
 

PROPERTIES – HARMONIC CONJUGATES  

Laplace equation  

𝜕2𝜑

𝜕𝑥2 +
𝜕2𝜑

𝜕𝑦2 = 0 is known as Laplace equation in two dimensions. 

Properties of Analytic Functions 

Property: 1 Prove that the real and imaginary parts of an analytic function are 

harmonic functions.  

Proof:  

Let 𝑓(𝑧) = 𝑢 + 𝑖𝑣  be an analytic function 

𝑢𝑥 = 𝑣𝑦 . . . (1)  and  𝑢𝑦 = −𝑣𝑥   . . . (2) by C−R 

Differentiate (1) & (2) p.w.r. to x, we get 

    𝑢𝑥𝑥 = 𝑣𝑥𝑦 . . . (3)  and  𝑢𝑥𝑦 = −𝑣𝑥𝑥   . . . (4)  

Differentiate (1) & (2) p.w.r. to x, we get 

    𝑢𝑦𝑥 = 𝑣𝑦𝑦  . . . (5)  and  𝑢𝑦𝑦 = −𝑣𝑦𝑥   . . . (6)  

      (3) +(6) ⇒     𝑢𝑥𝑥 +  𝑢𝑦𝑦 = 0     [∵ 𝑣𝑥𝑦 = 𝑣𝑦𝑥] 

      (5) – (4) ⇒      𝑣𝑥𝑥 + 𝑣𝑦𝑦 = 0        [∵𝑢𝑥𝑦 = 𝑢𝑦𝑥] 

  ∴ 𝑢 and 𝑣 satisfy the Laplace equation. 

Harmonic function (or) [Potential function] 

A real function of two real variables x and y that possesses continuous second order 

partial derivatives and that satisfies Laplace equation is called a harmonic function.  

Note: A harmonic function is also known as a potential function.  

Conjugate harmonic function 

If u and v are harmonic functions such that 𝑢 + 𝑖𝑣 is analytic, then each is called the 

conjugate harmonic function of the other.  

Property: 2 If 𝐰 = 𝒖(𝒙, 𝒚) + 𝒊𝒗(𝒙, 𝒚) is an analytic function the curves of the family 

𝒖(𝒙, 𝒚) = 𝐜𝟏 and the curves of the family 𝒗(𝒙, 𝒚) = 𝐜𝟐 cut orthogonally, where 𝐜𝟏 and𝐜𝟐  

are varying constants.  

Proof:    

 Let 𝑓(𝑧) = 𝑢 + 𝑖𝑣  be an analytic function 

       ⇒ 𝑢𝑥 = 𝑣𝑦  . . . (1)  and  𝑢𝑦 = −𝑣𝑥   . . . (2) by C−R 

Given  𝑢 = c1 and 𝑣 = c2 

 Differentiate p.w.r. to x, we get 



 

      𝑢𝑥 + 𝑢𝑦
𝑑𝑦

𝑑𝑥
= 0 and      𝑣𝑥 + 𝑣𝑦

𝑑𝑦

𝑑𝑥
= 0 

   ⇒ 
𝑑𝑦

𝑑𝑥
=

−𝑢𝑥

𝑢𝑦
   and  

𝑑𝑦

𝑑𝑥
=

−𝑣𝑥

𝑣𝑦
       

   ⇒𝑚1 =
−𝑢𝑥

𝑢𝑦
           ⇒𝑚2 =

−𝑣𝑥

𝑣𝑦
 

               𝑚1. 𝑚2 = (
−𝑢𝑥

𝑢𝑦
) (

−𝑣𝑥

𝑣𝑦
) = (

𝑢𝑥

𝑢𝑦
) (

𝑢𝑦

𝑢𝑥
) = −1 by (1) and (2) 

      Hence, the family of curves form an orthogonal system.  

Property: 3 An analytic function with constant modulus is constant.  

Proof:       

 Let 𝑓(𝑧) = 𝑢 + 𝑖𝑣  be an analytic function.  

⇒ 𝑢𝑥 = 𝑣𝑦  . . . (1)  and  𝑢𝑦 = −𝑣𝑥   . . . (2) by C−R 

Given  |𝑓(𝑧)| = √𝑢2 + 𝑣2  = 𝑐 ≠ 0 

⇒|𝑓(𝑧)| = 𝑢2 + 𝑣2 = 𝑐2 (say) 

                 ( 𝑖. 𝑒) 𝑢2 + 𝑣2 = 𝑐2    . . . (3) 

Differentiate (3) p.w.r. to x and y; we get 

 2𝑢𝑢𝑥 + 2𝑣𝑣𝑥 = 0 ⇒ 𝑢𝑢𝑥 + 𝑣𝑣𝑥 = 0           . . . (4) 

