ROHINI COLLEGE OF ENGINEERING & TECHNOLOGY

Verification and Application in evaluating line,surface and volume
integrals

Example: Verify Green’s theorem in the plane for I (3x% — 8y*)dx + (4y — 6xy)dy

where C is the boundary of the region defined by x =0,y = 0,x + y = 1.

Solution:

y
| _
\| B(0,1) y=i1

N
R

\\ N A(1,0)
(0,0)

Vi

We have to prove that _[ Mdx+ Ndy = ” (g—:— ‘2—1‘;) dx dy
Cc R

Here, M = 3x? — 8y?and N = 4y — 6xy

oM N
ia——16y ia——6y

j (3x2 —8y?)dx + (4y — 6xy)dy = j M dx + N dy
By Green’s theorem in the plane,
j Mdx + N dy = H (3—:— Z—I\;)dxdy
c R
1 1-x
=y Jo (10y)dydx
_ 1 yz 1-x
=10 [ [5] ax

=5 fol(l - x)2 dx

1
=5 (1—x)3] -5 (1
0

-3 3
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Consider [ M dx + Ndy = | +j + |

OA AB BO

Along OA,y = 0 = dy = 0,x varies from 0 to 1

I Mdx + Ndy = fol 3x%dx = [x*]5 =1

OA

Along AB,y =1 —x = dy = —dx and x varies from 1 to 0

2| Mdx+Ndy= [[[8x% = 8(1-2)?= 4(1=x) + 6x(1 —x)]dx

3 — 3 a2 0
[3i i 8(1—x) _ 4(1-x) + sy, T 2x3]
3 -3 -2 1

=242-1-3+2=2¢
3 3

Along BO,x = 0 = dx = 0 and y varies from 1 to 0

I Mdx+Ndy = f104ydy= [2y?] = -2
BO

S Mdx+Ndy=1+3-2=2..(2)
~ From (1) and (2)

AN oM
- I Mdx+ Ndy = 'LJ‘ (5_ E)dxdy
Hence Green’s theorem 1s verified.

Example: Verify Green’s theorem in the XY —plane for j (xy + y*)dx + x>*dy where C

is the closed curve of the region bounded by y = x,y = x2.

Solution:
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yﬂ

\ y=1 %1,1)

y

/O{D’O) y=0 X

We have to prove that j Mdx + Ndy = H (a—N - —) dx dy

Here, M = xy + y?>and N = x?

oM N
> Pl x + 2y 7 I 2x
N
RHS= [ (5= —) dx dy
R
Limits:
x varies from y to \/y

y varies from 0 to 1

” (a_N__)d dy :folf;/yZX—(X+2y)dxdy

ol — ZXY]f dy

o (G=245) = (5 = 25%) ay
= (G- a)
1

5
2 2 3
y a2 |y
2 5 2
0
1

1
+-o=—=
2 20

R
ut |

LHS= j M dx + N dy
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Consider [ M dx + N dy = j + j

OA AO

Along 04,y = x? = dy = 2x dx,x varies from 0 to 1

j Mdx + N dy = fol[(x(xz) + (x?)?)dx + x? - 2x dx]

= f1(3x3 + x*) dx

AT

— —+ —— —
20
Along A0,y = x = dy = dx and x varies from 1 to 0

- I Mdx+ Ndy = flo(x2+ x%)dx + x? dx
A0

= f10 3x%dx = [x3]9 = -1

LHs—j Mdx+Ndy=2-1= —=

~ LHS=RH.S

Hence Green’s theorem is verified.

Example: Verify Green’s theorem in the plane for the integral j (x —2y)dx + xdy

taken around the circle x* + y* = 1.

Solution:
Wehavetoprovethat_[ de+Ndy=H (Z—I:——)dxdy
c R
Here, M = x — 2y and N = x
M =2 == 1
RH.S = jj (a—N—a—M)dxdy

N

« [ (a——)dxdy—” (1+ 2)dxdy

R
=3 H dxdy
R
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= 3 (Area of the circle)
= 3nr?

