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NATURE OF QUADRATIC FORM DETERMINED BY PRINCIPAL
MINORS

A11A12 Q13 ** Qin
Let A be a square matrix of order nsay A = |{ Q21422 Q23 ™ dzp

The principal sub determinants of A are defined as below.

S1 =011
gt |a11 a12|
27 layr ap;

a1 A2 Qg3

S3 = [d21 Q22 dp3
31 03z 433
Sp = |A|

The quadratic formQ = XTAX s said to be
1. Positive definite: If s;s,53 s, >0
2. Positive semidefinite: If s;s,s3 s, = 0and atleastone s; = 0
3. Negative definite: If s;s355 < 0ands,s;se.... >0

4. Negative semidefinite: If s; 5355 < 0 ands; s, > 0 and atleast one s; = 0

5. Indefinite: In all other cases
Example: Determine the nature of the Quadratic form 12x3 + 3x3 + 12x3 + 2x;X,

Solution:

12 1 0
A={1 3 0
0 0 12

Sl = a11:12 > 0

a a

5, = |ai a;z| = |112 §| —35>0
aj; 412 dg3 12 1 0

S3=|G21 Q2 Gx3|=[|1 3 0|=430> 0, Postive definite
asz; d3zp dsz 0 0 12

Example: Determine the nature of the Quadratic form x% + 2x3

Solution:
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1 0 O

LetA={0 2 O

0 0 O
51=a11:1>0

Ay Qg

5, = | | =2>0

2 a1 QA
a1 Q12 Qg3 1 0 O

S3=|A21 Q22 A3l =0 2 Of=0,Positive semidefinite
az; A3y 04szz 0 0.0

Example: Determine the nature of the Quadratic form x2 — y? + 4z% + 4xy + 2yz + 6zx
Solution:

12 3
LetA={2 -1 1
3 1 4

31=a11:1>0

a1 Q12

Sy = | | =-5<0

2 az1 Q32
ai1 Q2 Qg3 1 2 3

S =121 Az A3 =12 —1 1| =0, Indefinite
a3 a3z Udzz 3 1 4

Example: Determine the nature of the Quadratic form xy + yz + zx

Solution:
0 1/2 1/2
LetA:<1/2 0 1/2)
1/2 1/2 0
Sl=a11:0
_|%r Qa2
sz_|a21 a22|_ 1/4<0
a1 Q2 @ Qg3 0  1/2 1/2
S3=[A21 Q22 Gp3(=|1/2 0 1/2 :1>0,Indefinite
az1 Qzz Az 1/2 1/2 0

RANK, INDEX AND SIGNATURE OF A REAL QUADRATIC FORMS
Let Q = XT AX be quadratic form and the corresponding canonical form is d;y;2 + d,y,% +
<t dy .
The rank of the matrix A is number of non —zero Eigen values of A. If the rank of A is
‘r’, the canonical form of Q will contain only “r” terms .Some terms in the canonical form may

be positive or zero or negative.
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The number of positive terms in the canonical form is called the index(p) of the quadratic
form.
The excess of the number of positive terms over the number of negative terms in the
canonical form .i.e,p — (r — p) = 2p — r is called the signature of the quadratic form and

usually denoted by s. Thus s = 2p —r.
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