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Relation 

 A relation 𝑅 is a well - defined rule, which tells whether given 2 elements 𝑥 and 𝑦 

of 𝐴 are related or not. 

If 𝑥 is related to y, we write 𝑥𝑅𝑦, otherwise 𝑥 does not related to 𝑦.  

Equivalence Relation 

Let 𝑋 be any set. 𝑅 be a relation defined on 𝑋. If 𝑅 satisfies Reflexive, Symmetric 

and Transitive then the relation 𝑅 is said to be an Equivalence relation. 

Partial Order Relation 

Let 𝑋 be any set. 𝑅 be a relation defined on 𝑋. Then 𝑅 is said to be a partial order 

relation if it satisfies reflexive, antisymmetric and transitive relation. 

Example: 

Subset relation ⊆ is a Partial order relation. 

Solution: 

Consider any three sets A, B, C 

Since any set is a subset to itself, 𝐴 ⊆ 𝐴, therefore ⊆ is reflexive. 

If 𝐴 ⊆ 𝐵 and 𝐵 ⊆ 𝐴, then 𝐴 = 𝐵, therefore ⊆ is antisymmetric. 

If 𝐴 ⊆ 𝐵 and 𝐵 ⊆ 𝐶, then 𝐴 ⊆ 𝐶 , therefore ⊆ is transitive. 



ROHINI COLLEGE OF ENGINEERING AND TECHNOLOGY 

MA8351 DISCRETE MATHEMATICS 

Hence ⊆ is a Partial order relation. 

Example:2  

Divides relation is a Partial order relation. 

Solution: 

For 𝑍+ be the set of positive integer 𝑎, 𝑏, 𝑐 ∈ 𝑍+ 

Since 𝑎 𝑎⁄ ,∕  is reflexive. 

Since 𝑎 𝑏⁄ 𝑎𝑛𝑑 𝑏 𝑎⁄ ⇒ 𝑎 = 𝑏,∕  is antisymmetric. 

Since 𝑎 𝑏⁄ 𝑎𝑛𝑑 𝑏 𝑐⁄ ⇒ 𝑎 ∕ 𝑐  is transitive. 

Therefore, Divides relation " ∕ " is a partial order relation. 

Hence the proof. 

Partially Ordered Set or Poset: 

A set together with a partial order relation defined on it is called partially ordered 

set or Poset. 

Usually, a partial order relation is defined by the symbol " ≤ ", this symbol does 

not necessarily mean “less than or equal to” as we use for real numbers. 

For example, 
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Let ℝ be the set of real numbers. The relation “less than or equal to” or " ≤ " is a 

partial order on ℝ. Therefore (ℝ, ≤) is a Poset. 

Comparable Property: 

In a Poset for any 2 elements 𝑎, 𝑏 either 𝑎 ≤ 𝑏 or 𝑏 ≤ 𝑎 is called comparable 

property. Otherwise it is called incomparable property. 

Totally Ordered Set or Linearly Ordered Set or Chain: 

A partially ordered set (𝜌, ≤) is said to be totally ordered set or linearly ordered set 

or chain if any 2 elements are comparable. 

i.e., given any 2 elements 𝑥 and 𝑦 of a Poset either 𝑥 ≤ 𝑦 or 𝑦 ≤ 𝑥 

Example: 

 𝑎𝑅𝑏 if 𝑎 ≤ 𝑏 is a total order. 

𝑎𝑅𝑏 if 𝑎/𝑏 is not a total order. 

For, Given elements 2 and 3 neither 2/3 nor 3/2. 

(i.e., 2 and 3 are not comparable). 

Problems: 

1. Show that the “greater than or equal to” relation is a Partial ordering on 

the set of integers. 
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Solution: 

Since 𝑎 ≥ 𝑎 for every integer a, ≥ is reflexive. 

If 𝑎 ≥ 𝑏 and 𝑏 ≥ 𝑎 then 𝑎 = 𝑏. Hence ≥ is antisymmetric. 