 2𝑢𝑢𝑦 + 2𝑣𝑣𝑦 = 0 ⇒ 𝑢𝑢𝑦 + 𝑣𝑣𝑦 = 0            . . . (5) 

(4) × 𝑢      ⇒  𝑢2𝑢𝑥 + 𝑢𝑣 𝑣𝑥 = 0      . . . (6) 

(5) × 𝑣      ⇒ 𝑢𝑣 𝑢𝑦 +  𝑣2𝑣𝑦 = 0      . . . (7) 

(6)+(7)     ⇒ 𝑢2𝑢𝑥 +  𝑣2𝑣𝑦 + 𝑢𝑣 [ 𝑣𝑥 + 𝑢𝑦] = 0      

                                  ⇒  𝑢2𝑢𝑥 +  𝑣2  𝑢𝑥 + 𝑢𝑣 [ −𝑢𝑦 + 𝑢𝑦] = 0 by (1) & (2) 

         ⇒   (𝑢2+𝑣2) 𝑢𝑥 = 0 

                               ⇒    𝑢𝑥 = 0 

               Similarly, we get 𝑣𝑥 = 0 

  We know that 𝑓′(𝑧) = 𝑢𝑥 + 𝑣𝑥 = 0 + 𝑖0 = 0 

     Integrating w.r.to z, we get, 𝑓(𝑧) = 𝑐  [Constant] 

Property: 4 An analytic function whose real part is constant must itself be a constant. 

Proof :             

            Let 𝑓(𝑧) = 𝑢 + 𝑖𝑣  be an analytic function. 

 ⇒ 𝑢𝑥 = 𝑣𝑦  . . . (1)  and  𝑢𝑦 = −𝑣𝑥   . . . (2) by C−R 

 Given  𝑢 = 𝑐  [Constant] 

 ⇒𝑢𝑥 = 0,          𝑢𝑦 = 0 

 ⇒𝑢𝑥 = 0,     𝑣𝑥 =0 by (2) 



 

We know that 𝑓 ′(𝑧) = 𝑢𝑥 + 𝑖𝑣𝑥 = 0 + 𝑖0 = 0 

 Integrating w.r.to z, we get 𝑓(𝑧) = 𝑐 [Constant] 

Property: 5 Prove that an analytic function with constant imaginary part is constant. 

Proof:                

          Let 𝑓(𝑧) = 𝑢 + 𝑖𝑣  be an analytic function. 

 ⇒ 𝑢𝑥 = 𝑣𝑦  . . . (1)  and  𝑢𝑦 = −𝑣𝑥   . . . (2) by C−R 

 Given 𝑣 = 𝑐  [Constant] 

 ⇒𝑣𝑥 = 0,          𝑣𝑦 = 0 

We know that  𝑓 ′(𝑧) = 𝑢𝑥 + 𝑖𝑣𝑥 

        = 𝑣𝑦 + 𝑖𝑣𝑥  by (1)  = 0 + 𝑖0 

                    ⇒ 𝑓 ′(𝑧) = 0 

Integrating w.r.to z, we get 𝑓(𝑧) = 𝑐     [Constant] 

Property: 6 If 𝐟(𝐳) and 𝐟(𝐳)̅̅ ̅̅ ̅are analytic in a region D, then show that 𝐟(𝐳) is constant in 

that region D.  

Proof:              

        Let 𝑓(𝑧) = 𝑢(𝑥, 𝑦) + 𝑖𝑣 (𝑥, 𝑦) be an analytic function. 

                   𝑓(𝑧)̅̅ ̅̅ ̅̅ ̅ = 𝑢(𝑥, 𝑦) − 𝑖𝑣(𝑥, 𝑦) = 𝑢(𝑥, 𝑦) + 𝑖[−𝑣(𝑥, 𝑦)]  

              Since, 𝑓(𝑧) is analytic in D, we get 𝑢𝑥 = 𝑣𝑦  and 𝑢𝑦 = −𝑣𝑥 

            Since, 𝑓(𝑧)̅̅ ̅̅ ̅̅  is analytic in D, we have 𝑢𝑥 = −𝑣𝑦  and  𝑢𝑦 = 𝑣𝑥   

            Adding, we get 𝑢𝑥 = 0 and 𝑢𝑦 = 0 and hence, 𝑣𝑥 = 𝑣𝑦 = 0 

                             ∴  𝑓(𝑧) = 𝑢𝑥 + 𝑖𝑣𝑥 = 0 + 𝑖0 = 0 

                             ∴  𝑓(𝑧) is constant in D.  

