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Behaviour of Plane waves at the inteface of two media:

We consider &4 the propagation of uniform plane waves in an
unbounded homogeneous medium. In practice, the wave will propagate in
bounded regions where several values of will be present. When plane wave
travelling in onemedium meets a different medium, it is partly reflected and
partly transmitted. In this section, we consider wave reflection and
transmission at planar boundary between two media as shown in figure 1.1.
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Fig 1.1 : Normal Incidence at a plane boundary
(www.brainkart.com/subject/Electromagnetic-Theory 206/)

Casel: Let z = 0 plane represent the interface between two media.
Medium 1is (4. 44.91) and medium 2 is characterized by [Eﬂ’%’gﬂ).

Let the subscripts 'i* denotes incident, 'r' denotes reflected and 't' denotes
transmittedfield components respectively.

The incident wave is assumed to be a plane wave polarized along x and
travelling inmedium

o

1along “direction. From equation (5.24) we can write

w0f R (5.49.9)
Hi (z) = —aJ;XEi, (z) = ie_"'x ;y
& T, (5.49.b)
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J@
 t @,

m=

hoalie (o jes)

where

Because of the presence of the second medium at z =0, the incident wave will
undergo partial reflection and partial transmission.
The reflected wave will travel alonézx in medium

1. The reflected field components are:

M ...(5.50b)

The transmitted wave will travel in medium 2 along s for which the field components are

— i
= F g T
=B e,

My =

v = e (ot jeg)

where

In medium 1, — N
El=E5+ErandH1=H5+Hr

and in medium 2,
Ej =E:and H2 =H:

Applying boundary conditions at the interface z = 0, i.e., continuity of tangential
field components and noting that incident, reflected and transmitted field
components are tangential at the boundary, we can write

From equation 5.49 to 5.51 we get,
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R (5.52a)
E:ia _ En:l — i
T T T e, (5.52b)
Eliminating
Eto,
2o (5,4 5,)
o 2
g (Llot)og [La1
or, M 7y L/
B, =TE,
or,
............... (5.53)
. . ¥ = Fa— 1
is called the reflection coefficient. +
Byt
From equation (5.52), we can
write
28, = &, [1+22
T
7=
or, T Ty e, (5.54)
E:ra = 2??2 E‘.ir? =TE&?
Tty
is called the  transmission
coefficient. We observe that,
T = 21y _ Ty i iyt —1+T
Tt T s (5.55)

The following may be noted
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Let us now consider specific cases:

Case I: Normal incidence on a plane conducting boundary

The medium 1 is perfect dielectric (91 =0) and medium 2 is perfectly conducting

= =':°)_

S = a
S
M =0

h= Umﬁl)[fmel)
= janji s =08
From (5.53) and (5.54)
I= -1
and T =0

Hence the wave is not transmitted to medium 2, it gets reflected entirely from the
interface to the medium 1.

Eal

. o . Y
S R /T S, N
g - Eea, =2 san Sra,

EI[Z) =F

&
S B (z.t) =Re [—EJEI-‘, sl ﬁz&‘i"’:]a’; =2E, sin Sz sin mz.:i;

Proceeding in the same manner for the magnetic field in region 1, we can show that,

— ~ 2E
Hi I:z,f,:l =a, —2 oz dzcosay

L e (5.57)

The wave in medium 1 thus becomes a standing wave due to the super position of a
forward travelling wave and a backward travelling wave. For a given ' t', both Z1and

Hiyary
sinusoidally with distance measured from z = 0. This is shown in figure 1.2,
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wt = 3q/2
\
wl =0 @’ =\ﬂ/2

{a) E; versus z o=

peyrct
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(b) Hy versus z Ly

Figure 1.2: Generation of standing wave
(www.brainkart.com/subject/Electromagnetic-Theory 206/)

Zeroes of E1(z,t) and Maxima of H1(z,t).

Maxima of E1(z,t) and zeroes of H1(z,t).

b

A
soccur at Gz =-wm orz = —?25

b

L OCCUE at ﬁlz=—|:2n+1:l2 orz=—|:23z+1:l Lo a=012 .

N

Case2: Normal incidence on a plane dielectric

boundary

If the medium 2 is not a perfect conductor (i.e. oy == ) partial reflection will result. There
will be a reflected wave in the medium 1 and a transmitted wave in the medium 2.Because
of the reflected wave, standing wave is formed in medium 1.

