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2.3 Differentiation Rules: 

Derivatives of polynomials: 

            Formulae: 

 
𝑑

𝑑𝑥
(c) = 0 

             
𝑑

𝑑𝑥
(𝑥𝑛) = 𝑛𝑥𝑛−1 

Example  

       Differentiate the following functions: 

𝒂) 𝒇(𝒙) = √𝟑𝟎 

b) 𝒇(𝒙) = 𝒕𝟒  

c) 𝒇(𝒙) = ∛𝒙𝟐  

d) 𝒇(𝒙)=𝒙𝟖 + 𝟏𝟐𝒙𝟓 − 𝟒𝒙𝟒 + 𝟏𝟎𝒙𝟑 − 𝟔𝒙 + 𝟕 

 e) 𝒚 =
𝒙𝟐+𝟒𝒙+𝟑

√𝒙
 

Solution: 

a) Given 𝑓 (𝑥) = √30 

         𝑓′ (𝑥) = 0 

b) Given 𝑓 (𝑥) = 𝑡4 i.e, y = 𝑡4 

         
𝑑𝑦

  𝑑𝑡
 = 4𝑡3 

c) 𝑓 (𝑥) = ∛𝑥2 = (𝑥2)
1

3 = 𝑥
2

3 

𝑓′ (𝑥) = 
2

3
𝑥

2

3
−1

 

          = 
2

3
𝑥

−1

3  

d) Given 𝑓 (𝑥) = 𝑥8 + 12𝑥5 - 4𝑥4 + 10𝑥3 – 6𝑥 + 7 

𝑓′ (𝑥) = 8𝑥7 + 12(5)𝑥4 – 4(4)𝑥3 + 10(3)𝑥2 − 6 

         = 8𝑥7 + 60𝑥4 – 16𝑥3 + 30𝑥2 − 6 

e) Given 𝑦 = 
𝑥2+4𝑥+3

√𝑥
 

           𝑦 = 𝑥2𝑥
−1

2  + 4𝑥𝑥
−1

2  + 3𝑥
−1

2  
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                      𝑦 = 𝑥
3

2 + 4𝑥
1

2 + 3𝑥
−1

2  

 
𝑑𝑦

𝑑𝑥
 = 

3

2
𝑥

1

2 + 4.
1

2
𝑥−

1

2 + 3(
−1

2
) 𝑥

−3

2  

           = 
3

2
√x + 

2

√𝑥
 - 

3

2
𝑥

−3

2  

 Derivatives of exponential functions: 

Formulae: 

 
𝑑

𝑑𝑥
 (𝑒𝑥) = 𝑒𝑥 

 
𝑑

𝑑𝑥
 (𝑎𝑥) = 𝑎𝑥 log a 

Example  

     Differentiate the following functions: 

a) 𝒚 = 𝒂𝒙  b) y = 
𝒙𝒆𝒙 − 𝟏

𝒙
 

Solution: 

a) Given 𝑦 = 𝑎𝑥 = 𝑒𝑙𝑜𝑔 𝑎𝑥
 = 𝑒𝑥 𝑙𝑜𝑔 𝑎 = 𝑒(𝑙𝑜𝑔 𝑎)𝑥 

         𝑦′ = 
𝑑𝑦

𝑑𝑥
 = 𝑒(𝑙𝑜𝑔 𝑎)𝑥(log 𝑎) = 𝑎𝑥 log 𝑎 

      b) y = 
𝒙𝒆𝒙 − 𝟏

𝒙
 

       = 𝑒𝑥 – 
1

𝑥
 = 𝑒𝑥 – 𝑥−1 

  𝑦՛ = 
𝑑𝑦

𝑑𝑥
 = 𝑒𝑥 – (-1) 𝑥−2      = 𝑒𝑥 + 

1

𝑥2
 

Exercise:   

