) —---- (2)
Applying condn (ii) in (2)

y(l,t) = (Bsin pl)(C cos pat + D sin pat)

0 = (Bsin pl)(C cos pat + Dsin pat)




Here B = 0, (C cos pat + Dsin pat) = 0

~sinpl=0 = sinpl=sinnt = pl=nn = [p=—

Sub the value of pin (2)

(2) = y(x,t)= [Bsin nl—anC cos nra

t+ Dsin

Apply condn. (iii) in the above equation

(3) = y(x,0) = (Bsinn—nxJ(C cos0 + m)

.nm
Here B 2 0,sin—x=0, |~ C =0
I

Sub the value of Cin (3)

3) = y(x,t)= (Bsin nl—nx]{D sin nTatj

nrta

- nTE -
y(x,t) = BD sin —xsin
| |

t

. nn nrta
y(x,t) = b, sin I—xcos :

t let BD =b,

The most general solution is

” o nm_ nna
y(x,t) =3 b, sin I—xsm I—t _____ (4)

n=1

Diff (4) partially w.r.to ‘t’

0 - nmn nra nma
—y(x,t)=2bnsin—x cos ( )

ot - I I tXL I J

Applying condn (iv) in the above eqgn.

oy ” . nxm (nma )
—(x,O):ansm—x cos0 x
ot )

n=1 I

nTXx{nTaJ “cos0=1

f(x)= z b sin
n=1

” . nmx nrta
y(x,0)=z anml— let B, =b, :
n=1

- nm
f(x)= Z B, sin —x

n=1 I

Which is half range Fourier sine series in (0,1)

nmta




" = 3 3 |:(_1) _l:|

—axrn’® )
b, = —— [(—1) —1]

n‘n a

JO if nis even
b, =< 821>

T if nis odd

{n T a

Sub b, in (4)
- gal’ nm nma

y(x,t)= > 2 Sin —xsin t
n-1,3,5.. N 7 a I I

g1’ 1 2n -1 2n -1)na
(o  yxt=—-% 4sin( )nxsin( ) t
na . (2n-1) | |

If a string of length | is initially at rest in its equilibrium position whose ends are fixed and each of its points

|
cx;0< x<—

2

is given a velocity v such thatv = j , find the displacement of the string at any timet .

kc(l—x);|—<x<l
2

Solution:
. . G o’ T
One dimensional wave equation is —Z -a’ —Z where a’ = —
ot OX m
The correct solution is
y(x,t) = (Acos px + Bsin px)(C cos pat + Dsin pat) — - - - — @)

The Boundary and Initial conditions are

i) y(o,t) =0




i) y(,t) =0
iii) y(x,0)=0

|

5 cx; 0< x<—

iv) —y(x,O):J 2

ot |

c(l=x); —<x<I
2

Applying condn (i) in (1)

(1) = y(0,t) = (Acos0 + Bsif0)(C cos pat + D sin pat)

0 = (A)(C cos pat + D sin pat)

Here (C cos pat + Dsin pat) =0 [~ A =0

Sub A=01in (1)

1) = y(x,t) = (Bsin px)(C cos pat + Dsin pat) —---- (2)
Applying condn (ii) in (2)

y(l,t) = (Bsin pl)(C cos pat + D sin pat)

0 = (Bsin pl)(C cos pat + D sin pat)

Here B = 0, (C cos pat + Dsin pat) =0

~sinpl=0 = sinpl=sinnt = pl=nr = p:nl—7t

Sub the value of pin (2)
(  nmn [ nra ~ nma )

(2) > y(x,t)=| Bsin—x || C cos t+ Dsin S pp—— (3)
SR )

Apply condn. (iii) in the above equation

(3) = y(x,0)= (Bsin n—nx)(c c0s0 + DI 0 )

. nm
Here B =0 ,sin—x =0, .C =0
|

Sub the value of Cin (3)

3)= y((x,t)= (Bsin nl—anD sin mlt—atJ

nmta

- nT[ -
y(x,t) = BD sin —xsin t
|

nrta

. onm
y(x,t):blslnl—xcos t let BD =b,




The most general solution is

® nm nrwa
y(x,t) = Z b, sin —xsin

n=1 I

t|----- (4)

