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Cauchy’s integral formula 

        Statement: If 𝑓(𝑧) is analytic inside and on a simple closed curve C of a simply 

connected region R 

         and if ‘a’ is any point interior to C, then  

𝑓(𝑎) =
1

2𝜋𝑖
∫

𝑓(𝑧)

𝑧 − 𝑎𝑐

𝑑𝑧 

(OR) 

∫
𝑓(𝑥)

𝑧 − 𝑎
𝑑𝑧 = 2𝜋𝑖 𝑓(𝑎),

𝑐

 

            the integration around C being taken in the positive direction. 

          Cauchy’s Integral formula for derivatives  

      Statement: If 𝑓(𝑧) is analytic inside and on a simple closed curve C of a simply 

connected Region R 

      and if ‘a’ is any point interior to C, then 

∫
𝑓(𝑧)

(𝑧 − 𝑎)2
𝑑𝑧 = 2𝜋𝑖𝑓 ′(𝑎)

𝑐

 

∫
𝑓(𝑧)

(𝑧 − 𝑎)3
𝑑𝑧 = 2𝜋𝑖𝑓 ′′(𝑎)

𝑐

 

In general, ∫
𝑓(𝑧)

(𝑧−𝑎)𝑛 𝑑𝑧 = 2𝜋𝑖𝑓(𝑛−1)(𝑎)
𝑐

 

Example: Evaluate ∫
𝒆𝟐𝒛

𝒛𝟐+𝟏
𝒅𝒛, 𝒘𝒉𝒆𝒓𝒆 𝑪 𝒊𝒔 |𝒛| =

𝟏

𝟐𝒄
 

Solution:  

            Given ∫
𝑒2𝑧

𝑧2+1
𝑑𝑧

𝑐
 

𝐷𝑟 = 0 ⟹ 𝑧2 + 1 = 0 ⟹ 𝑧 = ±𝑖 

Given 𝐶 𝑖𝑠 |𝑧| =
1

2
 

                      ⇒ |𝑧| = |±𝑖| = 1 >
1

2
 

∴Clearly both the points 𝑧 = ±𝑖  lies outside C. 

∴ By Cauchy’s Integral Theorem, ∫
𝑒2𝑧

𝑧2+1
𝑑𝑧

𝑐
= 0 

Example: Using Cauchy’s integral formula Evaluate ∫
𝒛+𝟏

(𝒛−𝟑)(𝒛−𝟏)
𝒅𝒛, 𝒘𝒉𝒆𝒓𝒆 𝑪 𝒊𝒔 |𝒛| =

𝒄

𝟐 
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Solution:  

              Given ∫
𝑧+1

(𝑧−3)(𝑧−1)
𝑑𝑧

𝑐
 

𝐷𝑟 = 0 ⟹ 𝑧 = 3, 1 

Given 𝐶 𝑖𝑠 |𝑧| = 2 

∴Clearly 𝑧 = 1 lies inside C and 𝑧 = 3 lies outside C 

                     ∫
𝑧+1

(𝑧−3)(𝑧−1)
𝑑𝑧

𝑐
= ∫

(𝑧+1)/(𝑧−3

(𝑧−1)
𝑑𝑧

𝑐
 

∴ By Cauchy’s Integral Theorem 

            ∫
(𝑧+1)/(𝑧−3)

(𝑧−1)
𝑑𝑧

𝑐
= 2𝜋𝑖𝑓(1)                   Where 𝑓(𝑧) =

𝑧+1

𝑧−3
⇒ 𝑓(1) =

2

−2
 

     = 2𝜋𝑖(−1) = −2𝜋𝑖 

Example: Using Cauchy’s integral formula, evaluate ∫
𝐬𝐢𝐧𝛑 𝒛𝟐+𝐜𝐨𝐬𝛑 𝒛𝟐

(𝒛−𝟐)(𝒛−𝟑)
𝒅𝒛

𝒄
  where C is the 

circle 

 |𝒛| = 𝟒. 

