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Wave equation and their solution

From equation 4.24 we can write the Maxwell's equations in the differential form as

vxFH=F+22
3t
TXE=—§
3
v-D=p
VE=0
—~ = 3E
VXH=-oE+e— (4.28(a))
~ 3"
VxE=—p—— 4.29(b
B (+29(5)
V- E=0 (4.29(c))
Vo H =0 (4.29(d))

Let us consider a
source free uniform medium having dielectric constant , magnetic
permeability #and conductivity . The above set of equations can be
written as

Using the vector identity ,

VxXVx A=V (V 4] -7*4
We can write from 4.29(b)

?X?XE=?-(?-§)—?2§

P aH
A

= -7

— — a —
or . (v E)-V'E- —,ua(?XH)

Substituting’ *# from 4.29(a)
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But in source free medigm ° (egn
4.29(c)) 55 25
2_.- = _— —_)
ViEHe e R 0)
In the same manner for equation eqn 4.29(a)

wwﬁw-(vﬁ)—vgﬁ

=cr(?><§)+e%(‘?><§)
o252 E]
of i ot

Since”' # =Ofrom eqn 4.29(d), we can write

— AE PH

2
ot (4.31)

=

VIR = uo——+ ,urs'aa—f
£

These two equations
— AH FH
VY = T —]+,{,{E[ o ]

are known as wave equations.

It may be noted that the field components are functions of both space
Eand H
and time. Forexample, if we consider a Cartesian co ordinate system,

E[x,y,_z,.ﬁj
essentially represents 4= £=5§

—_

H : T : . _
and (x.7.2.2) . For simplicity, we consider propagation in & = "free space
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The wave eqn in equations 4.30 and 4.31 reduces to

— *E
VIE = to5, L?] (432(a))
2_" rajﬁ
VH = o | (4.32(b))
Further simplifications can be made if we consider in Cartesian co
_ Eand H _ : :
ardinate system aspecial case where are considered to be independent in

Fand H _
two dimensions, say

are assumed to be independent of y and z. Such waves are called plane
waves.

From eqgn (4.32 (a)) we can
write

A
e

3
Fea = Epddy

The vector wave equation is equivalent to the three
scalarequations
—1

[(aE

E;lx:‘x = &4ty — (4.33[@))
L r.
aE. (a?E )

T (+.33(2))
v F
3E (P F |

axzx = St Elr,zx (4'33[‘5))]

Since we have ,
VE=0 7 3% %
O B L (4.34)

dxr  dy Az

As we have assumed that the field components are independent of y

and z eqn(4.34)reduces t@s,

—r-
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Fig 4.1 : Traveling wave in the + x direction

(www.brainkart.com/subject/Electromagnetic-Theory 206/)

A field component satisfying either of the last two conditions (i.e (ii) and
(iii))is not a part of a plane wave motion and hence Ex is taken to be equal
to zero. Therefore, a uniform plane wave propagating in x direction does
not have a field component (E or H) acting along x as shown in figure 4.1.

Without loss of generality let us now consider a plane wave having Ey
component only(ldentical results can be obtained for Ez component) .

The equation involving such wave propagation is given by

AE. A*E.
y J’] (4.36)

=F
PR ey

The above equation has a solution of the form
B, = Alx-wt)+ f{x+wt) (4.37)

1
y =

[i]
where el

Thus equation (4.37) satisfies wave eqn (4.36) can be verified by substitution.

.y . N + vyt
Alxn )corresponds to the wave traveling in the + x direction J@vﬁﬁ.ev”j
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corresponds to a wave traveling in the -x direction. The general solution of
the wave eqn thus consists of two waves, one traveling away from the source
and other traveling back towards the source. In the absence of any reflection,
the second form of the eqn (4.37) is zero and the solution can be written as

‘Ey =-f1|[x_vﬂf’)

\t-vv)

Such a wave motion is graphically shown in fig 4.4 at two instances of time t1 and t2.

Let us now consider the relationship between E and H components for the

forwardtraveling wave.
] E=akl, =a,f [x—vuzj ) o
Since and there is no variation along y and z.

Since only z component o‘f"xﬁexists, from (4.29(b))

8, __,, B,
= T3 (4.39)

and from (4.29(a)) wiit U, only Hz component of magnetic field being present

TR = —.:::; aH,
ox
AH_  0E,
- =g, —2
ax &t
Substituting Eq (4.38)
. _ B e
COH \/; ‘I‘fl (x—vitldx+c
aH ih) :
B:: = 5_; AU N [x vu.f:l
= i\l‘ifldx+.j
Hyd O
daH, 1 .
3 =g, A [x—vu.ﬁ) -
< i
Hy (4.40)
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The constant of integration means that a field independent of x may also exist.
However,this field will not be a part of the wave motion.

H,= [2E,
f7a

Hence (4.41)

Ho= |2 +c
Hy

which relates the E and H components of the traveling wave.
)
2= =2 = ¥ 21207 or 37702
Hx l'E-IZI

° is called the characteristic or intrinsic impedance of the free space

Harmonic fields

In the previous section we introduced the equations pertaining
to wave propagation and discussed how the wave equations are
modified for time harmonic case. In this section we discuss in
detail a particular form of electromagnetic wave propagation
called'plane waves'.

The Helmhotz Equation:

In source free linear isotropic medium, Maxwell equations in phasor form

are,

TR E=—jouH TxE=10

. -V*E = —jaul jock

W H = joEs d #(va%=0

or,
. v><v><§=v(w§)—v2§=-;mﬂx§
27 el —

or, ViE+ @ ueE =10

GEHEE=0 k= anfke
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An identical equation can be dedied for

; DI 12T
ie. VO H+EH =0

These equations
VE+EE=0. ... (@)
(4.42)

are called homogeneous vector Helmholtz's equation.
k=f”'{fi‘r_flled the wave number or propagation constant of the
medium.
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