Diff (4) partially w.r.to ‘t’

0 ® nm nta (nma)
—y(x,t) = Z b, sin —x cos

ot - I I tXL I J

Applying condn (iv) in the above eqgn.

ay
at

(x,0) = Z bnsinn—nx coscx{nnaJ
| |

n=1

nmx nra )

J “cos0=1
|

f(x)=> b, sin
n=1

(
“(

” . nnx
y(x,0)=3%" anml— let B, = b,

n=1 |

nmta

” nm
f(x)=> B, sin I_X
n=1

Which is half range Fourier sine series in (0,1)

2! nmx
Bn:—J'f(x)sin dx
IO
2}—% | —I cx;0<x<|—
= = [exsin nnxdx+'|'c(|—x)sin nmx dx| 7 H(0) = 2
ILO I I; I J |LC(|,X);;—<X<|
F;— | i
zzl_citjxsm nnxdx+Jl'(I—x)sin nndeJ
( L 0]
v nax ) ([ aax )12 T ( nex ) (x|
2 \ | —cos : ‘ | —sin : || \ | —cos | | | —sin : | |
:—J‘(x)| |- (1)l (=) |- (-1)! [l L
Lol L nm J R S N L nm J |onxt ]
I | o L | S
L ¢
chr I nmx I nax 12 [ X I nax | L
=—{| - —xcos + —sin +|-—(1-x)cos - —sin |
Iy nn I n"mn ], [ n=m n'mn e
{ ;)
L i
2 |1 1 nn 1e T A neI? nr )l L
=— || ~——cos—+ ——sin — |- (0) | +](0)-| - —[cos — — ——sin — ||
| “\ nm 2 2 n . L nnLZJ 2 n'n ZJJLJ




2C|— 12 nn | onm | b3 12 . nﬂ:—‘
=— - 0s — + ——sin —+ 6s — + — 2sm—\
| L nm 2 n'n 2 T 2 n"m 2J
2cl 217 nnl
=T s
| [n'n 2 |
nrwa 4cl nw nra
" =— ,sin— B, =b,
| n'mn 2 |
4cl? . nm
, =55 sin—
nna 2
Sub b, in (4)
“ 4cl® nm . nmx nrat
y(x,t):z T Sin —sin cos
. hw a 2 | |
4cl> > 1 nm _ nnx nrat
Lyt = — z—ssm —sin cos
ma ;N 2 | |

If a string of length of | is initially at rest in its equilibrium position and each of its point is given the

velocity a—y(x, 0) =V, sin’ il ; 0<x<I. Determine the displacement function y(xt).
ot I

Solution:
. . . . 82y 2 o° y » T
One dimensional wave equation is —-=a” —- where a* = —
ot OX m
The correct solution is
y(x,t) = (Acos px + Bsin px)(C cos pat + Dsin pat) — - - - — 1)
The Boundary and Initial conditions are
i) y(o,t) =0
i) ya,t) = 0
iii) y(x,00=0
iv) a—y(x,O) =Vosin3ﬂ, 0<x<l
ot [
Applying condn (i) in (1)
(1) = y(0,t) = (AcosO + Bsif0)(C cos pat + D sin pat)
0 = (A)(C cos pat + D sin pat)
Here (C cos pat+ Dsin pat) =0 .. |A =0
Sub A=01in (1)
1) = y(x,t)=(Bsin px)(C cos pat + Dsin pat) — - ——— (2)

Applying condn (ii) in (2)

y(l,t) = (Bsin pl)(C cos pat + D sin pat)




0 = (Bsin pl)(C cos pat + D sin pat)

Here B = 0, (C cos pat + Dsin pat) = 0

ssinpl=0 = sinpl=sinnt = pl=nn = [p=—

Sub the value of pin (2)

(2) = y(x,t) = [Bsin nl—anC cos nra

t+ Dsin
Apply condn. (iii) in the above equation

(3) = y(x,0)= (Bsinn—nxJ(C cos0 + m)