=3r (v radius =1)

LHS= [ Mdx+Ndy

GivenCisx?+ y2 =1

The parametric equation of circle is
x =cosf, y=sin6

dx = —sin 68d6, dy = cos6 do

Where 6 varies from 0'to 27

_[ Mdx + Ndy = fozn(cos 0 — 2sin@) (-sin0 dO) + cos b (cos O db)

= fozn(— sin @ cos @ + 2 sin? 6 + cos? 6) dO
H fozn(— sin@ cos 6 + sin?@ + 1) df. (- sin? 0 + cos? 6 = 1)

L J-OZn (_sin226+ 1—c2526+ 1) de

R (AR gt

- [%447‘[)_'_ 2?71_ sin44rc+ zn]_[coso_l_ g_ sin0+ 0]

= §+ T+ 21 — i= 3w [+« sinnm =0,sin0 = 0,cos0 = 1],

[cosnmT = (—1)"]
~LHS=RH.S

Hence Green’s theorem is verified.

Example: Using Green’s theorem evaluate _[ (y — sin x)dx + cos x dy where C is the

triangle bounded by y = 0, x = g,y ==

Y

Solution:
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(0,0) y=0 ¢r/2, 0)

We have to prove that I Mdx+ N dy = J' (% - Z—Iy") dx dy
c R

Here, M = y —sinx and N = cosx

om _

oN _
6y_

ax

1—0 —sinx
Limits:
x varies from % to g

y varies from 0 to 1

Hence I (y — sinx)dx + cos x dy = fol Ji(=sinx=1) dx dy
¢ 2

= fol(cosx - x)i dy
2

= Jy l(cos = 5) = (eos (5) = 5)] @

_ 1 s yTr o ym
= J, [0— >~ cos—-+ 7] dy

Il
I
|
I
S
+
SR

S
CHES

Il

|

—
NI
CRES
—

Example: Prove that the area bounded by a simple closed curve C is given by

2 2
% I (xdy — ydx). Hence find the area of the ellipse Z_Z + 2’—2 = 1 by using Green’s theorem.
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Solution:
By Green theorem, _[ Mdx+ Ndy = J.j (z—: — 3—1:) dx dy
c R

LetM = —yand N =x

om _
ay_

j (xdy — ydx) = _U (1+1)dxdy

on _
ax

-1 1

=2 I I dx dy =2 (Areaenclosed by C)
R
= Area enclosed by C = % j (xdy — ydx)

Equation of ellipse in parametric form is x = acos8 and y = b sin 8 where 0 < 6 < 2.

= Area of the ellipse = % f02n (acos 0)(b cos 8) — (bsin 0)(—asinf) db

1 21 .
= ~ab fo (cos?0 + sin%0) do

= ~ab f;"do == ab [913" = mab
Example: Evaluate the integral using Green’s theorem

j (2x% — y?)dx + (x* + y*)dy where C is the boundary in the xy - plane of the area

enclosed by the x - axis and the semicircle x?> + y% = a? in the upper half xy - plane.

R

@am o [69,-, |w6

Solution:

J

AN

In this figure 'a’ is represented as 1
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ON

By Green theorem, _[ Mdx+ Ndy = J.j (— — —) dx dy

Let M = 2x2— y2and N = x2 + y?
oM ON
o -2y = Pl 2x
Limits:
y varies from 0 to va? — x?

x varies from —a to a
J'J’ (a_zv — —) dydx = | afo Cx + 2y)dydx

2 Va2—x2
=2[% [xy + y?]o dx

=2 f_aa [X\/a2 — x4+ az;xz] dx

In the first integral, the function is odd function.

~ The value is zero.

2_
~weget2 [ 2 =

Example: Verify stokes theorem for a vector field defined by F= (x> —y?)T+2xyjina
rectangular region in the xoy plane bounded by the linesx = 0,x = a,y =0,y = b.

Solution:
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y
y=>
%) £ B
' b) (ab)
N
x =0 TPTx=a
©.0) (a,0)

By Stokes theorem, I F-dr = I Curl F -A dS

To evaluate: ” Curl F -7 dS
S

Given F = (x2=y3)l+2x y]

CurlF=VXF
7 ik
| 2 A\
0x ay 0z

x2=y% 2xy O
=7(0)~J(0-0) + k[ 2y~ (0~2y)]
=4y k
Since the surface is a rectangle in the xy plane, 1 = k,dS = dxdy
Curl F - =4y k -E=4y
Order of integration is dxdy
x variesfromx = 0tox = a

y variesfromy = 0toy = b

5 b
= _U Curl F - dS = [ f0a4ydxdy

= [ 4y [x]ady

b
= [, 4aydy
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24b
-7
= 2ab?
= ” Curl F -7 dS = 2ab?  ..(1)
S

Here the line integral over the simple closed curve C bounding the surface 0ABCO consisting of

the edges OA, AB ,BC and CO.

