ROHINI COLLEGE OF ENGINEERING & TECHNOLOGY

LAPLACE TRANSFORM OF DERIVATIVES AND INTEGRALS
Problems using the formula
LItf(D)] = = LIf(D)]

Example: Find the Laplace transform for tsin4t

Solution:
L[tsin4t] = ;—:L[tsinélt]

= o=
 ds Ls2+4

_ —[(s?+16)0-4(29)]
- (s2+16)2

8s

. L[tsin4t] = m

Example: Find L[tsin?t]
Solution:
S :(1 ) ' :E (1—cos2t)
L[tsin?t] = ] L[sin? t] = - L [—2 ]
1d
= —>—[L(1) = L(cos2t)]

_1d]1 s ]
2dsls s%2+4

. 1d ’sz+4—sz]
T 2ds Ls(s2+4)

_ . 1adf _ 4 ]
T 2ds Ls(s?+4)

2ds Ls(s2+4)

4d[ 1 ]
_ o |o-@3s*+4)
(s3+4s)2

2
~ L[tsin?t] = 2(3$—M2)
(s3+4s)

Example: Find the Laplace transform for f(t) = sinat — atcosat
Solution:

L[sinat — atcosat] = L(sin at) — a L(tcosat)

=2 —a(iL[cosat])

T s24q2 ds

a d s
= a—
s2+a? ds Ls2+a?

_a (sz+a2)1—s(25)]
s2+qa? (s2+a?)2

_a [52+a2—52]
s2+a? (s2+a?)2

MA8251 ENGINEERING MATHEMATICS I



ROHINI COLLEGE OF ENGINEERING & TECHNOLOGY

a a?—s?
i N e
s“+a (s“+a*)
a(s?+a®)+a(a?-s?)
(s%+a?)?

__as?’+a®+a3-as?)
(s?+a?)?

2a3

. L[sinat — atcosat] = Grrai?
Example: Find the Laplace transform for the following
(i) te 3tsin2t (ii) te"tcosat 9iii) tsinhtcos2t
Solution:

(i) Llte>sin2¢] = Lltsin2t].cps = —

_SL [SinZt]s—>5+3

=% ()
ds \s2422/¢ o123

/i [(52+4)0—2(25)]

(s*+4)? §-S5+3
_ [ 4s ]
a (s2+4)? S—S+3
—3t .+ _ 4(s+3)
L[te™3'sin2t] = Grazea)

(i) L{te tcosat] = Lltcosat]s,ss1 = ;—jL[cosat]S_)sﬂ

=% (@)
ds \s?+a?/¢,st1

_ (sz+a2)1—s(25)]
o (s2+a?)?

R

==l
$2_g2

- [(sz+a2)2]

(s4+1)2%-a?
((s+1)2+a?)2

S—>Ss+1

S—Ss+1

s—s+1
L[te"tcosat] =

(iii) L[tsinhtcos2t]

et—e-t
2

L[tsinhtcos2t] = L [t ( ) cosZt]

[L(tetcos2t) — L(te tcos2t)]

1
2
1[-d d
= S|z Llcos2t]soss + EL[cos%]HH]
1
2

el Corr R Crr) I
Lds \s2+4/ 5,51 ds \s?+4/¢ ,c1q

[ (52+4)1—s(25)] (52+4)1—s(25)]
(s244)2 (s2+4)2

N |
r

s—s—1 s—s+ 1]
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= |- [
T2 (s2+4)2
(s-1)?*-4 4—(s+1)2 ]
((s—1)2+44)% * ((s+1)%+4)2

4—s2
+eml
s—s—1 (52+4)2 s—s+1

. L[tsinhtcos2t] = %[
Problems using the formula
LI f@®)] = SLIf®)]

Example: Find the Laplace transform for (i)  t%sint (ii) t*cos2t
Solution:

(i) Lle2sint] = 5L [sint]

= ]
T ods2 Ls241

_a ([(sz+1)0—1(25)])

ds (s2+1)2

i % ((sz_fi)z)
2 % ((sz-su)z)

—2[(s2+1)* (@) -s(2)(s?+1)(25)]
(s2+1)*

_ =2(s%4+)[(s%+1)—4s?]