Solution:  

              Given ∫
sinπ 𝑧2+cosπ 𝑧2

(𝑧−2)(𝑧−3)
𝑑𝑧

𝑐
 

𝐷𝑟 = 0 ⟹ 𝑧 = 2, 3 

Given 𝐶 𝑖𝑠 |𝑧| = 4 

∴Clearly 𝑧 = 2 𝑎𝑛𝑑 3 lies inside C.  

Consider,  
1

(𝑧−2)(𝑧−3)
=

𝐴

𝑧−2
+

𝐵

𝑧−3
 

                      ⇒ 1 = 𝐴(𝑧 − 3) + 𝐵(𝑍 = 2) 

Put 𝑧 = −3 ⇒ 1 = 𝐵 

Put 𝑧 = 2 ⇒  −1 = 𝐴 

 ∴
1

(𝑧−2)(𝑧−3)
= −

1

𝑧−2
+

1

𝑧−3
 

 ∫
sin 𝜋𝑧2+cos 𝜋𝑧2

(𝑧−2)(𝑧−3)𝑐
𝑑𝑧 = − ∫

𝑠𝑖𝑛𝜋𝑧2+cos 𝜋𝑧2

𝑧−2
𝑑𝑧 + ∫

𝑠𝑖𝑛𝜋𝑧2+cos 𝜋𝑧2

𝑧−3
𝑑𝑧 

                                  = −2𝜋𝑖𝑓(2) + 2𝜋𝑖 𝑓(3)                 Where 𝑓(𝑧) = sin(𝜋𝑧2) + cos 𝜋𝑧2 

                                     = −2𝜋𝑖(1) + 2𝜋𝑖(−1)                              𝑓(2) = sin 4𝜋 + cos 4𝜋 = 1 

                                         = −4𝜋𝑖                                                          𝑓(3) = sin 9𝜋 + cos 9𝜋 − 1 =

−1 

 Example: Evaluate ∫
𝒛+𝟒

𝒛𝟐+𝟐𝒛+𝟓𝒄
 Where C is the circle (𝒊)|𝒛 + 𝟏 + 𝒊| = 𝟐 (𝒊𝒊)|𝒛 + 𝟏 − 𝒊| =

𝟐   
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 (𝒊𝒊𝒊) |𝒛| = 𝟏 

Solution:  

              Given∫
𝑧+4

𝑧2+2𝑧+5𝑐
𝑑𝑧 

𝐷𝑟 = 0 ⇒ 𝑧2 + 2𝑧 + 5 = 0 

             ⇒ 𝑧 =
−2±√4−20

2
 

              ⇒ 𝑧 = −1 ± 2𝑖 

      ∴ ∫
𝑧+4

𝑧2+2𝑧+5𝑐
𝑑𝑧 = ∫

(𝑧+4) 𝑑𝑧

[𝑧−(−1+2𝑖)[𝑧−(−1−2𝑖)]𝑐
 

(i) |𝑧 + 1 + 𝑖| = 2 𝑖𝑠 𝑡ℎ𝑒 𝑐𝑖𝑟𝑐𝑙𝑒 

     When 𝑧 = −1 + 2𝑖, |−1 + 2𝑖 + 1 + 𝑖| = |3𝑖| > 2 lies outside C. 

      When 𝑧 = −1 − 2𝑖, |−1 − 2𝑖 + 1 + 𝑖| = |−𝑖| < 2 lies inside C. 