Curve Equation Limit
OA y =20 x =0tox =a
AB X =a y =0toy =b
BC y =b x =atox =0
co x =0 y =btoy =0

Therefore,_[ F -di= I F -dr

OABCO

[ Frar=[ +. [ +[ +]
(of OA AB BC CO
F -d7 = (x2— y2) + 2xydy . (2)

On 0A: y =0,dy = 0,x varies from 0 to a
(2) = F.d7 = x%dx
I F -d7 =f0ax2 dx

OA

On AB: x = a,dx = 0,y variesfrom O to b
(2) = F.d7=2ay dy
'[ F -dF:fobZaydy

2

= [Za_yz]b = ab?

0
OnBC: y =b,dy = 0,x varies froma to 0
(2) = F.d = (x2 — b?)dx

MA8251 ENGINEERING MATHEMATICS II



ROHINI COLLEGE OF ENGINEERING & TECHNOLOGY

On CO: x =0,dx = 0,y varies from b to 0
(2 >F.d7=0
[ F-at=0

cOo
=N a3 a3
(2) > F .d7 :?+(7Lb2—?+ab2=2ab2 .. (3)
From (3) and (1) [ F -d7 = [[ CurlF -#dS
c S
Hence Stokes theorem is verified.

Example: Verify Stoke’s theorem for F = (x% + y2)i — 2xy j taken around the rectangle

bounded by the linesx = +a,y = 0,y = b.

Solution:
IS y
(-ayb)
y=2>t
D e c
(a,b)
%
X = —a x=0 Tx=a
A - > >
0 °l°Y=°% B x
o (a,0)

ds

>

By Stokes theorem, _[ F-d7 = ” Curl F -
S

c

Given F = (x2 + y2)i— 2xyJ
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= 710 - 0] — j[0— 0]+ k[-2y - 2y]

= —4y k
Since the region is in xoy plane we can take i = k and dS = dx dy
Limits:
x varies from - a to a.

y varies from 0 to b.

w f[ curtFpds= -4 [ [ ydxdy
S

= —4 ["[xy]%, dy

[ Frar=] + [ +[ +]
. AB BC cD DA

Along AB:y = 0,dy = 0,x varies from-a toa
dr =dx1+ dyj
j F-di= [* x%dx
—-a
AB

_ [x3]a _ 2a®
3l g 3

Along BC,x = a,dx = 0, y varies from 0 to b

I F di= fob(—Zay) dy

BC
= —aly’]§ = —ab?

Along CD: y = b,dy = 0,x varies froma to — a

[ Frai= [0+ pdr =[S+ b2

CcD

Along DC: x = —a,dx = 0,y varies from b to 0
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J F -d = beZaydy

= a[y?]) = —b%a

- 3 3
j Fdir =25 _gp? —2%— 2ab? — b%a
C

= —4ab®* ...(2)

From (1) and (2) I F -di= ” Curl F -7 dS
C S

Hence Stoke’s theoremis verified.

Example: Verify Stoke’s theorem for F = y2zi + z2xj+ x2y k, where S is the open
surface of the cube formed by the planes x = +a, y = +a, and z = +a in which the plane
z = —aisacut.

Solution:

Stoke’s theorem is I F -di = ” curl F - A ds
c S

Given F = y2zi+ z2xj + x2yk

F - d7¥ = y2zdx + z2xdy + x2y dz

This square ABCD liesiinthe planez = —a = dz =0
“F -di = —ay?dx + a?x dy

L.H.S I df’:AjB+BjC+j+_[

CD DA

OnAB:y = —a = dy = 0, x varies from —a to a.

= J. F-df = faa—a3dx

= —a3 [x]¢,

= —a®*(2a) = —2a*

OnBC:x =a = dx = 0, y varies from —a to a.

= I ﬁ-d?zf_aaa3dy

= a’ [y]%q
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=a3®(2a) = 2a*

OnCD:y =a = dy =0, x varies from a to —a.