.nm
Here B =0 ,sin—x=0, . |[C =0
I

Sub the value of Cin (3)

nmw nrta
3)= y(x,t):(Bsin—x\(Dsin t\
T ST
. nm  nna
y(x,t) = BD sin —xsin t
| |
. nn nmta
y(x,t) = b, sin —xcos t let BD =b,
|

|
The most general solution is

- nn nra
y(x,t) => b sin—xsin —t - - - — - (4)

n=1 I I
Diff (4) partially w.r.to ‘t’
a—y(x,t)=2bnsinn—nx cosnna (nra )

ot - I I tXL I J

Applying condn (iv) in the above egn.

oy ” o nmn (nma )
—(x,0)=>" b sin—x cos0x
at n=1 I L I J

? X nra ..
f(x)=> b, sin x( ) “cos0=1
St
n=1
L5 WX ncta . nnx
V,sin” —= . sin
I [ [
[ 3rx ]l nra nmx
V,{—3sin — - sin =>b sin
L I JJ n=1 I I

1

e .3
©sin” 6 =—

4

[3sin 6 —sin36]




3V, . =mx V, . 3mx na X 2na 21X 3ra . 3nx 4ra | 4nx

sin — — —sin =b, —sin—+ b, sin + b, sin —+ b, sin + ..
4 | 4 I | I | | |
Equating co-efficients of likely terms on both sides
na 3V, 2na 3ra -V,
b —= ' b, =0; b, = v b, =b, =b,...=0.
| 4 [ | 4
3V, -V,
b, = b, =0; b, = b, =by =b,...=0
4na 12na
Sub these values in (4)
. TX nat . 27X mat . 3mx 3rat
(4) = y(x,t) =b,sin —cos——+ b, sin 0s + b, sin ——cos + ..
| | [ | | |
VI omx nat Vol 3mx 3nat
y(x,t) = sin —cos - sin cos
4dna | | 12ra | |
One Dimensional Heat Equation
One dimensional heat equation is
ou ) o%u ) k Thermalconductivity
—=a —; Wherea” =—=
ot oX pc densityxSpecific heatcapacity
u(x,t) —» The temperature distribution at any point x from one end at time t.
The various Possible Solution of 1-D heat equation.
Hux,)=(Ae ™ +Be ™)Ce” "'
(i) u(x ,t)= (Acos px + Bsin px)Ce “ "'
(i) u(x,t)=Ax +B
The boundary and initial conditions.
i) u(o,t) = k,C x=0 x=I
.. A | B
i) u(l,t) = k,C
i) u(x,0) = f(x) k'C k,C

azpzt

The correct solution is u(x,t) = (Acos px + Bsin px)Ce"

The steady state solution in 1-D heat equation:

Solution:
ou 2 o°u
—=a , — T~ @
ot ox
ou
In steady state t=0 then — =0
ot
) o°u o°u d’u
a =0 = —=0 = —=0
00X OoX dx

Integrating twice we get
PART -B

A rod of length | has its ends A and B are keptat 0 ¢ and 100 c until steady state condition prevail. If

the temperature at B is reduced suddenly to 0 ¢ and kept so while that of A is maintained. Find the
temperature u(x,t) at a distance x from A and at time t.




Solution:

.. ou ou
The 1-D heat equation is — =a* — where a” =
ot oX pC

To find steady state solution u(x,0) = u(x)

k

d
In steady state t=0 then P o
ot

2 2
, 0°U ou

a =0 = =0 = =0
2 2 2

OX OX dx

Integrating twice we get ———-)

The boundary conditions are i) u(0) =0 C i) u(l) =100 C
Applying condn (i) in (1)

)= u(0)=0+B =>[B = 0]

Sub Bin (1)
u(x)=Ax ——-—--(2)
Applying condn (ii) in (2)
100
u(l) = Al =100= Al = [A=—
I

Sub Ain (2)