Theorem: 1 If 𝐟(𝐳) = 𝒖 + 𝒊𝒗 is a regular function of z in a domain D, then 

𝛁𝟐|𝒇(𝒛)|𝟐 = 𝟒|𝒇′(𝒛)|𝟐 

Solution:        

                   Given  𝑓(𝑧) = 𝑢 + 𝑖𝑣 

                             ⇒  |𝑓(𝑧)| = √𝑢2 + 𝑣2 

                            ⇒ |𝑓(𝑧)|2 = 𝑢2 + 𝑣2 

                             ⇒ ∇2|𝑓(𝑧)|2 = ∇2(𝑢2 + 𝑣2) 

                                                   =   ∇2(𝑢2) +  ∇2(𝑣2)   . . . (1) 

                            ∇2(𝑢2) = (
𝜕2

𝜕𝑥2 +
𝜕2

𝜕𝑦2) 𝑢2+=
𝜕2(𝑢2)

𝜕𝑥2 +
𝜕2(𝑢2)

𝜕𝑦2              … (2) 



 

                          
𝜕2

𝜕𝑥2 (𝑢2) =
𝜕

𝜕𝑥
[2𝑢

𝜕𝑢

𝜕𝑥
] = 2 [𝑢

𝜕2𝑢

𝜕𝑥2 +
𝜕𝑢

𝜕𝑥

𝜕𝑢

𝜕𝑥
] = 2𝑢

𝜕2𝑢

𝜕𝑥2 + 2 (
𝜕𝑢

𝜕𝑥
)

2

 

        Similarly, 
𝜕2

𝜕𝑦2 (𝑢2)  = 2𝑢
𝜕2𝑢

𝜕𝑦2 + 2 (
𝜕𝑢

𝜕𝑦
)

2

 

             (2)⇒   ∇2(𝑢2) = 2𝑢 (
𝜕2𝑢

𝜕𝑥2 +
𝜕2𝑢

𝜕𝑦2) + 2 [(
𝜕𝑢

𝜕𝑥
)

2

+ (
𝜕𝑢

𝜕𝑦
)

2

] 

                                       = 0 + 2 [(
𝜕𝑢

𝜕𝑥
)

2

+ (
𝜕𝑢

𝜕𝑦
)

2

]                 [∴ 𝑢 is harmonic] 

                                 ∇2(𝑢2)  = 2𝑢𝑥
2 + 2𝑢𝑦

2 

       Similarly, ∇2(𝑣2)  = 2𝑣𝑥
2 + 2𝑣𝑦

2 

                   (1)⇒  ∇2|𝑓(𝑧)|2 = 2[𝑢𝑥
2 + 𝑢𝑦

2  + 𝑣𝑥
2 + 𝑣𝑦

2] 

                                               = 2[𝑢𝑥
2 + (−𝑣𝑥)2  + 𝑣𝑥

2 + 𝑢𝑥
2]       [∵𝑢𝑥 = 𝑣𝑦; 𝑢𝑦 = −𝑣𝑥] 

                                               = 4[𝑢𝑥
2  + 𝑣𝑥

2] 

                                       (𝑖. 𝑒. )∇2|𝑓(𝑧)|2 = 4|𝑓′(𝑧)|2 

Note : 𝑓(𝑧) = 𝑢 + 𝑖𝑣; 𝑓′(𝑧) = 𝑢𝑥 + 𝑖𝑣𝑥 ; 

(or) 𝑓′(𝑧) = 𝑣𝑦 + 𝑖𝑢𝑦 ; |𝑓′(𝑧)| = √𝑢𝑥
2  + 𝑣𝑥

2 ; |𝑓′(𝑧)|2 = 𝑢𝑥
2  + 𝑣𝑥

2  

Theorem: 2 If 𝐟(𝐳) = 𝐮 + 𝐢𝐯 is a regular function of z in a domain D, then  𝛁𝟐 log 

|𝐟(𝐳)| = 𝟎 if 𝐟(𝐳) 𝐟′(𝐳) ≠ 𝟎 in D. i.e., log |𝐟(𝐳)| is harmonic in D.  

Solution:    

           Given  𝑓(𝑧) = 𝑢 + 𝑖𝑣                                          

                       |𝑓(𝑧)| = √𝑢2 + 𝑣2 

                       log |𝑓(𝑧)| =
1

2
 log (𝑢2 + 𝑣2) 

                    ∇2log|𝑓(𝑧)| =
1

2
 ∇2log (𝑢2 + 𝑣2)  =

1

2
(

𝜕2

𝜕𝑥2 +
𝜕2

𝜕𝑦2)log(𝑢2 + 𝑣2) 

                                          =
1

2

𝜕2

𝜕𝑥2 [𝑙𝑜𝑔(𝑢2 + 𝑣2)] +  
1

2

𝜕2

𝜕𝑦2 [𝑙𝑜𝑔(𝑢2 + 𝑣2)]               . . . (1) 