= _[ F-di= [ “—a®dx
CcD

= —a3(—2a) = 2a*
On DA: x = —a = dx = 0, y varies from a to —a.

_addy

a

= j F-df= |
DA

= —a® [yl*

= —a3(-2a) = 2a*

j F -dift = =2a* +2a* +2a* +2a* = 4a* .. (1)

R.H.S = ” curl F+ f ds
S

-\l
curlF=|2 2 2
X ay 0z
y2z  z%x  x%y
= T(x%2—=2xz) — J (y? —2xy) + k(22 — 2y7)
Given S is an open surface consisting of the 5 faces of the cube except, z = —a.

ffcurlﬁ-ﬁds=” +” _|_..._|_”‘

curl F = 2yi+zj—xk

Faces Plane ds A Egn curl F - A VxFE A
Top (Sy) xy dxdy k zZ=a z%2 —2yz a?— 2ay
Left (S,) Xz dxdz -7 y= —a y? —2xy a’ + 2ax
Right (S3) Xz dxdz j y=a —(y? = 2xy) —(a?® — 2ax)
Back (S,) yz dydz -7 X = —a —(x? — 2xz) —(a? + 2az)
Front (Ss) yz dydz [1 X=a x?%—2xz a’? —2az

on S;: f_aa f_aa(a2 — 2ay) dxdy
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= [* [(a®x — 2ayx)]%, dy
= f_aa(a3 —2a*y) — (—a® + 2a%y) dy
= f_aa 2a® — 4a?y dy
_ 3. 427"
= [Za y —4a . ]_a
= (2a* - 2a*) — (-2a" - 2a%)
= 2a* — 2a*+ 2a* + 2a*
= 4a*

OnsS, +585: [* [ (@®+2ax) dxdz + [° [* —(a® — 2ax) dxdz

a a

= [ J (a? + 2ax — a® + 2ax) dx dz

= f_aa f_aa 4ax dx dz
| a [x21%
= 4a f—a [7]_(1 dz
= 2a? ffa dz
= 2a3 [z]%,
=2a3(0) =0
onS, + Ss: f_aa f_aa —(a® + 2az) dydz + f_aa f_aa(a2 — 2az) dydz
= f_aa f_aa(—a2 — 2az+ a* — 2az) dy dz
= f_aa f_aa —4az dy dz
= —4a f_aa[zy]‘iadz
= —4a f_aaz(Za)dz
214

= —6a2 |&

@ 5],
=—3a%(a*- a?)=0

” curlF- Ads= 4a*+0+0 = 4a* .. (2)
S

From (1) and (2)_[ F -df = ” curl F- A ds
S

c

Hence Stoke’s theorem is verified.
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Example: Evaluatej F - d7 by stoke’s theorem, where F = y2i+ x%j + (x+ z) k, and C
C

is the boundary of the triangle with vertices at (0,0,0), (1,0,0) and (1,1, 0).
Solution:

Stoke’s theorem isj F -dit = ” curl F- Ads .. (1)
S

Given F = y2T+ x2/+ (x+2) k
And C is triangle (0,0,0),(1,0,0) and (1,1,0).
Since z —coordinate of each vertex is zero the triangle lies in xy — plane with corners

(0,0),(1,0) and (1,1).

To evaluate : ” curl F - f ds
S

Inxy —planef =k, ds = dxdy
.7 k
curlF=1|2 2 4
dx dy 0z
y2 x? —(x+2z)

= 1(0) = J (=1 + k(2x—2y)
=j+ 2(x—yk
curl F- A =G+ 2x=yk) - k
=2(x—y)
Limits:
x varies from y to 1.

y varies from 0 to 1.

” curl F+ A ds = fol fylZ(x — y)dxdy
S

= Zfol [x;— xy]; dy

MA8251 ENGINEERING MATHEMATICS II



ROHINI COLLEGE OF ENGINEERING & TECHNOLOGY

From (1),_[ F -dif =

Example: Verify the G.D.T for F = 4xzi — y%j + yzk over the cube bounded by x = 0,
x=1,y=0,y=1,2z=0, z=1.

