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Higher order linear differential equations with constant coefficient

General form of a linear differential equation of the n'" order with constant

n-1, n-2
coefficient is Z— +k, 2 et ky 2 e kny = x (1)

Where ki, k», ..., kn are constants it will be convenient to denote the operation ;—x by asingle
letter D.
Dy = = similarly D%y = —y ,D3y = —y etc
The equatlon (1) above can be written as
(D" + kD"t + -+ k))y=x

ie f(D)y = x
Note:
1. %x = [ xdx
2. —x = e [ xe~3dx
D-a
3. —_x = &7 [ xe?¥dx
D+a
Result
1. ﬁ(p(x):eaxfe‘ax(p(x)dx
2. m(p(x) =e ¥ [ e p(x)dx

() The general form of the linear differential equation of second order is
&y oy
@ +P a +Qy =R
Where P and Q are constants and R is a function of x or constant
(ii) Differential Operators

The symbol D stands for the operation of differential

_ Y p2, =4y
Dy_dx D y_dx2
% stands for the operation of integration

iz stands for the operation of integration twice

d—y + P ~+Qy=Rcan be written in the form

(D2+PD+Q)y=R
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(iii) Complete solution is y = complementary function + Particular Integral

(iv)To find the complementary function

C.F

Roots of A.E

1. | Roots are real and different
mz,mz (My#my)

2. | Roots are real and equal
mz1= my= m(say)

3. | Roots are imaginary < +if

4. | Roots are o< i3 (twice)

Ae™* 4 BeM2X

(Ax + B)e™ or (A + Bx)e™

e**[AcosPx + Bsinfx]

(V) To find the particular integral

|
P.l.= iy *
X P.l
1 eax P'I.:L ax — eaxi.f(a) +0
f(D) f(a)’
— pax 1o —0-f
= xe f(a),f(a) =0;f(@a) #0
— 2 L. — L 4 n
=x eaxf,(a),f(a) =0,f(@=0f"@) =0
2 - —
x P.l. f(D)x
= [f(D)]=*x"
Expand [f(D)]~! and then operate
3 sinax(or)cosax | p | = T;) [cosax (or)sinax]
Replace D? by-a?
4 e*op(x) P|=—— eaxo(x)
f(D)
=e™ = — (%)
f(D+a) ®
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Problem Based on R.H.S of the given differential equation is zero
Example:

Solve (D> +2D + 1)y =0

Solution:

Auxiliary Equationis m? +2m+1 =20

m=-1,—-1
y=C.F
= (Ax + B)e™X

Example:
Solve (D? + 1)y = 0 given y(0) = 0,y’(0 = 1
Solution:
Auxiliary Equationis m? + 1 =10
m? =-1
m= +i
y-= Acosx + Bsinx
y(x) = Acosx + Bsinx ... (1)
y (x) = —Asinx + Bcosx ...(2)
Giveny(0) = 0
1 = 4=0
Giveny’(0) = 1
2 > B=1
1) = y(x) = sinx
1

Type | : Problems Based on P.I = o e?* —Replace D by a

Example :
Solve (D> —D—-6)y =3e** +5
Solution:
Auxiliary Equationism? —m —6 =10
(m—3)(m+2)=0

m1:3,m2:_2
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C.F =Ae3* + Be™%*

PI, = D2—1D—6 3e** Replace D by 4

_ 1
16—4-6
1

1
- _3e4x - _e4x
6 2

1
P.I = 5
2 D2-D-6
1
D2-D—6

4x

5e% . Replace D by 0

The general solution is y = C.F + P.l

y = Ae3* + Be™?* +% et* —2

Example:

Solve (D? + 7D + 12)y = 14e 3%
Solution:

Auxiliary Equationis  m2+ 7m+ 12 =0
m=-3, m=—4

C.F =Ae 3% + Be™**

Pl = ———14e73
D<+7D+12
E —3x -
=14 ———e Replace D by -3
=-e 3% (fails)
= 14x —— e 3%
2D+7
= 14x e 73%
—-6+7
= 14xe™3*

The general solution is y = C.F + P.I

y = Ae 3% + Be ™ + 14xe™3*
Example:

Find the P.1 of (D2 — 1) y = (e* + 1)?
Solution:
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Given (D? — 1)y = (e* + 1)?
=(e*)2+ 1+ 2e*
=e?* +e%+2e”

1

Pli = Eezx Replace D by 2

Pl, = ALE?