100x
u(x) = I

The boundary and initial conditions are
i) u(0,t)=0 C
i) u(l,t)y =100 C

100x
i) u(x,0)= f(x)=——, 0<x<I
|

The correct solution is
u(x,t) = (Acos px+ Bsin |ox)Ce"’2”I 77777 1)
Apply condn. (i) in (1)

u(o,t) = (Ac050+m)ce—azp%

—a?pit

0= ACe
Herec 20, e “*'»0 ~|A=0

Sub Ain (1)

u(x,t) = (Bsin px)ce"’zpzl _____ (2)
Apply condn. (ii) in (2)

u(l,t) = (Bsin pI)Ce’C‘2p2t

azpzt

0= (Bsin pl)Ce

Here B 20, » 0,67 20 -

. . nz
sin pl =sinnz = pl=nz = |p=—
I

Subpin (2)




2 2 2
a " nz't

u(x,t):[Bsin nliCe i

2 2 2
a'n"z°t

X :
e ! BC = b, (say)

nz
u(x,t) = b, sin
|

The most general solution is

2.2 2
a'n"z°t

nrzXx - 2

I (3)

u(x,t) = z b, sin

n=1

Apply condn (iii) in (3)

nzx _,
e

u(x,0) = Z b, sin

n=1

nz X .o -0
e =1

f(x)=> b, sin
n=1
This is Fourier sine series of f(x) in (0,1)

2 nz X
b, = —J' f (x)sin ——dx
| |
0

2'100x  nzx
=—J sin ——dx
1y |

200 nzx
= _ZI Xsin —dx
| |
0

{— ( nzx
200| - cos
|

> (XJ

|

L \ |

= ﬂ(_—wacos n”ﬂl
12 LnﬁJL | JO
-200

= [lcosnz - 0]
Inz

-200(-1)"

nrx

200 n+1
b, = ——(-1)

n
nmx

Sub by in (3)

2.2 2

2.2 2

T o n |

This is the required temperature.




The ends A and B of a rod | cm long have their temperatures kept at 30 ¢ and 80 C , until steady state
conditions prevail. The temperature of the end B is suddenly reduced to 60 ¢ and that of A is increased to

40 c . Find the steady state temperature distribution in the rod after time t.
Solution:

. .0 o’ k

The 1-D heat equation is A —lj where a® = —

ot ox pC

To find steady state solution 1 u(x,0) = u(x)

d
In steady state t=0 then P o
ot
2

,0°U o'u d u
0 =0

OX OX dx

Integrating twice we get ————(1)

The boundary conditions are i) u(0) =30 C i) u(l) =80 C
Applying condn (i) in (1)

)= u(0)=0+B =>[B = 30|

SubBin (1)

u(x) = Ax+30----(2)

Applying condn (ii) in (2)

u(l) = Al +30 =80 =Al+30 = |A=—

Sub A'in (2)
50x
u(x)=——+30= f(x)
|

This u(x) will be treated as the initial conditionsu (x,0) = f (x)
To find steady state solution 2 u(x,0) = u(x)

Integrating twice we get |u (x) = Ax+ B |- — - —(3)

The boundary conditions are i) u,(0) = 40 C i) u (1)=60 C
Applying condn (i) in (3)

(3)= u,(0)=0+B =B = 40|

Sub B in (1)

u (x) = Ax+40-— - —(4)

Applying condn (ii) in (4)

u(l)=Al+40 =60 = Al+40 = A:ﬂ
|

Sub Ain (2)

ut(x): X+40

This u, (x) will be treated as the transient state temperature.
The required temperature is

—azp t

u(x,t) =u,(x,0)+(Acos px+ Bsin px)Ce

20x ) TR
u(x,t)= ——+40+(Acos px+ Bsin px)Ce * " ————— (5)
I

The boundary and initial conditions are




i) u(o,t) =40 C
i) u(l,t) =60 C

50x
iii) u(x,0)= f(x)=——+30, 0<x<I
|

Apply condn (i) in (5)
u(0,t) =0+40+(Acos0+Bsin0)Ce

40=0+40+(Acos0+ Bsifi0)Ce "

%t

0=ACe """
This C 0,6 “"'%0 . |A=0
Sub A'in (5)
20x ) Ca?pht
u(x,t) = ——+40+(Bsin px)Ce “ "' - ———— (6)
|