       
1

2

𝜕2

𝜕𝑥2 [𝑙𝑜𝑔(𝑢2 + 𝑣2)]  =
1

2

𝜕2

𝜕𝑥
[

1

𝑢2+𝑣2 (2𝑢
𝜕𝑢

𝜕𝑥
+ 2𝑣

𝜕𝑣

𝜕𝑥
)] =

𝜕

𝜕𝑥
[

𝑢𝑢𝑥+𝑣𝑣𝑥

𝑢2+𝑣2
] 

                                        =
(𝑢2+𝑣2)[𝑢𝑢𝑥𝑥+𝑢𝑥𝑢𝑥+𝑣𝑣𝑥𝑥+𝑣𝑥𝑣𝑥]−(𝑢𝑢𝑥+𝑣𝑣𝑥)(2𝑢𝑢𝑥+2𝑣𝑣𝑥)

(𝑢2+𝑣2)2  

                                       =
(𝑢2+𝑣2)[𝑢𝑢𝑥𝑥+𝑣𝑣𝑥𝑥+𝑢𝑥

2+𝑣𝑥
2]−2(𝑢𝑢𝑥+𝑣𝑣𝑥)2

(𝑢2+𝑣2)2  

     Similarly,   
1

2

𝜕2

𝜕𝑦2 [𝑙𝑜𝑔(𝑢2 + 𝑣2)]  =
(𝑢2+𝑣2)[𝑢𝑢𝑦𝑦+𝑣𝑣𝑦𝑦+𝑢𝑦

2+𝑣𝑦
2]−2(𝑢𝑢𝑦+𝑣𝑣𝑦)2

(𝑢2+𝑣2)2  

  (1)⇒  ∇2log|𝑓(𝑧)| =
(𝑢2+𝑣2)[𝑢(𝑢𝑥𝑥+𝑢𝑦𝑦)+v(𝑣𝑥𝑥+𝑣𝑦𝑦) +(𝑢𝑥

2+𝑢𝑦
2 ) +(𝑣𝑥

2+𝑣𝑦
2)]−2[𝑢𝑢𝑥+𝑣𝑣𝑥]2−2[𝑢𝑢𝑦+𝑣𝑣𝑦]

2

(𝑢2+𝑣2)2  



 

                                   =

 
(𝑢2+𝑣2)[𝑢(0)+(𝑢𝑥

2+𝑣𝑥
2)+𝑢𝑦

2+𝑣𝑦
2)−−2[𝑢2𝑢𝑥

2+𝑣2𝑣𝑥
2+2𝑢𝑣 𝑢𝑥𝑣𝑥+𝑢2 𝑢𝑦

2+𝑣2𝑣𝑦
2+2𝑢𝑣 𝑢𝑦 𝑣𝑦]

(𝑢2+𝑣2)2  

                                                                                                 [∵ 𝑢𝑥𝑥 + 𝑢𝑦𝑦 = 0, 𝑣𝑥𝑥 + 𝑣𝑣𝑦𝑦 =

0] 

                            =
(𝑢2+𝑣2)[|𝑓′(𝑧)2|+|𝑓′(𝑧)2|−2[𝑢2(𝑢𝑥

2+ 𝑢𝑦
2 )+𝑣2(𝑣𝑥

2+𝑣𝑦
2)+2𝑢𝑣(𝑢𝑥  𝑣𝑥+𝑢𝑦 𝑣𝑦] 

(𝑢2+𝑣2)2  

 [∵𝑓′(𝑧) = 𝑢 + 𝑖𝑣, |𝑓′(𝑧)| = 𝑢𝑥  + 𝑖𝑣𝑥 (or) 𝑓′(𝑧) = 𝑣𝑦  − 𝑖𝑢𝑦,|𝑓
′(𝑧)|2 = 𝑢𝑥

2 +  𝑣𝑥
2      

                                                                                                         (or) |𝑓′(𝑧)|2 = 𝑢𝑦
2 +  𝑣𝑦

2 

                                          =
2(𝑢2+𝑣2)[|𝑓′(𝑧)2|−2[𝑢2|𝑓′(𝑧)|

2
+𝑣2|𝑓′(𝑧)2|+2𝑢𝑣(0)] 

(𝑢2+𝑣2)2  

                                [∵𝑢𝑥  = 𝑣𝑦,   𝑢𝑦 = −𝑣𝑥] 