I. Differentiate the following functions: 

a) 𝑦 = 3𝑥4                                Ans: 𝑦′ = 12𝑥3 

b) 𝑦 =  √𝑥                              Ans: 𝑦′ = 
1

2√𝑥
 

c) 𝑓 (𝑥) = 𝑥√2                          Ans: 𝑓′(𝑥) =  √2𝑥√2 −1 

d) 𝑦 = 𝑎𝑥2𝑛 +  6𝑥𝑛 + c            Ans: 𝑓′(x) = 2𝑛𝑎𝑥2𝑛−1 + 𝑛𝑏𝑥𝑛−1 

e) 𝑦 = 
𝑥3+ 4𝑥2+3

𝑥2
                        Ans: 𝑦′ = 1 - 6𝑥−3 
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II. Differentiate the following functions: 

a) 𝑦 =  𝑒𝑥 –  𝑥                       Ans: 
𝑑𝑦

𝑑𝑥
 = 𝑒𝑥 – 1 

b) 𝑦 = 2𝑥                                 Ans: 𝑦′ = 2𝑥log 2 

c) 𝑦 = 𝑒−𝑥– 7                          Ans: 𝑦′ = -𝑒−𝑥 

d) 𝑦 = 3𝑒𝑥 + 
4

∛𝑥
                        Ans: 𝑦′ = 3𝑒𝑥 - 

4𝑥

3

−4

3  

e) 𝑦 = 𝑒5𝑥                                 Ans: 𝑦′ = 5𝑒5𝑥 

  

The product and quotient rules: 

Formulae: 

Product Rule:
𝒅

𝒅𝒙
(𝒖𝒗) = 𝒖𝒗′ + 𝒗𝒖′ 

Quotient Rule:
𝒅

𝒅𝒙
(

𝒖

𝒗
) = 

𝒗 𝒖′−𝒖 𝒗′

𝒗𝟐
 

Example  

      Find 𝒇′(𝒙) and 𝒇"(𝒙) of 𝒇(𝒙) = 𝒙𝟒𝒆𝒙 

Solution: 

 𝑢 = 𝑥4    ; 𝑣 = 𝑒𝑥 

 𝑢′ = 4𝑥3 : 𝑣′ = 𝑒𝑥 

𝑓′(𝑥) = 𝑥4𝑒𝑥 + 4𝑒𝑥𝑥3 

𝑓′′(𝑥) = 𝑥4𝑒𝑥 + 4𝑒𝑥𝑥3 + 4𝑒𝑥𝑥3 + 12𝑥2𝑒𝑥 

Example  

      Differentiate the following functions: 

a) 𝒇(𝒙) = 𝒆𝒙(𝒙 +  𝒙√𝒙) b) 𝒇(𝒙) = (
𝟏

𝒙𝟐
 - 

𝟑

𝒙𝟒
)(𝒙 + 𝟓𝒙𝟑) 

Solution: 

a) 𝑓(𝑥) = 𝑒𝑥(𝑥 +  𝑥√𝑥) 

𝑢 = 𝑒𝑥  𝑣 =  𝑥 +  𝑥√𝑥 

𝑢′= 𝑒𝑥 𝑣′ = 1 + 
3

2
𝑥

1

2 
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                𝑓′(𝑥) = 𝑒𝑥 (1 + 
3

2
𝑥

1

2) + (𝑥 +  𝑥√𝑥) 𝑒𝑥 

b) 𝑓(𝑥) = (
1

𝑥2
 − 

3

𝑥4
)(𝑥 + 5𝑥3) 

𝑢 =
1

𝑥2
 - 

3

𝑥4
  𝑣 =  𝑥 + 5𝑥3 

𝑢′ = 
−2

𝑥3
 + 

12

𝑥5
  𝑣′ =  1 + 15𝑥2 

      𝑓′(𝑥)  = (
1

𝑥2
− 

3

𝑥4
) (1 + 15𝑥2) + (𝑥 + 5𝑥3) (

−2

𝑥3
 + 

12

𝑥5
) 

               = 
1

𝑥2
 − 

3

𝑥4
 + 15 − 

45

𝑥2
 − 

2

𝑥2
 + 

12

𝑥4
 – 10 + 

60

𝑥2
 

              = 
9

𝑥4
 + 

14

𝑥2
 + 5 

Example:  

      If 𝒇(x) = 
𝒙𝟐

𝟏+𝟐𝒙
, then find 𝒇′(𝒙) and 𝒇′′(𝒙) 

Solution: 

      Given 𝑓(𝑥) = 
𝑥2

1+2𝑥
 

 𝑢 = 𝑥2  𝑣 =  1 + 2𝑥 

 𝑢′ =  2𝑥 𝑣′ =  2 

𝑓′(𝑥) = 
(1+2𝑥)(2𝑥)−𝑥2(2)