Apply condn (ii) in (6)
U(I,t) =20+40+ (BSin pl)ce—azpﬂ

60 = 20 + 40 + (B sin pl)Ce "

azpzt

0= (Bsin pl)Ce

Bx0,C=0e“" %0 ~sinpl=0

. . nz
sin pl=sinnzr = pl=nz => |p=—
[
Sub pin (6)
20x ([ nzx) -“"7°
u(x,t) = ——+ 40+ Bsin Ce !
| L )
20x Conzx SR
u(x,t) = ——+ 40+ b, sin e ! BC =bh,
I I
The most general solution is
20x - Conzx R
u(x,t) = ——+40+3 b sin e ' ——-—--
I ot I
Apply condn (iii) in (7)
20X - Conzx
u(x,0)= +40+ > b sin e
|
n=1
50x 20x 2 . nzXx
—+30= +40+ > b sin
| | ~ [
30x ” . onxx
——-10= 3" Db sin
| ~ |
To find by:

2 nz X
b, = —J' f (x)sin ——dx
| |
0

—ll\)

{S)i)—x—lonin mlr—xdx

|




—1 (20 10
n;r[( ycosnz + ]

b, = ﬂ[2(—1)” +1]

nmw

Sub by in (7)

-20 . o nNzXx -

20x ”
u(x,t)y =——+ 40+z
I ny N7 I

nzx -

20X 20 7 1 ; _
u(x,t) = ——+40-—>" —[2(—1) +1Jsm
| T o N |

1) The 2-D heat equation: o

TWO DIMENSIONAL HEAT EQUATION (LAPLACE EQUATION)
au

2

2

+ =0
2

ox oy

2) The various possible solution of 2-D heat equation is

i) u(x,y)= (A cospx + Bsinpx) (C e ™ + e ")
i) u(x,y) = (Ae™ + Be ~P) (C cospy + sin py)
iii) u(x ,y) = (Ax+B) (Cy+D)

A square plate is bounded by the lines x = 0,x =1,y = 0and y = I, its faces are insulated. The temperature
along upper horizontal edge is given by u = x(I - x) when 0 < x < I. while the other three edges are kept at

0 c . Find steady state solution in the plate.
Solution:

The 2-D heat equation is
a°u au
+ =0

ox’ oy’ 4y

The Boundary conditions are u=x(l-x)
i)u(0,y)=0 y=|
ii)u(l,y)=0

iii) u(x,0) =0 0C
iv) u(x,1)=f(x)=x(I —x), 0<x<I -0
Here the non zero temperature is parallel to x axis then the
Correct solution is

u(x,y) = (Acos px+ Bsin px)(Ce” + De ™) - - - - - ) y=0 o< X

x=I
0

v

Apply condn (i) in (1)
u(0,y) = (Acos0+Bsin0)(Ce™ + De ™)

0= A(Cepy + De"’y)

Here ce™ + De ™™ 20 - A=0




Sub Ain (1)

u(X,y):(Bsin px)(cepy_}_Defpy) _____ 2)
Apply condn (ii) in (2)

u(l,y) = (Bsin pl)(Ce” + De ")

0 = (Bsin pI)(Cepy + De"’y)

Here ce” +De ™ #0,B =0 .. sinpl=0

nz
sin pl =sinnz = pl=nz = p=—
I
Subp in(2)
([ nzx)[_ ™ BLLS AN
U(X|y)=LBsm J' e' +De ' | ————~- (3)

Apply condn (iii) in (3)

u(x,0) = {Bsin n”XJ(Ce0 + De’o)

nzx
Oz(Bsin \(C+D)
)
o onzx
Here sin #0,B#20, .C+D=0 = D=-C

|
Sub D = -c in(3)

([ nzx\[_ ™ -
u(x,y):LBsm J|Ce ' —-Ce ' |
\ )
Conzx (X Y
u(x,y) = BC sin le!' —e ' |
\ )
onzx(_ nzy) e -e’
u(x,y)= BCsin 2sinh : =sinh @
L B
. nNzXx . nrxy
u(x,y)=b, sin sinh let 2BC =b,
I
The most general Solution is
? nzx n
u(x,y)=13 b, sin PXeinh 22Y L (4)
n=1 I I