  ⇒𝑢𝑥  𝑣𝑥 + 𝑢𝑦𝑣𝑦  = 0 

  ⇒𝑢𝑥
2 + 𝑢𝑦

2 = 𝑢𝑥
2 +  𝑣𝑥

2 = |𝑓′(𝑧)|2 

  ⇒𝑣𝑥
2  + 𝑣𝑦

2 =  𝑢𝑦
2 +  𝑣𝑦

2 = |𝑓′(𝑧)|2  

                                                               =
2(𝑢2+𝑣2)|𝑓(𝑧)|2−2(𝑢2+𝑣2)|𝑓′(𝑧)|

2
 

(𝑢2+𝑣2)2  

                                                   (𝑖. 𝑒. ) ∇2log|𝑓(𝑧)| =0 

Theorem: 3 If 𝐟(𝐳) = 𝒖 + 𝒊𝒗 is a regular function of z in a domain D, then 

  𝛁𝟐(𝒖𝒑) = 𝒑(𝒑 − 𝟏) 𝒖𝒑−𝟐|𝒇′(𝒛)|𝟐 

Solution:        

                   ∇2(𝑢𝑝) = (
𝜕2

𝜕𝑥2 +
𝜕2

𝜕𝑦2) (𝑢𝑝) 

                              =
𝜕2

𝜕𝑥2 (𝑢𝑝) +
𝜕2

𝜕𝑦2 (𝑢𝑝) 

               
𝜕2

𝜕𝑥2 (𝑢𝑝) =
𝜕

𝜕𝑥
[𝑝𝑢𝑝−1 𝜕𝑢

𝜕𝑥
] = 𝑝𝑢𝑝−1𝑢𝑥𝑥  + 𝑝(𝑝 − 1)𝑢𝑝−2(𝑢𝑥)2 

   Similarly,    
𝜕2

𝜕𝑦2 (𝑢𝑝) =  𝑝𝑢𝑝−1𝑢𝑦𝑦  + 𝑝(𝑝 − 1)𝑢𝑝−2(𝑢𝑦)2 

  (1) ⇒  ∇2(𝑢𝑝) =  𝑝𝑢𝑝−1(𝑢𝑥𝑥  + 𝑢𝑦𝑦) + 𝑝(𝑝 − 1)𝑢𝑝−2[𝑢𝑥
2 + 𝑢𝑦

2] 

                               =  𝑝𝑢𝑝−1(0)  + 𝑝(𝑝 − 1)𝑢𝑝−2|𝑓′(𝑧)|2 

       [∵𝑢𝑥𝑥 + 𝑢𝑦𝑦 = 0, 𝑓(𝑧) = 𝑢 + 𝑖𝑣, 𝑓′(𝑧)  = 𝑢𝑥 + 𝑖𝑣𝑥 , |𝑓′(𝑧)|2 = 𝑢𝑥
2 + 𝑢𝑦

2 

                             ∴   ∇2(𝑢𝑝) = 𝑝(𝑝 − 1) 𝑢𝑝−2|𝑓′(𝑧)|2 

Theorem: 4 If 𝐟(𝐳) = 𝒖 + 𝒊𝒗 is a regular function of z, then 𝛁𝟐|𝒇(𝒛)|𝒑 =

𝒑𝟐|𝒇(𝒛)|𝒑−𝟐|𝒇′(𝒛)|𝟐 . 

Solution:   



 

                Let 𝑓(𝑧) = 𝑢 + 𝑖𝑣  

                        |𝑓(𝑧)| = √𝑢2 + 𝑣2  . . . (𝑎) 

                        |𝑓(𝑧)|𝑝 = (𝑢2 + 𝑣2)𝑝/2            . . . (𝑏) 

                        ∇2|𝑓(𝑧)|𝑝 = (
𝜕2

𝜕𝑥2 +
𝜕2

𝜕𝑦2) (𝑢2 + 𝑣2)𝑝/2 

                                               =
𝜕2

𝜕𝑥2 (𝑢2 + 𝑣2)𝑝/2 +
𝜕2

𝜕𝑦2 (𝑢2 + 𝑣2)𝑝/2 

                    
𝜕2

𝜕𝑥2 (𝑢2 + 𝑣2)𝑝/2 =
𝜕

𝜕𝑥
[

𝑝

2
(𝑢2 + 𝑣2)

𝑝

2
−1 [2𝑢

𝜕𝑢

𝜕𝑥
+ 2𝑣

𝜕𝑣

𝜕𝑥
]] 

                                                 = 𝑝(𝑢2 + 𝑣2)
𝑝

2
−1[𝑢𝑢𝑥 𝑥 + 𝑢𝑥𝑢 𝑥 + 𝑣𝑣𝑥𝑥 + 𝑣𝑥𝑣𝑥] 

                                                           +𝑝 (
𝑝

2
− 1) (𝑢2 + 𝑣2)

𝑝

2
−2(𝑢𝑢 𝑥 + 𝑣𝑣𝑥)(2𝑢𝑢 𝑥 + 2𝑣𝑣𝑥) 

                                                = 𝑝(𝑢2 + 𝑣2)
𝑝

2
−1[𝑢𝑢𝑥 𝑥 + 𝑢𝑥

2 + 𝑣𝑣𝑥𝑥 + 𝑣𝑥
2] 