Since  𝑎 ≥ 𝑏 and 𝑏 ≥ 𝑐 imply  𝑎 ≥ 𝑐. Hence ≥ is transitive. 

Therefore, ≥ is a partial order relation on the set of integers. 

2. In the Poset (𝒁+,∕) are the integers 3 and 9 comparable? Are 5 and 7 are 

comparable? 

Solution: 

Since 3/9, the integers 3 and 9 are comparable. 

For 5, 7 neither 5/7 nor 7/5 

Therefore, the integers 5 and 7 are not comparable (incomparable). 

3. Check the following Posets are totally orders set (or linearly ordered set or 

chain) (i) (𝒁, ≤) (ii) (𝒁+,∕)  

Solution: 

(i) Consider, the Poset (𝑍, ≤) 

If 𝑎 and 𝑏 are integer then either 𝑎 ≤ 𝑏 or 𝑏 ≤ 𝑎, for all a, b 
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Therefore, the Poset (𝑍, ≤) satisfies comparable property. 

(𝑍, ≤) is a totally ordered set. 

(ii) Consider, the Poset (𝑍+,∕)  

Take 5 and 7. 

Since, neither 5/7 nor 7/5 

(𝑍+,∕) does not satisfies the comparable property. 

Therefore, (𝑍+,∕) is not a totally ordered set. 

4. Show that (𝑵, ≤) is a partially ordered set where N is set of all positive 

integers and ≤ is defined by 𝒎 ≤ 𝒏 iff 𝒏 − 𝒎 is a non – negative integer. 

Solution: 

Give N is the set of all positive integer. 

The given relation is 𝑚 ≤ 𝑛 iff 𝑛 − 𝑚 is a non – negative integer. 

(i) To prove R is reflexive 

Now, ∀𝑥 ∈ 𝑁, 𝑥 − 𝑥 = 0 is a non – negative integer. 

Therefore, 𝑥𝑅𝑥 ∀𝑥 ∈ 𝑁. 

Therefore R is reflexive. 
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(ii) To prove R is Antisymmetric. 

Consider 𝑥𝑅𝑦 & 𝑦𝑅𝑥 

Since 𝑥𝑅𝑦 ⇒ 𝑥 − 𝑦 is a non – negative integer. 

 𝑦𝑅𝑥 ⇒ 𝑦 − 𝑥 is a non – negative integer. 

⇒ −(𝑥 − 𝑦) is a non – negative integer. 

⇒ 𝑥 = 𝑦  

Therefore R is Antisymmetric. 

(iii) To prove R is Transitive. 

Assume 𝑥𝑅𝑦 & 𝑦𝑅𝑧 

Since 𝑥𝑅𝑦 ⇒ 𝑥 − 𝑦 is a non – negative integer. 

 𝑦𝑅𝑧 ⇒ 𝑦 − 𝑧 is a non – negative integer. 

⇒ (𝑥 − 𝑦) + (𝑦 − 𝑧) is a non – negative integer. 

⇒ 𝑥 − 𝑧  is a non – negative integer. 

 ⇒ 𝑥𝑅𝑧 

 𝑥𝑅𝑦 & 𝑦𝑅𝑧 ⇒ 𝑥𝑅𝑧 

Therefore R is transitive. 
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Hence R is partial order relation. 

5. Is the Poset (𝒁+,/) a lattice. 

Solution: 

Let a and b be any two positive integer. 

Then LUB {𝑎, 𝑏} =LCM {𝑎, 𝑏} 

GLB {𝑎, 𝑏} =GCD {𝑎, 𝑏} 

Should exist in 𝑍+. 

For, example let 𝑎 =  4, 𝑏 =  20 

Then LUB {𝑎, 𝑏} =LCM {4, 20} = 1 

GLB {𝑎, 𝑏} =GCD {4, 20} = 4 

Hence both GLB and LUB exist. 

Therefore, the Poset (𝑍+,/) a lattice. 