∴ By Cauchy’s Integral formula 

                     ∫
[(𝑧+1)/(𝑧−(−1+2𝑖)]

[𝑧−(−1−2𝑖)]𝑐
𝑑𝑧 = 2𝜋𝑖𝑓(−1 − 2𝑖)                 Where 𝑓(𝑧) =

𝑧+4

[𝑧−(−1+2𝑖)]
 

                                                                   = 2𝜋𝑖 [
3−2𝑖

−4𝑖
]                                   𝑓(−1 − 2𝑖) =

−1−2𝑖+4

−1−2𝑖+1−2𝑖
=

3−2𝑖

−4𝑖
 

                                                                   =
𝜋

2
(2𝑖 − 3) 

(ii) |𝑧 + 1 − 𝑖| = 2 is the circle 

     When 𝑧 = −1 + 2𝑖, |−1 + 2𝑖 + 1 − 𝑖| = |𝑖| < 2 lies inside C 

     When 𝑧 = −1 − 2𝑖, |−1 − 2𝑖 + 1 − 𝑖| = |−3𝑖| > 2 lies outside C 

∴ By Cauchy’s Integral formula 

                    ∫
(𝑧+1)/[𝑧−(−1−2𝑖)]

[𝑧−(−1+2𝑖)]𝑐
𝑑𝑧 = 2𝜋𝑖 𝑓(−1 + 2𝑖)         Where 𝑓(𝑧) =

𝑧+4

𝑧−(−1−2𝑖)
 

                                                                  = 2𝜋𝑖
[3+2𝑖]

4𝑖
                            𝑓(−1 + 2𝑖) =

−1+2𝑖+4

−1+2𝑖+1+2𝑖
=

3+2𝑖

4𝑖
      

                                                                   =
𝜋

2
(3 + 2𝑖) 

(iii)|𝑧| = 1  is the circle 

        When 𝑧 = −1 + 2𝑖, 1 − 1 + 2𝑖| =  √5 > 1 lies outside C  

        When 𝑧 = −1 − 2𝑖, 1 − 1 − 2𝑖| = √5 > 1 lies outside C 

∴ By Cauchy’s Integral theorem 

                                                  ∫
𝑧+4

𝑧2+2𝑧+5𝑐
𝑑𝑧 = 0 
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Example:  Using Cauchy’s integral formula, evaluate ∫
𝒛+𝟏

𝒛𝟐+𝟐𝒛+𝟒
𝒅𝒛

𝒄
  where C is the 

circle 

 |𝒛 + 𝟏 + 𝒊| = 𝟐 

Solution:  

            Given  ∫
𝑧+1

𝑧2+2𝑧+4𝑐
𝑑𝑧 

𝐷𝑟 = 0 ⇒ 𝑧2 + 2𝑧 + 4 = 0 

             ⇒ 𝑧 =
−2±√4−16

2
 

            ⇒ 𝑧 = −1 ± 𝑖√3 

       ∴ ∫
𝑧+1

𝑧2+2𝑧+4𝑐
𝑑𝑧 = ∫

(𝑧+1  )𝑑𝑧

[𝑧−(−1+𝑖√3)][𝑧−(−1−𝑖√3]𝑐
 

Given 𝐶 𝑖𝑠 |𝑧 + 1 + 𝑖| = 2 

When 𝑧 = −1 − 𝑖√3, |−1 − 𝑖√3 + 1 + 𝑖| = |(1 − √3𝑖)| < 2 lies inside C. 

When 𝑧 = −1 + 𝑖√3, |−1 + 𝑖√3 + 1 + 𝑖| = |𝑖 + √3𝑖| > 2 lies outside C. 

∴ By Cauchy’s Integral Formula 

           ∫
(𝑧+1)/[𝑧−(−1+𝑖√3)]

[𝑧−(−1−𝑖√3)]𝑐
𝑑𝑧 = 2𝜋𝑖 𝑓(−1 − 𝑖√3)                      Where 𝑓(𝑧) =

𝑧+1

𝑧−(−1+𝑖√3)
 