=—e0x Replace D by 0

eX Replace D by 1
=2 L ¥ (fails)
= 2x$ex Replace D by 1
=2x te¥
%
=xe”*

P.d =P.li1+P.l2+P.l3

1
=§ezx—1+xe"

Type II:
Problems Based on P.l = % sinax (or) %cosax — Replace D? by - a®
Example :

Solve (D? — 4D + 4)y = e?* + sin’x
Solution:
Auxiliary Equationis m? —4m+4 =0
(m-2)(m—-2)=0
m=22
C.F=(Ax + B)e*
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1
Pl= ———[e** in’x
DZ2-4D+4 [e ts ]

1 1-cos2x
o[ 4 dzcosi]
D4—-4D+4 2

— 1 2x
P.li= —-—e Replace D by 2

_ 1
4 —-8+4

=ce®  (fails)

2x

= 1 2x
=X.——e Replace D by 2
= x. ﬁ e?*
= x=e?* (fails)
—aiml L2k
2
E ] 1 l 0x
Pz = 211 (2) e Replace D by 0
4L
T8
_ 1 -C0S2x 2 _
Plz = B ( 3 ) Replace D“by -4

- 1 (—cost)
—4—-4D+4 2

_ 1 (—cost)
—4D 2

1
= —C0S2x
8D

= -:;f cos2x dx

_ 1 (sian)
8 2

I RE
='—sin2x
16

The general solution y = C.F + P.I1 + P.I2+ P.I3
_ 20 L X% ox 11
y = (Ax + B)e** + e + o+ —sin2x
Example :
Find the P.1 of (D?+4) y = cos2x

Solution:

-1 2 _
P.l = 3, €0S 2x Replace D~ by —4
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1
= cos 2x
—4+4

= cos 2x (fails)

1
X —CO0S 2x
2D
X
= —cos2x
2D

= Efcostdx

sin 2x
2

X X .
= = =sin2x
2 4

P.I = Esian

Example :

dx .
— =sin2x
dx

3
Find the P.1 of 2 + 4
dx
Solution:

P.I'= sin 2x

D3+4D

= ; 2 i
=p0ea S0 2x Replace D“ by —4

paiy S0 2x (fails)

= x sin 2x Replace D? by —4

3D2+4

= x sin 2x

3(—4)+4

= x sin 2x

—12+4
= _?xsin 2x

P.1 = _Tfsin 2x
Type H11: Problems Based on R.H.S= e?* + sinax (or) e** + cos ax
Example :

Solve (D2 —=3D + 2)y = 2cos(2x+3) + 2¢e*
Solution:
Auxiliary Equationis m? —3m+2 =10
m=1,m=2

C.F= Ae* + Be*
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=2 ——e* Replace D by 1

=2 ze* (fails)

=2x —e* Replace D by 1

_ 1
D2-3D+2
1
-’ - i cos(2x + 3) Replace D? by —4
1
—3D-2
1 —3D+2

=2 cos(2x + 3)
-3D-2 -3D+2

—30%2 os(2x+ 3) Replace D? by -4

9D2—4

2 cos(2x + 3)

=2 cos(2x + 3)

=2

—3D+2
—40

=2 cos(2x +3)

_=3D+42
S o) cos(2x + 3)

6sin(2x + 3) + 2 cos(2x + 3) /—20

—1—10cos(2x +3)— f—osin(Zx + 3)
The general solutionis y =C.F+P.l1+P.l;
y = Ae* + Be?* — 2xe* — 1—10cos(2x +3) — ;Sasin(Zx + 3)

Type IV : Problems Based on R.H.S = Polynomial in x
Binomial expression

I+x)t=1—-x+x2=x3+ 0o .

(I=x)'=14+x+x2+x3+ .

(1+x)2=1—-2x+3x>—4x3+ ...

(1—-x)2=14+2x+3x?>+4x3+ e
Example:

Solve y''+4y'+5y =3x—2

Solution:
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Auxiliary Equationis m? + 4m+5=0

m= —4i\/216—20
_ —4tV/-4
2
=242 - o4
2
=-2, =1
CF=e¢ % [Acosx + Bsinx]
’ D2+4D+5 (3x=2)

e,

5[1+D2;—4D]
[1 +D +4D] -1 (3x —2)

=§[1_D+4D](3 2)

RN DTN

=@x-2) - Z3x-2) -2 @3x - 2)
t3xr—2-0-1(3)]
l [15x—10—12
5

< ]

5

[15x — 22]

Nl’_‘

The general solutionis y = C.F +P.F

y = e ?*[Acosx + Bsinx] + [15x —22]

Example:
Solve%—5%+6y=x2 +3
Solution:
(D> -5D+6)y = x*+3
2 -5n+6 =0
m =3,2
C.F = Ae3* + Be*

1
P.ly = x?
! D%2-5D+6

Auxiliary Equation is m
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=11+
= 1= (252 4 (252)
=i[1- %+ T r 207

1 [xz o D2(6x2) + 5D(x )+ DZ( 2)]