                                                         +2𝑝 (
𝑝

2
− 1) (𝑢2 + 𝑣2)

𝑝

2
−2(𝑢𝑢 𝑥 + 𝑣𝑣𝑥)2 

           Similarly,   
𝜕2

𝜕𝑦2 (𝑢2 + 𝑣2)𝑝/2 = 𝑝(𝑢2 + 𝑣2)
𝑝

2
−1[𝑢𝑢𝑦𝑦 + 𝑢𝑦

2 + 𝑣𝑣𝑦𝑦 + 𝑣𝑦
2] 

                                                                                 +2𝑝 (
𝑝

2
− 1) (𝑢2 + 𝑣2)

𝑝

2
−2(𝑢𝑢 𝑦 + 𝑣𝑣𝑦)2 

      ⇒   ∇2|𝑓(𝑧)|𝑝 = 𝑝(𝑢2 + 𝑣2)
𝑝

2
−1[𝑢(𝑢𝑥 𝑥 + 𝑢𝑦𝑦) + 𝑣(𝑣𝑣𝑥 + 𝑣𝑦𝑦) + 𝑢𝑥

2 + 𝑢𝑦
2 + 𝑣𝑥

2 +

𝑣𝑦
2]  + 

                    2𝑝 (
𝑝

2
− 1) (𝑢2 + 𝑣2)

𝑝

2
−2[𝑢2𝑢𝑥

2 + 𝑣2𝑣𝑥
2 + 2𝑢𝑣 𝑢𝑥𝑣𝑥 + 𝑢2𝑢𝑦

2 + 𝑣2𝑣𝑦
2 +

2𝑢𝑣 𝑢𝑦𝑣𝑦] 

                = 𝑝(𝑢2 + 𝑣2)
𝑝

2
−1[𝑢(0) + 𝑣(0) + 2(𝑢𝑥

2 + 𝑢𝑦
2)] 

                              +2𝑝 (
𝑝

2
− 1) (𝑢2 + 𝑣2)

𝑝

2
−2[𝑢2(𝑢𝑥

2 + 𝑢𝑦
2) + 𝑣2(𝑣𝑥

2 + 𝑣𝑦
2) + 2𝑢𝑣(𝑢𝑥𝑣𝑥 +

𝑢𝑦𝑣𝑦)] 

                = 2𝑝(𝑢2 + 𝑣2)
𝑝

2
−1|𝑓′(𝑧)|2 + 2𝑝 (

𝑝

2
− 1) (𝑢2 + 𝑣2)

𝑝

2
−2[𝑢2|𝑓′(𝑧)|2+𝑣2|𝑓′(𝑧)|2 +

2𝑢𝑣(0)] 

               = 2𝑝(𝑢2 + 𝑣2)
𝑝

2
−1|𝑓′(𝑧)|2 + 2𝑝 (

𝑝

2
− 1) (𝑢2 + 𝑣2)

𝑝

2
−2(𝑢2 + 𝑣2)|𝑓′(𝑧)|2 

                = 2𝑝(𝑢2 + 𝑣2)
𝑝

2
−1|𝑓′(𝑧)|2 + 2𝑝 (

𝑝

2
− 1) (𝑢2 + 𝑣2)

𝑝

2
−1|𝑓′(𝑧)|2 

               = 2𝑝(𝑢2 + 𝑣2)
𝑝

2
−1|𝑓′(𝑧)|2 [1 +

𝑝

2
− 1] 

               = 2𝑝(𝑢2 + 𝑣2)
𝑝

2
−1|𝑓′(𝑧)|2   = 𝑝2(𝑢2 + 𝑣2)

𝑝−2

2 |𝑓′(𝑧)|2 

              = 𝑝2(√𝑢2 + 𝑣2)𝑝−2|𝑓′(𝑧)|2 



 

              = 𝑝2|𝑓(𝑧)|𝑝−2|𝑓′(𝑧)|2 by (a) & (b) 

Theorem: 5 If 𝐟(𝐳) = 𝐮 + 𝐢𝐯 is a regular function of z, in a domain D, then  

[
𝝏

𝝏𝒙
|𝒇(𝒛)|]

𝟐

+ [
𝝏

𝝏𝒚
|𝒇(𝒛)|]

𝟐

= |𝒇′(𝒛)|𝟐      

Solution:           

              Given 𝑓(𝑧) = 𝑢 + 𝑖𝑣 

                                       |𝑓(𝑧)| = √𝑢2 + 𝑣2  

                                  
𝜕

𝜕𝑥
|𝑓(𝑧)| =

𝜕

𝜕𝑥
[√𝑢2 + 𝑣2] 