Apply condn (iv) in (4)

nz X

sinh nz

u(x,l)= Z b, sin

hot
nzX

I
This is Fourier sine series in(0,1)

f(x)=> B, sin
n=1

let B, =b sinhnz

nmXx

2 I
Bn=—J'f(x)sin dx
I 0

nmXx

2 |
=—Ix(|—x)sin dx
I 0




[cosnm —cos0]
In®r®

2

b, sinhnm = — |3 [(—1)” —1}

n m
-41° )
b, = —————[(-1)" -1]
n"n sinhnn
0 if nis even
b = 812
{# if nis odd
n"n sinhnn
Sub by in (4)
- 8|2 . nmz X B nﬂ-y
u(x.y)= 3 — sin sinh
n-13s. N 7~ sinhnz I |
] 1 . nNzXx . nmy
U(X’y): 3 2 3 sin sinh
T ai1as. N sinhnz | |

A rectangular plate with insulated surface is 20cm wide and so long compared to its width that it may be
considered infinite in length without introducing appreciable error. The temperature at short edge x =0 is

. (10y, 0<y<10
given by u = and the two long edges as well as the other short edges are kept at

(10(20 - y), 10 <y <20
0°C . Find the steady state temperature distribution in the plate.
Solution:
The 2-D heat equation is
a%u  o’u Ay
+ =0

2 2

oX oy
The Boundary conditions are y=20 0C
i)u(x,0)=0

||) U(X,ZO):O H(O._r):{
iii) u(eo,y)=0 -

10y, 0zy=10
10(20 — ), 10 < y < 20
X=00
20y, 0<y<10 0
iv) u(0,y) =+
20(20 - y), 10<y<20 =0
The correct solution is
u(x,y)=(Aepx+Be’px)(Ccos py + Dsin py) - - — — - @)
Apply condn (i) in (1)
u(x,O):(Aepx + Be"”)(C cos0 + Dsin0)

v




0=(Ae™ +Be ™)C

Here (Ae™ +Be ™)=0,[.C =0

Sub Cin (1)

u(x,y)=(Ae” + Be " )(Dsinpy) - — - - - (2)
Apply condn (ii) in (2)

u(x,20) = (Ae” + Be ™ )(Dsin20p)

0:(Aepx+ Be’px)(Dsin 20p)

Here (Aepx + Befpx);t 0, D=0

5.8in20p=0= sin20p=sinnz = 20p=nx

Subpin (2)

nzx nzx

=

20 20 . nzy)
(2) > u(x,y)=| Ae *®* + Be |LDsm 20 J 77777 (3)

\ J
Apply codn (iii) in (3)

u(oo,y):(Aew + Bew)(Dsin nzﬂoyj

0=(Ae”){Dsin n:OYJ

w . nry
temperature e” = 0,D = 0 ,sin

sub A'in (3)

( 7n7rx\
(3) = u(x,y)=| Be ¥ |(Dsin nzy )
N )L ZOJ

n=1 20
Apply condn (iv) in (4)
nzy

y
e
20

u(o,y) = z b, sin
n=1

nzy

f(y)=> b, sin
n=1 20

This is half range sine series in (0,20)