_1[.2 2 5x2x 25
o +36<2>]

l[x + = x+ ]
6

- 1 0x
P2 = e oore ¢

The general solution is y =C.F + P.11 +P.1»
y=Ae3x+Be2x+l[x2+Ex+£] 42
6 3 18 2

Example:
Solve (D®+8)y = x*+2x +1

Solution :
Auxiliary Equation is m® + 8 =0
m==2,m?* —-2m+ 4 =0

_ 1+iV3

N

CF=Ade %+ Bez [Bcosﬁx + Ccos%]

(x*+2x+1)

P.I=

D3+8

= (x*+2x+1)
8[1+—

=1[1 +%3]_1(x4+2x+1)
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=§[1—D§+(D§)2 ...](x4+2x+1)
=1-2|at+2x+ 1)

1[ 4 D® - 4
=5|(*+2x+1) ——(x +2x+1)]

=%[x4+2x+1—%]

[x* + 2x+ 1 — 3x]

[x* — x+ 1]

©OIlr ©|kr

The general solutionis y = C.F + P.I

1
y = Ae™%* + B?* [Bcos?x + Ccos?x] +%[x4 —x +1]

Type V: Problems based on R.H.S e**F(x)

1
f(D+a)

= gx 1 F(x)

f(D+a)

Pl = e™F(x) Replace x by D+a

Example :
Solve (D? + 1)y = xsinhx
Solution:
Auxiliary Equationis m?+ 1 = 0
m? ==1
m? = +i

C.F = Acosx + Bsinx

1
D%2+1

=zl (=)

1[ 1 1 _
=—[ xe* — xe x]
2Lp2+1 DZ+1

xsinhx

P.I=

Replace by D +1; ReplaceDby D —1

_l[ex 1 x—ex;]
T2 (D+1)2+1 (D-1)2+1

1[ o 1 —x 1
=-let ———x—€ "X
2 D2+2D+2 DZ-2D+2
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1 1

sl () - (5R)] A

N | =

Il
N | =
®
v %
~
=

|
—_
—
|
|m
N
~
=
+
—_
—
e

(=)~ (5]

[xsinhx — coshx]

1
2
1
2

The general solution'is y = C.F + P.1

y = Acosx + Bsinx + % (xsinhx — coshx)

TYPE VI:
Problems based on f(x) = x™ sin ax orx™ cosax P.I = %x” sin ax or x™ cos ax
Example
Solve (D? + 1)y = xsin x
Solution:
Auxiliary Equationism? +1 =0
mi+1=-1
m=+ti
C.F =Acosx + Bsinx
Pl = 21 xsin x
D2+1
_ 1 ix .
—D2+1xI.Pofe Replace D byD + i
— ix
=1.P ofe o X
— ix 1
=1.Pofe DZr2Diti241

1
—_— X
D2+2Di+i%2+1

=1.Pofe™
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=1.Pofe™*

—_— X
D2+2Di

-1
_ ix 1 b
=1.P ofe D (1+2i) x

=1.Pofe™ ﬁ (x—M)

21

2
=1.P of (cosx + isinx) (z—i+§)

—x2i
= [.P of (cosx + isinx) (zl %)

—ix? xcosx x2sinx . ix sinx
=I.Pof(—cosx+ P~ 4)

x xsin x
—CoSsXx +——

The general solutionis y = C.F + P.I

xsinx
y = Acosx + Bsinx — —cosx P -t

Example:
Solve (D? — 4D + 4)y = 3x%*e**sin 2x
Solution:
Auxiliary Equationism? —4m +4 =0
m=2,72
C.F=(A + Bx)e**

Pl = m 3x2e**sin 2x Replace Dby D + 2
= 3e* :

2 .
xX“sin2x
(D+2)2-4(D+2)+4

- 3ezx§ x?sin2x
= 3e2" L x21.P ofei?* Replace D by D + 2i

— p2x i2zx 1 2
= 3e“*I.P ofe Draz X

2

— 2x i2x 1
= 3e“*].P of e _4[1_D2+4Di] x

D2+4Di]_1 52

— 2x i2zx 1 [1 _
=3e>1.Pofe* L[1- 2X
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2

= serpofelt |1+ (75)  (75)

+---]x2
— 2,2X i2x 1 D? : 2; 2
= 3e“*I.P ofe _41+4+D1+D1(x)

3e2x

-4

1.P of (cos 2x + isin 2x) (xz +%+ i2x — 2)

= _Tgesz.P of (cos 2x + isin 2x) (xz + 2xi — g)

=_7392x1-P0f(X2 cos 2x +i2x cos 2x—320052x+ i x2sin 2x — 2x sin 2x — i%sian)

2x

= [2 xcos 2x + x*sin 2x — gsin Zx]

The general solutiony = C.F +P.I

y = (A + Bx)e?* — %ezx [Zx cos 2x + x%sin 2x — %sin Zx]
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