                                                  =
1

2√𝑢2+𝑣2
[2𝑢𝑢𝑥 + 2𝑣𝑣𝑥]  =

𝑢𝑢𝑥+𝑣𝑣𝑥

√𝑢2+𝑣2
 

                             [
𝜕

𝜕𝑥
|𝑓(𝑧)|]

2

=
(𝑢𝑢𝑥+𝑣𝑣𝑥)2

𝑢2+𝑣2 =
𝑢2𝑢𝑥

2+𝑣2𝑣𝑥
2+2𝑢𝑣 𝑢𝑥𝑣𝑥

𝑢2+𝑣2  

Similarly,  [
𝜕

𝜕𝑦
|𝑓(𝑧)|]

2

=
𝑢2𝑢𝑦

2+𝑣2𝑣𝑦
2+2𝑢𝑣 𝑢𝑦𝑣𝑦

𝑢2+𝑣2  

                   [
𝜕

𝜕𝑥
|𝑓(𝑧)|]

2

+ [
𝜕

𝜕𝑦
|𝑓(𝑧)|]

2

=
𝑢2[𝑢𝑥

2+𝑢𝑦
2]+𝑣2[𝑣𝑥

2+𝑣𝑦
2]+2𝑢𝑣 [𝑢𝑥𝑣𝑥+𝑢𝑦𝑣𝑦]

𝑢2+𝑣2  

                                                                =
𝑢2|𝑓′(𝑧)|2+𝑣2|𝑓′(𝑧)|2+2𝑢 𝑣 (0)

𝑢2+𝑣2 [∵ 𝑢𝑥 = 𝑣𝑦;  𝑢𝑦 = −𝑣𝑥] 

                                                                 =
(𝑢2+𝑣2)|𝑓(𝑧)|2

𝑢2+𝑣2 = |𝑓′(𝑧)|2[∵ 𝑢𝑥𝑣𝑥 + 𝑢𝑦𝑣𝑦 = 0] 

Theorem: 6 If 𝐟(𝐳) = 𝒖 + 𝒊𝒗 is a regular function of z, then  𝛁𝟐|𝐑𝐞 𝐟(𝐳)|𝟐 = 𝟐|𝐟′(𝐳)|𝟐 

Solution:              

               Let  𝑓(𝑧) = 𝑢 + 𝑖𝑣 

                       Re𝑓(𝑧) = 𝑢 

                     |Re 𝑓′(𝑧)|2 = 𝑢2 

                 ∇2|Re 𝑓′(𝑧)|2 =   ∇2𝑢2 

                                         = (
𝜕2

𝜕𝑥2 +
𝜕2

𝜕𝑦2) (𝑢2) 

                                         = (
𝜕2

𝜕𝑥2) (𝑢2)  + (
𝜕2

𝜕𝑦2) (𝑢2) 

                                         = 2[𝑢𝑥
2 + 𝑢𝑦

2] 

                                         = 2 |𝑓′(𝑧)|2 

Theorem: 7 If 𝐟(𝐳) = 𝒖 + 𝒊𝒗 is a regular function of z, then prove that  𝛁𝟐|𝐈𝐦 𝐟(𝐳)|𝟐 =

𝟐|𝐟′(𝐳)|𝟐 

Proof:          

            Let  𝑓(𝑧) = 𝑢 + 𝑖𝑣 

                      I m𝑓(𝑧) = 𝑣 



 

                    |𝐼𝑚 𝑓(𝑧)|2 = 𝑣2 

                           
𝜕

𝜕𝑥
(𝑣2) = 2𝑣𝑣𝑥  

                         
𝜕2

𝜕𝑥2 (𝑣2) = 2[𝑣𝑣𝑥𝑥 + 𝑣𝑥𝑣𝑥] = 2[𝑣𝑣𝑥𝑥 + 𝑣𝑥
2] 

       Similarly, 
𝜕2

𝜕𝑦2 (𝑣2) = 2[𝑣𝑣𝑦𝑦 + 𝑣𝑦
2] 

                     ∴ (
𝜕2

𝜕𝑥2 +
𝜕2

𝜕𝑦2) |𝐼𝑚 𝑓(𝑧)|2 = 2[𝑣(𝑣𝑥𝑥 + 𝑣𝑦𝑦) + 𝑣𝑥
2 + 𝑣𝑦

2] 

                                                  = 2[𝑣(0) + 𝑢𝑥
2 + 𝑣𝑥

2]        by C−R equation 

                                                    = 2|f ′(z)|2 

Theorem: 8 Show that 
𝝏𝟐

𝝏𝒙𝟐 +
𝝏𝟐

𝝏𝒚𝟐 = 𝟒
𝝏𝟐

𝝏𝒛𝝏𝒛̅
 (or) S T    ∇2= 𝟒

𝝏𝟐

𝝏𝒛𝝏𝒛̅
 

Proof:               