2
b, = —J f(y)ssin
I 0

nxz

ydy

20
nrz

2 . y
= —J f(y)sin
207 20

dy

10 20
nrx nrz

y dy + j10(2o — y)sin y
0 20

10

20

10 [ nz nz
i ydy+'|'(20—y)sin Y
0 20

10

1
dy |

1
dy |
i




[ nzy) ([ nzy)l [ nzy ) Conzy )l
| ‘—COS | | —sin | | | |—COS | | —sin | |
oy ——2% @) —2% || +]@o-y) 20| _ -y —20 ||
| L nz J L nz J\ | L nz. J L nz J\
L 20 400 Jo L 20 400 Jw
[ 20 nzy 400  nzyl. [ 20 nry 400  nzyl"
=|—-—(y)cos + ——sin +|—-——(20 - y)cos - ——sin
L nrz 20 nrz 20 JO L nrz 20 n'rz 20 Jw
[( 20 nr 400  nz) 1T ( 20 nzr 400  nz )|
=|| ——@0)cos—+ ——sin— |- (0) | +| (0) - | —-—(10)cos — - ——sin —
LL nr 2 n'rz 2 J J L L nrz 2 nr 2 J
200 nrz 400 . nz 200 nz 400 . nx&
=—-——Ccos—+ Ssin—+ ——cos—+ ——sin —
nrz 2 nrz 2 nrz 2 n'rz 2
800  nz
b, = T sin—
n'rz 2
Sub by in (4)
* 800 nz . onzy = 800 =~ 1 nz . onzy =
u(x,y) =73 ——sin —sin ye 1o u(x,y)=—> —;sin—sin ye 10
~n’z 2 20 n® “n 2 20

An infinitely long rectangular plate is of width 10cm. The temperature along the short edge y=0 is given by

(20x, 0<x<5 .
u= . If all the other edges are kept at zero temperature. Find the steady state

- %LZO(lo ~x), 5<x<10
temperature at any point on it.

Solution: Ay 0

The 2-D heat equation is y=c0

a’u  o’u ANANAN

+ =0

ox’ 6y2

The Boundary conditions are 0T

i) u(0,y)=0 x=10

. B x=0

ii)u(lo,y)=0 0<C

iii) u(x,0)=0 y=0 >
[20x, 0<x<5 X

iv) u(x,0) =4 wix.0) = { 20%. D<y<5
[20(20-x), S5<x=<10 U oo - w5 <y 210

Here the non zero boundary condition is parallel to x axis then
The correct solution is

u(x,y) = (Acos px+ Bsin px)(Ce” + De ™) - — - — - (1)
Apply condn (i) in (1)

u(0,y) = (Acos0+Bsin0)(Ce™ + De ™)

0=A(Ce”™ +De ™)

Here (ce™ + De™™)»0, . |[A=0

Sub Cin (1)

u(x,y) =(Bsin px)(Ce” + De ") - - — - - (2)

Apply condn (ii) in (2)

u(l0,y)=(Bsinl0op)(Ce™ + De ™)




0=(Bsinlop)(Ce™ + De ™)

Here B = 0,(Cepy + De’py)i 0 -.sin10p =0

n
..8inl0p =0 = sinl0p =sinnzr = 10p=nz = p:—”
10
Subpin(2)
n X ( nry _n/ry
G(xy) = | Bsin T \\Ce“’ 1De © |- 3)
L 10 J\ )

Apply codn (iii) in (3)

u(x,w):{Bsin nﬂXJ(Ce” + De’”)

10
nzx \
0=(Bsin z \(Ce”+De’°°)
2" )
w . onzx
Here B = 0,e” = 0,sin #0 ~C =0
10
sub Cin (3)
nzy
nzx -
u(x,y)=(Bsin T \| De * |
k 10 J\ J
" Conzx 2
U(X,Y)=an5|n e 0 _ _ _ __ (4)
n=1 10

Apply condn (iv) in (4)

” ConzTXx
u(x,0)=>" b sin e
o1 10
0 ib . nzx
X) = ,sin
no1 10

This is half range sine series in (0,10)

nz X

2! _
b, :—_[ f(x)sin dx
I 0
10 n X
T
=—J' f (x)sin dx
107 10
102 . onzx e . nzx |
=—|.|'20xsm dx+.|'20(10—x)sm dx |
10 20 ) 20
201 ° o onzXx * o nzx 1
=—|J’xsm dx+J'(10—x)sm dx |
10| 10 g 10 |

Zjl' 10 nzx 100 nﬂsz [ 10 nzx 100 nz X wl
[L nz 10 n'z 10 ]

