ROHINI COLLEGE OF ENGINEERING & TECHNOLOGY

CONVOLUTION THEOREM

Definition: Convolution of two functions
The convolution of two functions f(¢t) and g(t) is denoted by f(t) * g(t) and
defined by
f(©) xg(® = J§ fFag(t - wydu.
State and prove Convolution theorem
Statement: If L[f(t)] = F(s) and L{g(t)] = G(s), then L[f(t)] *L[g(t)] = F(s)G(s)
Proof:
We have £(¢) * g(8) = f; f(w)g (¢ — wdu
LIf(8) x g@®)] = [, [f () * g(©)] e~s*dt
r fooo fotf(u)g(t — u)dueStdt
= [ [} F)g(t —we st dudt -+ (1)
Now we have no change the order of integration.
u=0u=tt=0,t =
Change of order is . Draw horizontal strip PQ
AtP,t =u, At Au=oo
LIF® xg@] = [ [, gt =we*'dtdu
= [ f@[[" gt — we=tdt]du~-(2)
Put t—u=x--(3)
t=u+x=>dt=dx
Whent=u;(3) =>x=0
When t = 0;(3) 2 x = o
(2) = LIF)*g®] = [§" f@ [, gG)e=®*dx]du
= fooof(u) [fooo g(x)e S*e~*dx|du
= fooof(u)e‘sudu fooo g(x)e s*dx
= LIf)]Lg(x)]
= LIf(©) » g(©] = F(s)G(s)
Note: Convolution theorem is very useful to compute inverse Laplace transform of product

of two terms
Convolution theorem is L[f(t) * g(t)] = F(s)G(s)
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LHF()G()] = f() » g (6)
LHF(s)G(s)] = LTHF ()] = L7 G(s)]

Example: Find L1 [ using convolution theorem.

(s+a)(s+b)]
Solution:

L [m} = L7 [(s-!l-a)] * L7 [(s-!l-b)]

= e ~at y o~ bt

t —au. —b(t—

= [, e e ("W dy
bt (L

=e P [ e~ el du
s

=e Pt [ e dy

(b-ayuqt
— e
b—-a 1o

== [e0-ar—1]

e—bt

o E [ebt—at £ 5l ]

ﬁ [e—bt+bt—at L e—bt]

-1t 1 rp-at _ o-bt
[(s+a)(s+b)] b—a [e € ]

Example: Find the inverse Laplace transform m by using convolution
theorem.
Solution:

s R et st

71 S -1 S
=L [(52+a2)] *L [(52+b2)]
= cosat * cosbt

= fot cosau cosb(t —u)du

t cos(au+bt—bu)+cos(au—bt+bu)
= J, . du

= %fot(cos(au + bt — bu) + cos(au — bt + bu)) du

= %fot[cos(a — b)u + bt + cos(a + b) u — bt]du

1 [sin[(a—b)u+bt] ¢

n sin[(a+b)u+bt]]
2

a—b a+b

0

1 [sin(at—bt+bt) n sin(at—-bt+bt)  sinbt sinbt]

E a—b a+b a-b a+b
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[sinat | sinat  sinbt sinbt]
|l a—-b a+b a—-b a+b

[(a+b)sinat+(a—b)sinat—(a+b)sinbt+(a—b)sinbt
a2 _b2

[2asinat—2bsinbt

a2 _b2

NIk NIRr NIRr N|R
r r

[2(asinat—bsinbt)
a2 _b2

-1 [ s? ] __ asinat—bsinbt
(s%+a?)(s2+b?) a%-p?

Example: Find the inverse Laplace transform by using convolution

1
(s2+a?)(s2+b?)
theorem.

Solution:

Emen) s b e e |

=L [(sz-ll-az)] L7 [(szibz)]

1, ]
= =sinat * Zsmbt

a
1 ot . .
= — [ sinau sinb(t — w)du
1 t cos(au—bt+bu)—cos(au+bt—bu)
" ab fO 2 du
= ﬁfot(cos(au — bt + bu) — cos(au + bt — bu)) du

= %fot[cos[(a + b)u — bt] —cos[(a—=Db)u + bt]]du

1 [sin[(a+b)u—bt] _ sin[(a—b)u+bt]]t

2ab a+b a—b 0
_ 1 [sin(at+bt—bt) __sin(at—bt+bt) 4 sinbt sinbt]
2ab a+b a-b a+b a-b
1 |[sinat sinat sinbt . sinbt
:E[a+b C) a—b o a+b a—b]
1 [(a-b)sinat—(a+b)sinat+(a—b)sinbt+(a+b)sinbt
B 2ab a?—b2 ]
1 [=2bsinat+2asinbt
- 2ab [ a?-b2 ]
1 [2(asinbt—bsinat)
- 2ab [ a?-p? ]
W L1 [ 1 ] _ asinbt—bsinat
(s2+a?)(s2+b2) ab(a2-b2)

Example: Find the inverse Laplace transform by using convolution theorem.

s
(52 +4) (s2+9)

Solution:

B [m] = L7 [(521+4) (5219)]
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=L [(5214—4)] * L7 [(5254—9)]

1
2
1
2
1
2

1

| =

B T N I S
T T

sin2t * cos3t

fot sin2u cos3(t — u)du

t sin(2u+3t—-3u)+sin(2u—3t+3u)
5 : u

5 [sin(3t — w) + sin(5u — 30)|du

[—cos(3t—w) cos(5u—3t)]t
-1 5 0

+

[cos(3t—t)  cos(5t—3t)  cos3t coth]
1 5 1 5

{cosZt— 5 — cos3t + s

cos2t cosSt]

'5c052t—c052t—5c053t+c053t]
5

= % [4cos2t — 4cos3t]

cos2t—cos3t

L™ [(52+4)S(sz+9)] if

Example: Fi

Solution:

o

(s2+a?)2]

e

nd L=1

N

s

| (s2+a?)

ol %, [ 1 S ]
(s2+a?) (s%+a?)

5

2] by using convolution‘theorem.

(sz-ll-az)] « L [(sziaz)]

1 .
= zsmat * cosat

t .
= %fo sinau cosa(t — u)du

1 ctsin(autat—au)+sin(au—at+aun)
z fO du

2

= i fot[sinat + sin(2au — at)]du

1
2a

1
2a

=— _Sinat(u)g - (

== -fot sinatdu + fot sin(2au — at) du]

= L [sinat fot du + fot sin(2au — at) du]

cos(Zau—at))t
2a

0
1 [, . cos(2at—at cosat
= — |tsinat — ( ) + ]
2a L 2a 2a
1 [, . cosat . cosat
= —|tsinat — ]
2a L 2a
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1,
= — tsinat
2a

o L1 [ s ] _ tsinat
(s2+a?)2 2a
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