(1+2𝑥)2
 

          = 
2𝑥+ 4𝑥2− 2𝑥2

1+4𝑥+ 4𝑥2
 

𝑓′(𝑥) = 
2𝑥 + 2𝑥2

1+4𝑥+ 4𝑥2
 

Now, 

 𝑢 =  2𝑥 + 2𝑥2𝑣 =  1 + 4𝑥 + 4𝑥2 

                   𝑢, =  2 +  4𝑥     𝑣 , =  4 +  8𝑥 

   𝑓′′(𝑥) = 
(1+4𝑥+ 4𝑥2)(2+4𝑥)− (2𝑥 + 2𝑥2)(4+8𝑥)

(1+4𝑥+ 4𝑥2)2
 

             =  
2 + 8x + 8𝑥2 + 4x + 16𝑥2 + 16𝑥3 – 8x − 16𝑥2 − 8𝑥2 − 16𝑥3

(1+4𝑥+ 4𝑥2)2
 

       𝑓′′(𝑥) = 
2+4𝑥

(1+4𝑥+ 4𝑥2)2
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 Derivatives of trigonometric functions: 

Formulae: 

𝑑

𝑑𝑥
 (sin x) = cos x  

𝑑

𝑑𝑥
 (cos x) = - sin x 

𝑑

𝑑𝑥
(tan x) = 𝑠𝑒𝑐2x  

𝑑

𝑑𝑥
 (cosec x) = - cosec x cot x 

𝑑

𝑑𝑥
 (sec x) = sec x. tan x 

𝑑

𝑑𝑥
(cot x) = - 𝑐𝑜𝑠𝑒𝑐2x 

Example : 

      Find the derivatives of the following functions: 

a) y = 𝒙𝟑 sin x  b) y = 
𝒄𝒐𝒔 𝒙

𝟏−𝒔𝒊𝒏 𝒙
 

Solution: 

a) y = 𝑥3sin x  

𝑦′ = 𝑥3cos x + sin x(3𝑥2) 

 = 𝑥3 cos x + 3𝑥2sin x 

b) y = 
𝑐𝑜𝑠 𝑥

1−𝑠𝑖𝑛 𝑥
 

𝑦′  =  
(1−𝑠𝑖𝑛 𝑥)(−𝑠𝑖𝑛 𝑥)−𝑐𝑜𝑠 𝑥 (−𝑐𝑜𝑠 𝑥)

(1−𝑠𝑖𝑛 𝑥)2
 

     = 
− 𝑠𝑖𝑛 𝑥+ 𝑠𝑖𝑛2𝑥+ 𝑐𝑜𝑠2𝑥

(1−sin 𝑥)2
 

     = 
1−sin 𝑥

(1−𝑠𝑖𝑛 𝑥)2
 

    𝑦′  = 
1

1−𝑠𝑖𝑛 𝑥
 

Exercise  

(a) Differentiate the following functions using product rule: 

i) 𝑓(𝑥) = 𝑥𝑒𝑥                                    Ans: 𝑓′(𝑥)  = 𝑒𝑥 (𝑥 +  1) 

ii) 𝑓(𝑥) = (𝑥3 + 2x) 𝑒𝑥                      Ans: 𝑓′(𝑥) = 𝑒𝑥 (𝑥3 + 3𝑥2 + 2𝑥 + 2) 

iii) 𝑓(𝑥) = (x - √𝑥) (x + √𝑥)               Ans: 𝑓′(𝑥) = 2x – 1 

iv) 𝑓(𝑥) = (
1

𝑥2
− 

3

𝑥4
) (x + 5𝑥3)           Ans: 𝑓′(𝑥) = 5 + 

14

𝑥2
 + 

9

𝑥4
 

v) 𝑓(𝑥) = (𝑥2 + 1) (x + 5 + 
1

𝑥
)            Ans: 𝑓′(𝑥) = 3𝑥2 + 10x + 2 - 

1

𝑥2
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(b) Differentiate the following functions using quotient rule: 

i) 𝑓(x)  = 
𝑥2+𝑥−2

𝑥3+6
                             Ans: 𝑓′(𝑥)  = 

−𝑥4− 2𝑥3+ 6𝑥2+12𝑥+6

(𝑥3+6)2
 

ii) 𝑓(x) = 
𝑒𝑥

𝑥
                               Ans: 𝑓′(𝑥) = 

𝑒𝑥 (𝑥−1)

𝑥2
 

iii) 𝑓(x) = 
1− 𝑥𝑒𝑥

𝑥+ 𝑒𝑥
                         Ans: 𝑓′(𝑥) = 

− (𝑥2𝑒𝑥+ 𝑒2𝑥+ 𝑒𝑥+1)