1
—(x)cos + sin +|——(0 - x)cos - sin
10 n'x’ 10 JO L ‘rt J




[( 10 nr 100 _ nz) 17 ( 10 nr 100 _ nz )]l
=2 ——(5)cos—+ ;5 Sin— -(0)|+](0)-| —=—(5)cos—— S5 sin —
[LL nmz 2 nr 2 J J L L nmz 2 nr 2 JJJ
[ 0 nrzx 100 nrz 50 nrz 100 nz |
=2|-——C0s——+ ——sin—+ —cos —+ ——-sin —
L nmz 2 nr 2 nz 2 nr 2 J
400  nx
n: 2 2 mn—
nrz 2
Sub by in (4)
> 400 . nz . nzx 400> 1 _ nzx _ nzx =2
u(x,y)=> ——sin—sin e ¥ = u(x,y)=—"> — sin—sin e 0
o nN'rxw 2 10 - N 2 10

An infinite long rectangular plate with insulated surfaces is 10 cm wide. The two long edges and one short
i : 20y, 0<y<5

edge are kept at 0°C, while the other short edge x = 0 is kept at temperature u = 4( y =¥sEo

[20(10-y), 5<y<10

Find the steady state temperature distribution in the plate.

Solution:
The 2-D heat equation is
a%u a%u

+ =0
ax’ 6y2
The Boundary conditions are
i)u(x,0)=0
ii) u(x,10)=0
iii) u(eo,y) =0

(20, 0<y<5

iv) u(0,y) =4

[20(10 - y), 5<y<10
The correct solution is
u(x,y):(Aer+Be’pX)(C cos py + Dsin py) - — — — — )
Apply condn (i) in (1)
u(x,O)=(AepX + Be’”x)(C cos0 + Dsin0)
o:(Aepx + Be"”)c
Here (Ae™ +Be ™)20, .C=0
Sub Cin (1)
u(x,y):(Aepx+Be"’x)(Dsin py) - — - — - (2)
Apply condn (ii) in (2)
u(x,lO):(Aepx + Befpx)(D sin10p)
0=(Ae”™ +Be ™)(Dsinl0p)

Here (Ae’” + Be””);ﬁ 0, D=0

n
. siN10p=0 = sinl0p=0sinnz =10p=nr = p=—
10
Sub pin (2)
nzx 7n/rx\ n
(2) = u(x,y)=| Ae ™ + Be *° (Dsin YY) (3)
ST

Apply codn (iii) in (3)




u(oo,y)=(Ae’° + Bem)[Dsin nlﬂoyJ

0=(Ae°°)(D sin nlﬂoyj

w . hry
temperature e” = 0,D = 0 ,sin
10

sub A'in (3)

nzx

nrz

3 :>U(X,y)=(8e 10 J[Dsin 1oyJ

nmxx
nry -——

u(x,y)=> b sin
n=1 10

Apply condn (iv) in (4)

Ny
u(O,y):ansm e
no1 10
t(y) i b si nry
y) = , sin
n=1 10

Which is half range sine series in (0,10)

2 n
b, == f(y)ssin 7Y gy
IO
10 nry
b, =—J‘ f(y)ssin dy
10 |
5 10
2 nz nz |
bn:—|J'20ysin ydy+‘|'20(107y)sin ydy|
10Lo s ]
[ nx " nzy |
bn:—|J'yS|n ydy+.[(107y)sin ydy|
10Lo s ]
5
v ( nzy ) ([ nzy)) ( nzy
20|| | —cos ‘ | —sin | \ | —cos
=—||Y|—10\—(1)‘—10‘|+‘(10—X)| 10
| 2 2
5 || L nzr J L n‘z J| \ { nz
LL 10 100 JO L 10
[ -50 nrz 100 . n=xz 50 nrz 100  nz |
b, = L €0s — + ———sin —+ ——C0s — + ———sin —
nz 2 n“rz 2 nz 2 n“z 2
800  nx
b, = S sin —
nrz 2
Sub bnin (4)
* 800 nz _ nzy -
u(x,y)=> —— sin — sin e '
o1 N 2 10

( ) 8002‘”1 1  nx _ nzy -
u(x,y)= —sin — sin
x’ no1 n’ 2 10