            Let x & y are functions of z and  𝑧̅ 

                             that is  𝑥 =
𝑧+𝒛̅

2
, 𝑦 =

𝑧−𝒛̅

2𝑖
 

                                        
𝜕

𝜕𝑧
=

𝜕

𝜕𝑥

𝜕𝑥

𝜕𝑧
+

𝜕

𝜕𝑦

𝜕𝑦

𝜕𝑧
  

                                               =
𝜕

𝜕𝑥
(

1

2
) +

𝜕

𝜕𝑦
[

1

2𝑖
] =

1

2
[

𝜕

𝜕𝑥
+

1

𝑖

𝜕

𝜕𝑦
]  

                                      2
𝜕

𝜕𝑧
=

𝜕

𝜕𝑥
+

1

𝑖

𝜕

𝜕𝑦
                . . . (1)         

                                        
𝜕

𝜕𝑧̅
=

𝜕

𝜕𝑥

𝜕𝑥

𝜕𝑧
+

𝜕

𝜕𝑦

𝜕𝑦

𝜕𝑧̅
  

                                             =
𝜕

𝜕𝑥
(

1

2
) +

𝜕

𝜕𝑦
[

−1

2𝑖
] =

1

2
[

𝜕

𝜕𝑥
−

1

𝑖

𝜕

𝜕𝑦
]  

                                     2
𝜕

𝜕𝑧̅
= (

𝜕

𝜕𝑥
−

1

𝑖

𝜕

𝜕𝑦
)     . . . (2) 

           
𝜕2

𝜕𝑥2 +
𝜕2

𝜕𝑦2 = (
𝜕

𝜕𝑥
+

1

𝑖

𝜕

𝜕𝑦
) (

𝜕

𝜕𝑥
−

1

𝑖

𝜕

𝜕𝑦
) [∵ (𝑎 + 𝑏)(𝑎 − 𝑏) = 𝑎2 − 𝑏2] 

                                             = (2
𝜕

𝜕𝑧
) (2

𝜕

𝜕𝑧̅
)  by (1) & (2) 

                                             = 4
𝜕2

𝜕𝑧𝜕𝑧̅
  

Theorem: 9 If 𝒇(𝒛) is analytic, show that  𝛁𝟐| 𝐟(𝐳)|𝟐 = 𝟒|𝐟′(𝐳)|𝟐 

Solution:         

                We know that, 
𝜕2

𝜕𝑥2 +
𝜕2

𝜕𝑦2 =  4
𝜕2

𝜕𝑧𝜕𝑧̅
 

                                                   |𝑓(𝑧)|2 = 𝑓(𝑧)𝑓(𝑧)̅̅ ̅̅ ̅̅   

                                       ∇2| f(z)|2 = 4
𝜕

𝜕𝑧

𝜕

𝜕𝑧̅
[𝑓(𝑧)𝑓(𝑧)̅̅ ̅̅ ̅̅ ]  

                                                        = 4 [
𝜕

𝜕𝑧
𝑓(𝑧)] [

𝜕

𝜕𝑧̅
𝑓(𝑧)̅̅ ̅̅ ̅̅ ]  



 

                           [∵𝑓(𝑧)is independent of  𝑧̅and  𝑓(𝑧)̅̅ ̅̅ ̅̅  is independent of z] 

            ∴  𝛻2| 𝑓(𝑧)|2 = 4[𝑓′(𝑧) [
𝜕

𝜕𝑧
𝑓(𝑧)

̅̅ ̅̅ ̅̅ ̅̅ ̅
] = 4𝑓′(𝑧)𝑓′(𝑧)̅̅ ̅̅ ̅̅ ̅  

                                                                   = 4| 𝑓′(𝑧)|2     [∵ 𝑧𝑧̅ = | (𝑧)|2]  

                  

Example: Find the value of m if 𝒖 = 𝟐𝒙𝟐 − 𝒎𝒚𝟐 + 𝟑𝒙 is harmonic.  

Solution:                

               Given 𝑢 = 2𝑥2 − 𝑚𝑦2 + 3𝑥 

                               
𝜕2𝑢

𝜕𝑥2 +
𝜕2𝑢

𝜕𝑦2 = 0 [∵ u is harmonic]    . . . (1) 

                        
𝜕𝑢

𝜕𝑥
= 4𝑥 + 3        

𝜕𝑢

𝜕𝑦
= −2𝑚𝑦 

                      
𝜕2𝑢

𝜕𝑥2 = 4     
𝜕2𝑢

𝜕𝑦2 = −2𝑚 

                       ∴ (1) ⇒ (4) + (−2𝑚) = 0  

             ⇒ 𝑚 = 2 

 