Solution:
z
A
C F
7T T 727,
oV A
D /;/;/ ////. /’// / (,/
G
> B\
224 7/
/// / 7 g s y
7 $? /?/”:/ ’//
A E

X
Gauss divergence theorem is ” F - fAds = m V- Fdv
S \Y,

-

Given F = 4xzi— y2] + yzk

Now, R.H.S = jj V- Fdv
\

= [1 [} [}(4z = y)dxdydz
= fol fol[(4xz — yz)]s dydz

= [} [}(4z — y)dydz

= fol (4zy — y?z): dz
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wovis= [ ta= o 1+ 0]

Faces Plane ds n | F.-a |Equation |F.5ions = I F - Ads
S
S, (Bottom) | x dxd | = =0 0 Lol
1( ) | xy y k e |z f J 0 dxdy
0 0
S,(Top) xy dxdy k yz z=1 y trl
J Jydxdy
0 0
Ss(Left dxdz -7 2 =0 0 Lt
s(Left) |xz J y y J J 0 dxdz
0 0
S.(Right dxdz 7 —y2 =1 -1 1t
+(Right) | xz J y y .f J —1dxdz
0 0
S-(Back dydz -7 | -4 =0 0 1l
5( ) |yz y ! xz 4 J J 0 dydz
0 0
S.(Front dydz 7 4 = 4 1l
(Front) |yz y l XZ ~ i J J 4z dydz
0 0

(i)” F - Ads+ H F:Ads = folfolodxdy+f01f01ydxdy
S1 S2

=0+ fol foly dxdy
= [, yxlb dy
= [, ydy
=[5, =3-0 =
(iD) ” F -fAds+ ” F-fds = fol fOIdedz+f01 fol—l dxdz
53 54
=0+ fol fol —1dxdz
= — [, [x]} dz

= —fol dz
= —[z]s =-[1]
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> 5 11 101

(m)” F - Ads+ ” F-fids = [, [, 0dydz+ [ [, 4zdydz
S5 S6

1,1
=0+ [, J, 4zdydz
= f01[4zy](1, dz

= [, 4z dz
NI
s e

= (D) + (id) + (iid)
=~ 12" =

mg ﬁ-ﬁds=Jy V- Fdv

Hence Gauss divergence theorem is verified.

(7P a—
T

Example: Verify.the G.D.T for F = (x% — y2)i + (y2 — x2)j + (22 — xy)k over the
rectangular parallelopiped 0 <x<a, 0<y<bh0<z<c (OR)

Verify the G.D.T for F = (x% = yz)i + (y2 — x2)j + (22 — xy)k over the rectangular
parallelopiped boundedby x =0,x =a,y=0,y=b,z=0,z=c.

Solution:

\Y

Gauss divergence theorem is ” F -Ads= Uj V- Fdv
S

Given F = (x? — y2)T + (2 — x2)j + (2% —xy)k
V- F =2x+2y+2z =2(x+y+2z)
Now, RH.S= [[[ v - Fdv
v
=2 foc fob foa(x + vy + z)dxdydz
=2 foc fob [(x; + xy + xz)]: dydz

=2 foc fob (a?z + ay + az) dydz

MA8251 ENGINEERING MATHEMATICS II



ROHINI COLLEGE OF ENGINEERING & TECHNOLOGY

b

_Zf( +—+azy) dz

0

=25 (2 + %+ azb) dz

=2

abz

2

[ 2bz ab?z

2

abc

)

2

2
_Z(abc+abc

+

=abc(a+ b + c)

2

)

Now, LH.S= [[ F =J[ [+ +[ +[ +]
S i S2 S3 S4 S5 S6
Faces Plane | dS | 7 F- -7 Eqgn F-nionsS _ ” F
S
S; (Bottom) | xy dxdy | g | =(z?—xy) | z=0 xy jbja dxd
Xy axay
0 o
S,(Top) xy dxdy | ¥ | (z2—xy) | z=¢c c? —xy jbjacz 2y dxdy
0 Jo
Sy(Left) | xz dxdz | =7 | =(y2—x2) | y =10 xz J.Cfaxz dds
S4(Right) |xz dxdz | 7| 02—xz) { y=b b? — xz J' J' b2 — x7 drdz
Ss(Back) |yz dydz | =7 | =(x%2=yz) | x=0 yz
f f yz dydz
S¢(Front) | yz dydz | 7| (x2—=yz) | x=a a’ —yz X
f f a® —yzdydz
0 Jo