                                                         = 2𝜋𝑖 (
1

2
) = 𝜋𝑖                           𝑓(−1 − 𝑖√3) =

−1−𝑖√3+1

−1−𝑖√3+1−𝑖√3
=

√3𝑖

−2𝑖√3
=

1

2
 

                          ∴ ∫
𝑧+1

𝑧2+2𝑧+4𝑐
𝑑𝑧 = 𝜋𝑖 

Example:  Evaluate ∫
𝒛𝟐+𝟏

𝒛𝟐−𝟏𝒄
𝒅𝒛 where C is the circle (𝒊)|𝒛 − 𝟏| = 𝟏 (𝒊𝒊)|𝒛 + 𝟏| =

𝟏(𝒊𝒊𝒊)|𝒛 − 𝒊| = 𝟏 

Solution:  

             Given ∫
𝑧2+1

𝑧2−1
𝑑𝑧 = ∫

𝑧2+1

(𝑧+1)(𝑧−1)
𝑑𝑧

𝑐𝑐
 

 𝐷𝑟 = 0 ⟹ 𝑧 = 1, −1 

(i) (𝑧 − 1) = 1 is the circle 

         When 𝑧 = 1, |1 − 1| = 0 < 1 lies inside C 

          When 𝑧 = −1, |−1 − 1| = 2 > 1 lies outside C 

∴ By Cauchy’s Integral formula 

               ∫
𝑧2+1

(𝑧+1)(𝑧−1)𝑐
𝑑𝑧 = ∫

(𝑧2+1)/𝑧+1

(𝑧−1)𝑐
𝑑𝑧 

                       = 2𝜋𝑖𝑓(1)                          where 𝑓(𝑧) =
𝑧2+1

𝑧+1
 ⇒ 𝑓(1) = 1 
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                       = 2𝜋𝑖(1)                                          

                   = 2𝜋𝑖 

(ii)|𝑧 + 1| = 1  is the circle 

      When 𝑧 = 1, |1 + 1| = 2 > 1 lies outside C 

      When 𝑧 = −1, |−1 + 1| = 0 < 1 lies inside C 

∴ By Cauchy’s Integral formula 

                        ∫
(𝑧2+1)/(𝑧−1)

𝑧+1𝑐
𝑑𝑧 = 2𝜋𝑖 𝑓(−1)                         where 𝑓(𝑧) =

𝑧2+1

𝑧−1
⇒

𝑓(−1) = −1 

                               = 2𝜋𝑖(−1) = −2𝜋𝑖                                                           

(iii) |𝑧 − 𝑖| = 1 is the circle  

       When 𝑧 = 1, |1 − 𝑖| = √2 > 1 lies outside C 

        When 𝑧 = −1, |−1 − 𝑖| = √2 > 1 lies outside C 

∴ By Cauchy’s Integral Formula 

                                               ∫
(𝑧2+1)

(𝑧+1)(𝑧−1)𝑐
𝑑𝑧 = 0 

Example:  Using Cauchy’s Integral formula evaluate ∫
𝒛𝒅𝒛

(𝒛−𝟏)(𝒛−𝟐)𝟐

 𝒄
 where C is the circle 

 |𝒛 − 𝟐| =
𝟏

𝟐
 

Solution:  

        Given ∫
𝑧𝑑𝑧

(𝑧−1)(𝑧−2)2𝑐
 

𝐷𝑟 = 0 ⟹ 𝑧 = 1 is a pole of order 1, 𝑧 = 2 is a pole of order 2. 

Given C is |𝑧 − 2| =
1

2
 

        When 𝑧 = 1, |1 − 2| = 1 >
1

2
 lies outside C. 

         When 𝑧 = 2, |2 − 2| = 0 <
1

2
 lies inside C. 