(𝑥+ 𝑒𝑥)2
 

iv) 𝑓(x) = 
2𝑥

2+ √𝑥
                          Ans: 𝑓′(𝑥) = 

4+ √𝑥

(2+ √𝑥)2
 

(c) If 𝑓(x) = 
𝑥2−1

𝑥2+1
, find 𝑓′(𝑥) and 𝑓′′(𝑥)            Ans: 𝑓′(𝑥) = 

4𝑥

(𝑥2+1)2
𝑓′′(𝑥) = 

4 (1− 3𝑥2)

(𝑥2+1)3
 

(d) Differentiate the following trigonometric functions: 

i) 𝑦 = 
𝑠𝑒𝑐 𝑥

1+𝑡𝑎𝑛 𝑥
                           Ans: 𝑦′   = 

𝑠𝑒𝑐 𝑥 (𝑡𝑎𝑛 𝑥−1)

(1+𝑡𝑎𝑛 𝑥)2
 

ii) 𝑦 = x 𝑒𝑥𝑐𝑜𝑠𝑒𝑐 𝑥                  Ans: 𝑦′   = 𝑒𝑥𝑐𝑜𝑠𝑒c x (x + 1 – x cos x) 

iii) 𝑓(x) = sin x + 
1

2
 cot x           Ans: 𝑓′(𝑥)  = 𝑐𝑜𝑠 𝑥 –

1

2
𝑐𝑜𝑠𝑒𝑐2𝑥 

iv) 𝑓(𝑥) = 
𝑠𝑒𝑐 𝑥

1+𝑠𝑒𝑐 𝑥
                     Ans: 𝑓′(𝑥) = 𝑐𝑜𝑠 𝑥 –

1

2
𝑐𝑜𝑠𝑒𝑐2𝑥 

v) 𝑦 = 𝑥3𝑐𝑜𝑠 𝑥                         Ans: 𝑦′   = 3𝑥2𝑐𝑜𝑠 𝑥 − 𝑥3 sin x 

  

Derivatives of inverse trigonometric functions: 

Formulae: 

𝑑

𝑑𝑥
 (𝑠𝑖𝑛−1 x) = 

1

√1− 𝑥2
  

𝑑

𝑑𝑥
 (𝑐𝑜𝑠−1 𝑥) = 

1

√1− 𝑥2
 

𝑑

𝑑𝑥
 (𝑡𝑎𝑛−1 𝑥) = 

1

1+ 𝑥2

𝑑

𝑑𝑥
 (𝑐𝑜𝑡−1𝑥) = 

−1

1+ 𝑥2
 

𝑑

𝑑𝑥
 (𝑠𝑒𝑐−1𝑥) = 

1

𝑥√𝑥2−1
  

𝑑

𝑑𝑥
 (𝑐𝑜𝑠𝑒𝑐−1𝑥) = 

−1

𝑥√𝑥2−1
 

Example : 

     Find 
𝒅

𝒅𝒙
 if    (a) y = 𝒕𝒂𝒏−𝟏√𝒙   b) y = 𝒔𝒊𝒏−𝟏(𝒙𝟐) c) y = 𝒔𝒊𝒏−𝟏 (𝒆𝒙) 

Solution: 

a) y = 𝑡𝑎𝑛−1√𝑥 

            ⇒
𝑑𝑦

𝑑𝑥
 = 

1

1+ (√𝑥)2

1

2√𝑥
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             ⇒
𝑑𝑦

𝑑𝑥
  = 

1

2√𝑥
 (

1

1+𝑥
) 

b) y = 𝑠𝑖𝑛−1 (𝑥2) 

            ⇒
𝑑𝑦

𝑑𝑥
  = 

1

√1−𝑥4
 (2𝑥) 

           ⇒
𝑑𝑦

𝑑𝑥
 = 

2𝑥

√1− 𝑥4
 

c) y = 𝑐𝑜𝑠−1(𝑒𝑥)  

           ⇒
𝑑𝑦

𝑑𝑥
 = 

−1

√1− (𝑒𝑥)2
𝑒𝑥 

           ⇒
𝑑𝑦

𝑑𝑥
 = 

−𝑒𝑥

√1− 𝑒2𝑥
 

The Chain Rule: 

                    In Leibnitz notation, if 𝒚 =  𝒇(𝒖) and 𝒖 =  𝒈(𝒙) are both differentiable 

functions, then 

𝒅𝒚

𝒅𝒙
 = 

𝒅𝒚

𝒅𝒖
. 