(l)jj ﬁ ) ﬁdS + II ﬁ . ﬁds = fob foaxy dxdy_l_ fob anCZ —Xydxdy
S1 S2

(ii)” ﬁ-ﬁds+” F - fAds
53 54

= fob foa c? dxdy

=c? foa dx fob dy

= c2[x]4[y15
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= [, [, b? dxdz
=b? [, dx [, dz
= b?[x]§[z]§ = b?ac

(iii)” F - fds+ ” F - fAds =focf0byz dydz + focfob a? —yz dydz
S5 S6

2 foc fob a? dydz

# gf fob dy foc dz

= a?[yl5[z]§ = a®’bc

RERL B I S g

= (i) + (ii) + (@)
=abc(a+ b +c)

o] Ponds= ] v Faw

S

Hence Gauss divergence theorem is verified.

Example: Verify divergence theorem for F = (2x = )i + x2yj — xz2k over the cube
boundedbyx =0, x=1, y=0, y=1,2z=0, z=1.

Solution:

Gauss divergence theorem is ” F - fids = HI V- Fdv

S \Y

= -

Given F = (2x — 2)T+ x2%y] — xz°k
V-F=2+4x%—2xz
Now, R.H.S = H V- Fdv
\Y

= fol fol fol(Z + x% — 2xz)dxdydz

=[5 (x4 5 -2, v
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1,1 1
=J, Iy (245 - z) dydz

= fol (Zy +§y - zy): dz

= 01(2+§—Z) dz

S1

Nowtts= [ Faas= e p D el

Faces Plane | dS n F-7i Equation |F.7ionsS _ I F - Ads
S
S, (Bottom) | x dxd 15 xz*? z=0 0 Ll
1( ) | xy y k J J 0 dxdy
o Jo
S,(To X dxd - —xz? z=1 —x Ll
2(Top) a Y| k J J (—x) dxdy
o Jo
Ss(Left dxdz | —f —x? < 0 Lot
s(Left) |xz ] x°y y fdede
o Jo
S4(Right) | xz dxdz j Sl y=1 x? Ll
J. f x2dxdz
o Jo
S<(Back) |yz dydz | =7 |-Q2x—2)| x=0 z Ll
f f zdydz
o Jo
S¢(Front) |yz dydz | 7 (2x — 2) x=1 2—z Lt
f f 2—2zdydz
0 YO0

©) ” F - fids+ ” F-fAds = fol folodxdy+f01 fol(—x) dxdy
S1 S2

= [, J, (=x) dxdy
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.. = A = A 1,1 1,1
@) [[ F-fds+ [[ F-fds =[] 0dxdz+ [ f) x* dxdz
S3 S4

= fol folxz dxdz

(iii) _” F - fds+ ” F - fds = fol folzdydz+ f01 f01(2 — z)dydz
S5 S6

1 01
= [, J, 2dydz

=2 [ [yl} dz

=2/ dz
=2[z]; =2
ff Fenas= 4]l Rl (1 ]+l

= (@) + (i) + iid)
11

= _l+l+2 = —
2 3 6

<[ Bofas= ] v Faw

S

Hence Gauss divergence theorem is verified.

Example: Verify divergence theorem for F = x20 + zj + yzE over the cube bounded by
x=%41, y=41, z= %1.

Solution:

Gauss divergence theorem is ” F-fds = ”I V- Fdv
S \Y

Given F = x27 + z] + yzk
V-F=2x+y

Now, R.H.S = m V- Fdv
\
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1 1 1
=, [, [, Qx+ y)dxdydz

1 1 x2 1
=05 [(27 + yx)]_l dydz

=1 11 +y) - A - y)dydz

1 1
= [, [ [2yldydz
_ (222
= f—l (27)_1 dz
= [1I(D) - (D] dz
1
= f_l[O] dz
=0
Now,LHS= [[ F-ads=[[ +[[ +[] +[[ +[[ +][[
S S1 S2 S3 S4 S5 S6
Faces Plane dS | n F-#A Equation | F-7ion S — I F - Ads
S
Si(Bottom) | xy dxdy | —x —yz z=-1 y Lol
J. J. y dxdy
-1J-1
S,(Top) xy dxdy | % yz e, y Lol
J. J. y dxdy
-1J-1
Ss(Left) |xz dxdz | -7 —z y=-1 -z Lol
f f —z dxdz
-1v-1
Si(Right) | xz dxdz | T z y=1 z Lot
f f zdxdz
-1J-1
Ss(Back dydz | - —x? =-1 -1 bt
s(Back) vz y l x x J‘ J‘ 1 dydz
-1J-1
S¢(Front) |yz dydz | 7 x? x=1 1 fl 1
dydz
-1v-1