From equation (5.49(a)) and equation (5.53) we can write
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Let us consider the scenario when both the media are dissipation less i.e. perfect

dielectrics ( €1 =% 92 =0)
W= danfhe =05 = %
1
¥y = G = 05 M= %
]

In this case both 71and %1 become real numbers.

—

B = &in‘, (é‘"’"ﬁ'z + lqé'mx)
- @B, ((1+T)e#% +T (o9 - 74 )

= axE, [Te™ +T(2jsin 47))

From (5.51), we can see that, in medium 1 we have a traveling wave component
with amplitude TEjo and a standing wave component with amplitude 2JEio.

The location of the maximum and the minimum of the

electric and magnetic field

components in the medium 1from the interface can be found as follows.

The electric field in medium 1 can be written as

B = SKEE-‘,@‘”'E (1 + reﬁ‘*”)

1f 72 2 Mie. >0

The maximum value of the electric field is

|81 =&, (1+7)

and this occurs when
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. = A __ w7 A
I l,{?'l Ey 2
or A , N=0,1,2,3. i, (5.54)
The minimum value of
e
is

& =-&0-1)

................. (5.55)
And this occurs when
2825 = ~(2n+ 1)
Zown T [2'?2 +1)i
or : n = 0, 1, 2,
7 < i< = e\ | R (5.55) For

E,

. E|. B (1- . .
The maximum value of | 1||s i '[1 erhICh occurs at the zmin locations and the

minimum

value of |§l| is & (1+T

and (5.55).

)WhiCh occurs at zmax locations as given by the equations (5.54)

.

From our discussions so far we observe that | Imn can be written as

Bl _ 1+

o=
Bl 1711

The quantity S is called as the standing wave ratio.
PULEY A ES
S

by

the range of S is givenl £5 =c0

From (5.52), we can write the expression for the magnetic field in medium 1 as

—_—

Hi=ay E_&:E—mx (1 - rgﬁﬁ”)
o, (5.58)
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—

From (5.58) we find that "Will be maximum at locations where | 1||s, minimum and

vice versa.
In medium 2, the transmitted wave propagates in the + z direction.

Oblique Incidence of EM wave at an interface

So far we have discuss the case of normal incidence where electromagnetic wave
traveling in a lossless medium impinges normally at the interface of a second medium.

In this section we shall consider the case of oblique incidence. As before, we consider
two cases

I. When the second medium is a perfect
conductor. ii. When the second medium is a perfect
dielectric.

A plane incidence is defined as the plane containing the vector indicating the direction
of propagation of the incident wave and normal to the interface. We study two specific

cases when the incident electric field #iis perpendicular to the plane of incidence

(perpendicular polarization) and #: parallel to the plane of incidence (parallel
polarization). For a general case, the incident wave may have arbitrary polarization but
the same can be expressed as a linear combination of these two individual cases.

Oblique Incidence at a plane conducting boundary i. Perpendicular Polarization
The situation is depicted in figure 1.3.
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Figurel.3:Perpendicularpmlarization
(www.brainkart.com/subject/Electromagnetic-Theory 206/)

As the EM field inside the perfect conductor is zero, the interface reflects the incident
plane wave. @nd respéetively represent the unit vector in the direction of

propagation of the incident and reflected waves, 4 is the angle of incidence and & IS
the angle of reflection.

EC8451 ELECTROMAGNETICFIELDS



ROHINI COLLEGE OF ENGINEERING AND TECHNOLOGY

We find
that

Gai = dzCOS &+ ax 50 &,

Gar =~z COSE, Yarsin 8,

Since the incident wave is considered to be perpendicular to the plane of incidence,

which for the present case happens to be xz plane, the electric field has only y-
component.

i (x,z)= &;,Eme'”ﬁ"- T
_ &yE- E—j,ﬂl[xsm&#zccs&lj
The corresponding magnetic field is given by
— 1 —
H; [x,z) = —|a, ®&; [x,z:]]
o

- l [_ cos EE&K + Siﬂ gzax] EEE_J.J%(I&H%-FECDS%J
i S ' /R (5.70)
Similarly, we can write the reflected waves as
By (x,2)= ;yEme_j’ala_" g
_" ~J | xsing,—zcossy)
By e (5.71)

Consider in equation (5.72) is satisfied if we have

E,=--E

o 1

and & =8,

8 =4

The condition *is Snell's law of reflection.