(s2+1)%
_ —2[1-35?]
T (s2+1)3
. 2 . _ 652—2
~ L[t?sint] = e

.. d?
(ii) L[t?cos2t] = EL[COSZt]

= ol
T ds? |s2+4

_a ([(sz+4)1—s(25)])

ds (s2+4)2

d [ 4—s?
s ((52+4)2)
[(52+4)2(—25)—(4—52)2(52+4)(Zs)]

(s2+4)%

_ 2s5(s24+4)[(s2+4)(-1) - (4—s2)2]
- (s2+4)*

_ 2s[s?-12]
T (s2+4)3
2s[s%2-12]

~ L[t? cos2t] = e
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Example: Find the Laplace transform for (i)  t?e~2tcost (ii) t?e*sin3t

Solution:

2

(i) L[t%e %t cost] = L[t%cost]s sip = %L[cost]s_,ﬁz

=)
ds? \s2+1/ 5 542

_ i[(sz+1)1—s(25)]
T ds (s2+1)2

=& [&
T ds L(s2+1)2

7 [(sz+1)2(—25)—(1—52)2(52+1)(25)]
. (s2+1)*

S—>Ss+2

S—S+2

§—S+2

[(s2+1)(—25)-4s(1-s2)] ]
(s?+1)4

= (s + 1]

S—5+2

I [—253—25—4s+4s3 ]
(s2+1)3

_ [253—65 ]

T L(s2+1)3

2(s+2)3-6(s+2)
((s+2)2+1)3

S—s+2

S—s+2

L[t%e ?tcost] =

2
(i) L[t?e* sin3t] = L[t?sin3t]sos_q = %L[sin%]s_)s_4

=i=(5)
ds? \s2+9/ ¢ 54

_a (sz+9)o—3(25)]
T ds (s2+9)2

S—S—4

_d [ —6s ] I d [ s ]
= elrezionz = T O | czi02
ds L(s=+9)°1 o 4 ds L(s#+9)*1_ o4

- [(s2+9)° (1)-(s)2(s2+9)(25)]
el (s2+9)*
S—S=4

[(s2+9)-4s2] ]
(s2+9)4

=—6(s*+9)

9-3s2
=-6 [(52+9)3]
_ 1852—54]
T L(s249)3

S—>S—4

S—S—4

S—S—4

2 4t . __ 18(s—-4)%-54
L[t?e*sin3t] = DP9y
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Problems using the formula

L% = [ Lif@)d

f()

This formula is valid if hm is finite.

The following formula is very useful in this section
= logs

= log(s + a)

S+

[SE - élog(s2 +a?%)

s2+a?

ads ~1S
=tan " -
f52+a2 a

Example: Find L [

cosat]

Solution:

. cosat cosa(0) 1
lim———=—F——=-=00
t-0 t 0 0

= Laplace transform does not exists.

t
Example: Find L [sm ]
Solution:
sin3t _ 3sint—-sin3t
t 4t
lim sin3t - lim 3sint—sin3t
t-0 t B t—0 4t
0—-0 0 ; .
S =% (by applying L—Hospital rule)
— lim 3sint=sin3t -0

t—0 4t

Hence Laplace transform exists

. 3 . .
sin°t 3sint—sin3t
t 4t

= ifsoo L[(3sint — sin3t)]ds

:_f ( sZ+1 2+9)ds

1 s 1%
== 3tan‘1s—tan‘1—]
4l 3

3(tan"too —tan"1ts) — (tan‘1 o0 —tan~?! g)]

[ ™ _ -1 _ (T _ -15
_(2 tan™" s) (2 tan 3)]

Ll R S R

— 1S
cot™ls — cot 1;]
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Example: Find L [e

—2t sin2tcos3t]
t

Solution:

L [e_Zt sinZtcosSt] — I [sinZtcosSt]
t

s—-s+2
= ~[J" L(sin(3t + 2¢) — sin(3t — 26))ds|
1
2

[f L((sin5¢t) — L(smt))ds]

-

N|H

_ f 1
| s 52+52 §2+12

r (o]
= [tan‘1 2 _tan~! s] ]
| 5 s

N | =

§—5+2

hy [(tan‘1 o0 —tan~?! %) — (tan"l o0 —tan! s)] ]

Ss—5+2

I~

P 1S T _
=-|(-—tan"1- —(——tan 15) ]
212 5 4 so5+2

[ _1S _
= =|cot™t==cot 15]
- 5 S—S+2

N | =

= % cot‘l% —cot7i(s + 2)]

Problems using L|f; f(t)dt| = 2L[f(0)]
Example: Find the Laplace transform for (i) [ e72¢dt (i) [ cos2tdt
(iii) [] tsin3tdt (i)t [, costdt
Solution:
(i) L[f, e?dt] =2Lfem2] =2()
L fyeae| = o