𝒅𝒖

𝒅𝒙
 

 

The power rule combined with the chain rule: 

 If n is any real  number and 𝒖 =  𝒈(𝒙) is differentiable, then  

 
𝒅

𝒅𝒙
 (𝒖𝒏) = 𝒏𝒖𝒏−𝟏 𝒅𝒖

𝒅𝒙
 

Example : 

      Find the derivative of y if  

(a) y = √𝟑𝒙 + 𝟒  (b) y = tan (sin x)  (c) y = 𝒄𝒐𝒔−𝟏(𝒆𝟐𝒙)  (d) y = log (𝒙𝟑 + 𝟏)    (e) y = sin 

(cos tan x) 

Solution: 

a) 𝑦 =  √3𝑥 + 4 

⇒
𝑑𝑦

𝑑𝑥
 = 

1

2√3𝑥+4
 (3) 

⇒
𝑑𝑦

𝑑𝑥
 = 

3

2√3𝑥+4
 

b) 𝑦 =  𝑡𝑎𝑛 (𝑠𝑖𝑛 𝑥) 
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⇒
𝑑𝑦

𝑑𝑥
 = 𝑠𝑒𝑐2(𝑠𝑖𝑛 𝑥) . 𝑐𝑜𝑠 𝑥 

⇒
𝑑𝑦

𝑑𝑥
 = cos x 𝑠𝑒𝑐2(𝑠𝑖𝑛 𝑥) 

c) 𝑦 = 𝑐𝑜𝑠−1(𝑒2𝑥) 

⇒
𝑑𝑦

𝑑𝑥
 = 

−1

√1−(𝑒2𝑥)1
.2𝑒2𝑥 

⇒
𝑑𝑦

𝑑𝑥
 = 

−2𝑒2𝑥

√1𝑖𝑒4𝑥
 

d) 𝑦 = log (𝑥3 + 1) 

⇒
𝑑𝑦

𝑑𝑥
 = 

1

𝑥3+1
 (3𝑥2)  =  

3𝑥2

𝑥3+1
 

e) 𝑦 =  𝑠𝑖𝑛 (𝑐𝑜𝑠 𝑡𝑎𝑛 𝑥) 

⇒
𝑑𝑦

𝑑𝑥
 = cos(cos tan 𝑥) (− sin tan 𝑥) 𝑠𝑒𝑐2 𝑥 

⇒
𝑑𝑦

𝑑𝑥
 = −𝑐𝑜𝑠 (𝑐𝑜𝑠 𝑡𝑎𝑛 𝑥) 𝑠𝑖𝑛 (𝑡𝑎𝑛 𝑥) 𝑠𝑒𝑐2𝑥 

 

Exercise   

1. Differentiate the following functions: 

(i) 𝑦 = 𝑠𝑖𝑛−1(𝑒𝑥)                                          Ans: 𝑦′ = 
𝑒𝑥

√1− 𝑒2𝑥
 

(ii) 𝑦 = 𝑥 𝑠𝑖𝑛−1𝑥 + 𝑠𝑒𝑐−1𝑥                           Ans: 𝑦′ = 
𝑥

√1−𝑥2
 + 𝑠𝑖𝑛−1𝑥 + 

1

𝑥√𝑥2−1
 

(iii) 𝑦 = 𝑐𝑜𝑠−1(𝑥2)                                         Ans: 𝑦′ = 
−2𝑥

√1−𝑥4
 

2. Find the derivative for the following functions: 

(i) 𝑦 = 
3𝑥−1

2𝑥+1
                                                     Ans: 𝑦′ = 

5

(2𝑥+1)2
 

(ii) 𝑦 = 
𝑒𝑥

𝑥+1
                                                      Ans: 𝑦′ = 𝑒𝑥[

1

1+𝑥
−

1

(1+𝑥)2
] 

(iii) 𝑦 = 𝑠𝑖𝑛 (𝑠𝑖𝑛 𝑠𝑖𝑛 𝑥)                                  Ans: 𝑦′ = cos (sin cos x) cos (sin x) cos x 

(iv) 𝑦 = √𝑐𝑜𝑠√𝑥                                             Ans: 𝑦′ = 
−1

4

𝑠𝑖𝑛√𝑥

√𝑥√𝑐𝑜𝑠√𝑥
 

(v) 𝑦 = 2𝑠𝑖𝑛𝜋𝑥                                                 Ans: 𝑦′= 2𝑠𝑖𝑛𝜋𝜋 log 2 cos𝜋x 

 