—

Er[}: Z) = —&yﬁ'- E_J.Jal[xsmlﬂj—zcnsﬁi:l
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The total electric field is given by

F (x,z) = E; (x,z)+ E, (x.z)
= -a,2jB, sin( fzeosg ) AE (5.75)

and Er [I,Z) =l amrXErEI,Z)]
)

Sim 2T — 8 xeing;-zcosd |

=2 —qycos &, —czxsiné?i]e
»
1

H (x2)= _EE_iJ [ax cos & cos( fz cos ﬂ)éjﬁmn% * @z jsin 8 sin ( fzcos 8 )e_j’alxsm'% ]
G

The wave propagating along the x direction has its amplitude varying with z and hence

constitutes a non uniform plane wave. Further, only electric fieldZ1is perpendicular to
the direction of propagation (i.e. x), the magnetic field has component along the
direction of propagation. Such waves are called transverse electric or TE waves.

ii. Parallel Polarization:

In this case also 2= and @= are given by equations (5.59). Here f1and £+ have only

Yy CO mponent.
4 X

/(V P Perfect Conductor

/ /x/

e
0 —
9 N z
A @xi
E i —
g1=0 gy=
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Figure 1.4: Parallel Polarization

(www.brainkart.com/subject/Electromagnetic-Theory 206/)

With reference to fig (1.4), the field components can be written

as: Incident field components:
Ei [x,z:] =X, [u:c::s 9!.5,; —sin .9!.53] ejﬁ(mm%ﬂms&j
Ty (5,0) =3, Bo o Aranasaros)
ML, (5.79)
Reflected field components:

- - ~ =i 5[ xsing, —zcosd,
By (xz)=E, |ax cosé‘rﬂzxsmﬂr]e Arsindy ’)

T, (5,7) = -y B I Arin-zecs)

i S ——— . W (5.80)
Since the total tangential electric field component at the interface is zero.

Ei[x,[]:H El[x,[]:l =

Ez'::l = _En:and 5‘1 =

Which leads to * as before.

Substituting these quantities in (5.79) and adding the incident and reflected electric
and magnetic field components the total electric and magnetic fields can be written
as

E; [x,z) =-2k, axjcosﬂi sl [ﬁzcos 5'2) + g in 8 COS[:,&‘:‘!’IZ Eosﬂ)]g_fﬁxsm%

and H; [x,z) = ay 25, cos (,e?iz cosd )e?_j’&lxsm&"

Once again, we find a standing wave pattern along z for the x and y components of £ and

. \while a non uniform plane wave propagates along x with a phase velocity given
= ¥ _ @
vﬁlx_sinﬂ YT e
* by where A Since, for this propagating wave, magnetic field is
in
transverse direction, such waves are called transverse magnetic or TM waves.
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Oblique incidence at a plane dielectric interface

We continue our discussion on the behavior of plane waves at an interface; this time we
consider a plane dielectric interface. As earlier, we consider the two specific cases,
namely parallel and perpendicular polarization.
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Fig 1.5: Oblique incidence at a plane dielectric
interface

(www.brainkart.com/subject/Electromagnetic-Theory 206/)

For the case of a plane dielectric interface, an incident wave will be reflected partially
and transmitted partially.

In Fig(L.5), &-Ghandé&
and transmission.

corresponds respectively to the angle of incidence, reflection

1. Parallel Polarization
As discussed previously, the incident and reflected field components can be written as

B, (x.z) = &, [c:os Eiéx —gin ﬂaz] E—J'ﬁl[mmﬁgﬂcnsﬁg)
E:‘ IZ;J;,Z) = ay E_&:E_J'ﬁ[-xﬂnﬂﬁzms&i)
T (5.82)

- - -~ =7 5[ xsing, —zcoss,
By (xz)=E, |ax cosﬂr+axsm5'r]e Arsiny ')

T, (17) =y B IArn -z
|

In terms of the reflection coefficient [’
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- -~ - o . & 5
By (x,z) =TE, [a" cosd, +assn gr]é' S sinG, = 2005 )

Er [X, Z) = _&,v _rEicJ E_J’EII: J.’S]'n&r—zcnsﬁ,-)
1 S (5.84)

The transmitted filed can be written in terms of the transmission coefficient T

B (.2) = TB, [ar cos8, - assin | 2L 0412024)
i [ x, z:l = ay %E‘fﬁg[mmﬁt +20038) |
TP (5.85)