∴ By Cauchy’s Integral formula 

                              ∫
𝑧/𝑧−1

(𝑧−2)2 𝑑𝑧 = 2𝜋𝑖 𝑓′(2)
𝑐

                  Where 𝑓(𝑧) =
𝑧

𝑧−1
 

                = 2𝜋𝑖(−1)                                𝑓 ′(𝑧) =
(𝑧−1)1−𝑧(1)

(𝑧−1)2 ⇒ 𝑓 ′(2) =

−1 

                = −2𝜋𝑖                                               

Example:  Evaluate ∫
𝒔𝒊𝒏𝟐𝒛

(𝒛−
𝝅

𝟔
)

𝟑 𝒅𝒛 
𝒄

 where C is the circle |𝒛| = 𝟏 
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Solution:  

                Given ∫
𝑠𝑖𝑛2𝑧

(𝑧−
𝜋

6
)3 𝑑𝑧

𝑐
 

𝐷𝑟 = 0 ⇒ 𝑧 =
𝜋

6
 is a pole of order 3.  

Give C is |𝑧| = 1. 

 Clearly 𝑧 =
𝜋

6
 lies inside the circle |𝑧| = 1 

∴ By Cauchy’s Integral formula 

                              ∫
𝑠𝑖𝑛2𝑧

(𝑧−
𝜋

6
)3 𝑑𝑧 =

2𝜋𝑖

2!
 𝑓"(𝜋/6)

𝑐
                  Where 𝑓(𝑧) = 𝑠𝑖𝑛2𝑧 

             =
2𝜋𝑖

2!
(1)                               𝑓 ′(𝑧) = 2 sin 𝑧 cos 𝑧 = sin 2𝑧 

                                              = 𝜋𝑖                                        𝑓 ′′(𝑧) = cos 2𝑧(2) ⇒ 𝑓 ′′ (
𝜋

6
) =

2 cos (
2𝜋

6
) 

                                                                                                         = 2 cos
𝜋

3
= 2 (

1

2
) = 1   

Example: Evaluate ∫
𝒛

(𝒛−𝟏)𝟑 𝒅𝒛 
𝒄

 where C is the circle |𝒛| = 𝟐, using Cauchy’s Integral 

formula 

Solution:  

            Given ∫
𝑧

(𝑧−1)3 𝑑𝑧
𝑐

 

 𝐷𝑟 = 0 ⇒ 𝑧 = 1 is a pole of order 3. 

Given C is |𝑧| = 2. 

Clearly 𝑧 = 1 lies inside the circle 𝐶 

∴ By Cauchy’s Integral formula 

                                     ∫
𝑠𝑖𝑛2𝑧

(𝑧−1)3 𝑑𝑧 =
2𝜋𝑖

2!
 𝑓"(1)

𝑐
                 Where 𝑓(𝑧) = 𝑧 ⇒ 𝑓 ′(𝑧) = 1 

                                                          =
2𝜋𝑖

2!
(0)                                 ⇒ 𝑓 ′′(𝑧) = 0 ⇒ 𝑓 ′′(1) = 0   

                           = 0        

Example:  Evaluate∫
𝒛𝟐

(𝟐𝒛−𝟏)𝟐 𝒅𝒛 
𝒄

 where C is the circle |𝒛| = 𝟏 

Solution:  

            Given ∫
𝑧2

(2𝑧−1)2 𝑑𝑧
𝑐

 

 𝐷𝑟 = 0 ⇒ 2𝑧 = 0 ⇒ 𝑧 =
1

2
 is a pole of order 2. 
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Given C is |𝑧| = 1. 

Clearly 𝑧 =
1

2
 lies inside the circle 𝐶 

∴ By Cauchy’s Integral formula 

                             ∫
𝑧2

22(𝑧−
1

2
)2

𝑑𝑧 =
1

4
∫

𝑧2

(𝑧−
1

2
)

2 𝑑𝑧
𝑐𝑐

                  Where 𝑓(𝑧) = 𝑧2 ⇒ 𝑓 ′(𝑧) = 2𝑧 

                                                     =  
1

4
(2𝜋𝑖𝑓′ (

1

2
))                             ⇒ 𝑓 ′ (

1

2
) = 1 

                    =
1

2
𝜋𝑖(1)                                          

                   =
𝜋𝑖

2
 

 

 