. = A = A 1 1 1 1
(l)” F - Ads + ” F-fids = [ [ ydxdy+ [ [ ydxdy
S1 S2

1 1
= [, ], 2y dxdy
=2 [’ [ylL, dy

=211 - (=] dy
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=2 2ydy
-s[2f, = 9[-0 -

@) [[ F-hds+ [[ F-fds=[, [} —zdxdz+ [ [ zdxdz
S3 S4

= [, [, 0 dxdz
=0

i) [[ F-dds+ [ F-fds ==[ [ dxdz+[2, [, dxdz
S5 S6

0

.-.”ﬁ-ﬁds=g +ﬂ +££ +ﬂ +££ +Q

= () + (i) + (iip)
=0

o[ Fofas= (] v Faw

S
Hence , Gauss divergence theorem is verified.
Example: Verify divergence theorem for the function F = 4xi — 2y%j + z2k taken over

the surface bounded by the cylinder x* + y> = 4and z= 0,z = 3.

Solution:
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X

Gauss divergence theorem is ” F -fds = HI V- Fdv
S \

Given F = 4x7— 2y%] + z%k
V- -F=4-4y+2z

Limits:

z=0to3

x2+ y2=4 = y2=4— x?

> y=+V4— x?
cy=—V4— x2toV4— x?
Puty =0 = x2=4

> x==2

Ly= —2to?2
~RHS=[[[ v+ Fav
V
Normes
= [0 055 [ (4 — 4y + 22) dzdydx
2 V4—x2 2213
= [ s[4z — ayz +2 7]0 dydsx
= 2 [ 2202 - 12y + 9)dydx

2 ~Va—x2
= [, [ (21 — 12y)dydx
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= 2f_22 Jy 01 dydx

=42 [2,[yly* " dx
=42 f_zzm dx
=42 x2 [[VA— xZdx
=84 [SVa— xZ+ %sin‘lﬂz

0
=84[0+ 2 sin~1(1)]

= 84 [2 X g]
=84n

LH.S = ” F - fAds
S

=l =+
51 52 53
Along S; (bottom):
xy —plane = z=0,dz =0
And ds = dxdy, A = =k
“F A =(4xi= 2y ]+ z2k) - (—k)
= —z2=0
«f[ F-nds=1[[ 0=0
51 51
Along S, (top):
xy —plane = z=3,dz=0
And ds = dxdy, A = k
“F A =(4xi— 2y*]+ z2k) - (—k)

= z2=9
” F-fAds= ” 9 dxdy
S2 S2
= ” 9 dxdy
R
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= 9 (Area of the circle)
=9 (nr?) [ 7 =2]
=361
Along S5 (curved surface):
Given x2 + y? =4
Letp =x2+ y2—4

_ 00 200 709
Vo = lax+ ay+ kaz
= 2xU+2yJ
IVo| = J4x2 +4y2 = 2:/4 = 4
A _ Vo 2(x1+y7)
Vol 4
_ Xi+y]

2
The cylindrical coordinates are

x=2cos6, y=2sinf ds = 2dzd6
Where z varies from 0 to 3

6 varies from 0 to 27

Now F - fi = (4xi— 2y°] + 22 k) - (22)
=2x?— y3
= 2(2cos6)* — (25in0)°
= 8cos? 6 —8sin3 0

_3g [1+cos 20 (3sin 6—sin 39)]
- 2 4

2 4

J‘J‘ ﬁ - Ads =8 f02ﬂf03 (%+ cosze_ 351n9+ sin439) 2dzd6
S3

2 (1 cos 260 3sin @ sin 36
=16 | (5+ — - =t )[z]gde

— 48 [g‘l' sin429 _ 3ch9 _ cofz3g]zn
=8 |5+ -5 (-]
=48
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LH.S = jj F-fds=0+36m+487
S

=84
~LHS=RH.S

(i.e) H F - Ads = ﬂ] V. Fdv

Hence Gauss divergence theorem i
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