(II)L[f costht] —L [cos2t] = ( s )

244

[ f cos2 tdt]

2+4

(iii) L [f tsm3tdt] L[tsin3t]
= % [;—: [L[sin3t]]]
- _Tl % [523;-9”

—i[*s]
T s l(s249)2

[f tsm3tdt]

(s*+ 9)2
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(V) L [¢ f; costdt| = =21 |, costat]

Example: Find the Laplace transform for et f(f tcos4tdt

Solution:

L|et [ teosatdt| = L[, tcosatdt|

Example: Find the Laplace transform of e™* fotL:td

Solution:

[ —t ftsmt dt] L[ftsmt dt]

[ f tsm3tdt]

« L GH)

<=
ds Ls2+1

- [(sz_fi)z]

2+1)2

s—os+1
(1 d s )
5ds s?+16/ ¢ 641
[—1 (sz+16)1—s(25)]
| s (5%2+16)2 Sos+1

[-1 (sz+16—252)]

L s (s%+16)2 1o o1y

-1 (—sz+16)]

L s (s?+16)2d .. 4

[1 (52—16)]

Ls (s2+16)2) o orq

[ tf tcos4tdt] L [m]

s+1 L((s+1)2+16)2

Ss—s+1

FL G,

é fsoo L(sint)ds]
[1 o0 1
s fS s2+1

5 o
B [tan1s ]2

S—s+1

]s—>s+1

]s—>s+1

L(tan 1o —tan~1s) ]
LS s—os+1

[1 =«
-(=—tan's ]
Ls (2 ) s—os+1
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1 _
= [— cot 15]
S s-s+1

) [e—f fotiftdt] = ——cot7(s + 1)
Evaluation of integrals using Laplace transform
Note: (i) [;” f(©)e~stdt = L[f ()]

(i) [, f(©e~dt = [LIF®]] _,

(iii) J,” F(®©)dt = [LIF D] _,

Example: Find the values of the following integrals using Laplace transforms:

M) | te"2cos2tdt (i) “2e~tsintdt (i) - [2(C=) dt
0 0 ’ .

; o (1-cost\ _ o (e~ —cosbt

(V) fO ( t )e dr (V) fo (f) dt

Solution:

(i) fooo te™?tcos2tdt = L[tcos2t]s-, = [%L(cosZt)]

=% @)
T ds \s244/4_5

_ [ (sz+4)1—s(25)]
(s2+4)2

[
(s2+4)24_,

B TR,

T (4+4)?2

s=2

s=2

2
(ii) fooo t?e~tsintdt = L[t*sint]s—; = %L[sint]s=1

=12 (=)
T ds? \s241/g—q
. d [—1(25)]
T ds L(s2+1)? !

- d s ]
= 4 lrezin2
ds L(s%+1) s=1

= -2

-[(sz+1)2(1)—5.2(sz+1)(25))]
(s2+1)%
s=1

= -2

[[(s2+1)[(s7+1)-452)]]
(s2+1)%
s=1

| (s2+1)3

1 _2c2
2 1 35)]
s=1

_ [ 6s3-2 ] 41
(s2+1)3 s=1 8 2
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(i) f;* (=) de =L[==—] _ = [TTLlet — e ds]esg

[[L(e™) = L(e™2D)]1s] _,

i
G- ds)

[log(s + 1) —log(s + 2)]$"}s=0

foa2)
3

!
o

P s+l . —
—[ lgs+250 s logl =0
= [log N, = log2

(IV)f (1 cost) ~tdt
fo (#) e"tdt =1L [#] = fsoo[L[(l — cost)]ds]s=4

S=1

= b0 = Leostilas],_,

. fsoo [G B SZS+1) ds]szl

= {[logs — %log(s2 + 1)]00} )
{[logs—log\/m }

~{lleg 1.}

s °S=1

[ log VSZ+1]S=1
[ Vs2+1
= |log .

= logV?2
( )f ( - —cosbt)dt
fooo (e—at

_ b —at_ b oo -
)i =4[ = e ool

[[L(e~") = L(cosbt)]ds]_,

Iy
G- wm) sl
-

[log(s +a) — —log(s + bz)] }

S$=0
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= 1|log(s + a) — logV's? + b? |oo
{[ N }S=0

= {[log% :o}s=0

s+a

Vsz+bz s=0

=[O—log
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