We can now enforce the continuity of tangential field components at the boundary i.e. z=0

cos G SIASNG | H?E_j’almn&’ =T cos EIE_J.‘B:‘MR&"
lé—j,&lxsimﬁg _ Lé‘—jﬁlxsinﬁr _ E E—j,ﬂgxsm&;
# # B, (5.85)

and

If both £xand Hy are to be continuous at z=0 for all x , then form the phase matching

we have
Hemé& = Gsnd, = fGsin g
.- We find that
& =6,
and fsind = Gsing, (5.87)

Further, from equations (5.85) and (5.87) we have

cosd +lcosd =T rosd,

R
and ———=—
e S PR (5.88)
cos 8 (1+T ) =Tcosé,
and L(1-1y= L
# My
T=2(1-1)
#
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cos&(1+T) =M—2|:1.—1"j|:-::-s-:5':r
G

C(mcosd +aycosd ) =nycos8, - m cosd

= mycosd —mcosd

#,cosd, +acosd

#
_ nycos 8
Hycos 8+ cos 8, (5.90)
From equation (5.90) we find that there exists specific angle =6 for which = 0such

that

Hycosd, = ooz

For non magnetic material
Using this condition

. & .
1-sin® g =-1(1-35in* &
sin® 8 - |[ 51t 3,)
2 _ 8 o2
and sin® &, = —sin” &,
2 (5.93)
From equation (5.93), solving for ™ & we get

1

sin &, =

£
1+ L

£y

This angle of incidence for which I = 0 is called Brewster angle. Since we are dealing

with parallel polarization we represent this angle by G so that
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sin 5'b" S
£
1+ 2
£y
2. Perpendicular Polarization
For this case
Ez’ I:X Z:] =a’PE E—jﬁl[xsmﬁi +ecos )
- Er ~ -~ —J fx5ing; +2 0088 |
Hi(x,z)="2|-arcos & +assin 5}]@
E ) (5.94)
B, (1) ~6,r B HALTO-12)
Er [x,Z) _ TE;'a [&?{ cas gr +az Sin ar] E-J‘,El[xsinﬂr—zcnsﬁrj
.S Y (5.95)

xsind +2c DSﬂ;r:l

E, (x.z)= a yTEit,e_j’El(

E:r [x, Zj = % [_&x cos 5,: +ax sin 5':] E_J-ﬁg[xsmﬁﬁzclisﬂ;j
S A (5.95)

Using continuity of field components at z=0
G ArENG | o ST AxENG -8y Eng

a.ﬂd _lCC'S ,9!_,?_-fill"&L'xsj']ﬁ'Iﬁs -+ E Cog E?E_vil’g_l'xmn&?’ — E Cos EIE—J'ﬁgxsmﬁz
?31 ';gl HQ

As in the previous case

Seing = Aand = S an g

& =8
and sin g, = ﬁsinﬂi
......................... (5.98)
Using these conditions we can write
1+T=T
cosd  [cosd Tros s,

— + - —

& & I (5.99)
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From equation (5.99) the reflection and transmission coefficients for the

perpendicular polarization can be computed as

r _mcosf —acosd,

Hycosd Hacos

2uycos 8,

and T =

+
b cosE}i ﬂfs'llz:-::-s-:ﬁ':r

a

(5.100)

We observe that ifl“ = 0 for an angle of incidence 4=

Moozl = cos b,

2

Ccost g =
0!

Ha &

1
cos® &,

Loos® 8,

Ly

S-sin® g =

Hyf)

(1-sin?8,)

HEs

sin

Again

ﬁsin &

o g .
] -511125‘; =@sm2 &

ey

L8
P

[1

sin? a [

sin® 53]

or H2%s

sin’ 8 Mg
iy ey

]a

or

EC8451

_ Hafl _ HyE)
HEy

e e
M5

253

|

L€y~ HyE
L

2= an
g

|48
L5,
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l.e. in this case of non magnetic material
Brewster angle does not exist as the denominator or equation (5.101)
becomes zero. Thus for perpendicular polarization in dielectriE media, there
is Brewster angle so that can be made equal to zero.

From our previous discussion we observe

that for

M= T A

for & 68

The incidence ang‘“?”e= &
critical angle ofincidence.

bothpolarizations

_A

sin 8, = —s1n &

. £ .
sing, = | Lsing
2

= il
8. =zin

ie.

&,

¥

_ A
for which <

A
4

is called the
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