ROHINI COLLEGE OF ENGINEERING & TECHNOLOGY

SOLUTION OF DIFFERENTIAL EQUATION BY LAPLACE
TRANSFORM TECHNIQUE
Lly'(®] = sLly(©)] — y(0)
Lly"(®)] = s*L[y(6)] = sy(0) — y'(0)

Example: Solve% - 3% + 2x = 2, given x = 0and % = 5 for t = OQusing Laplace
transform method.
Solution:

Givenx" —3x' +2x =2;x(0) = 0; x'(0) =5
Taking Laplace transform on both sides, we get,

L[x"(t)] =3L[x"(®)] + 2L[x(t)] = 2L(1)

[s2Lx(8)] = sx(0) = x(0)] = B[sLx(8)] — x(0)] + 2L[x ()] =
Substituting x(0) = 0;x'(0) =5

[s?2L[x(t)] — 0 — 5] — 3[sL[x(¢)] — 0] + 2L[x(t)] = f

s2L[x(t)] — 3sL[x(t)] + 2L[x(t)] ==+ 5

LN 0| N

s2L[x(t)] = 3sL[x(t)] + 2L[x(t)] ==+ 5

Put L[x(t)] = x
szf—3sf+2f=§+5
[sz—3s+2]3?=§+5

(s—l)(s—Z)f=§+5

- 2+5s
X = s(s=1)(s=2)

. 245 A
Consider —=>2—_ =2 ¢

=y B c
s(s=1)(s-2) T s s=1  s=2

2+5s __ A(s—1)(s—2)+Bs(s=2)+Cs(s—1)
s(s=1)(s=2) s(s=1)(s—=2)

A(s=1)(s—2)+Bs(s—2)+Cs(s—1) =2+ 5s--(1)
Puts = 0in (1) Puts =1in (1) Puts =2in (1)

A(-1D(-2)=2 B()(-1) =7 c(2)(1)=2+10
A=1 B =-7 C=6
2+5s 1 7 6
s(s-1)(s-2) s s-1 to2
ax=1-7 461
S s—1 s—2
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x(t) =1—7et + 6e?t

Example: Using Laplace transform solve the differential equationy’” — 3y’ — 4y =

2et, withy(0) = 1 = y'(0).
Solution:

Giveny" — 3y’ —4y = 2e7t

withy(0) = 1 = y'(0).

Taking Laplace transform on both sides, we get,
Lly"(©] = 3Ly’ ()] = 4L[y(®)] = 2L(e™®)
[s2LIy(t)] = sy(0) = ¥'(0)] = 3[sLly()] = y(O)] = 4L[y(6)] = 2 —

Substituting y(0) = 1 = y'(0).

[s2Lly(t)] = s — 1] = 3[sLly(t)] — 1] — 4L[y(t)] = ;i—l

s2L[y(®)] — s — 1 = 3sL{y(®)] + 3 — 4L[y(t)] = i

S2LIy(©)] = 3sLIy(D)] = 4L[y(D)] = —=+5 -2

PutLly(®)] =y

5237—3537—437=£+s—2

[s2 —3s—4]y

[s2 —3s — 4]y =

S+1

_2+4s%45-25-2

Ss+1

s%2—5s
s+1

(s+DG-Dy=

2

= S°—S

2ifs =2
s+1

2+Ss(s+1)—2(s+1)

y= (s+1)(s+1)(s—4)

_ s%2—s

Y= (s+1)2(s—4)

. s%=s A B c
Consider (s+1)2(s—4)  s+1 T (s+1)? | s—4
s2—s _ A(s+1)(s—4)+B(s—4)+C(s+1)2

(s+1)2(s—4) (s+1)2(s—4)

A(s+1)(s—4)+B(s—4)+C(s+1)*=s?—-s--(1)

Puts = —1in (1) Puts = 4 in
—5B=1+1 25C =16 —
5 25
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s%2—s 25 2 12

(s+1)2%(s—4) - 25(s+1)  5(s+1)? t 25(s—4)

13 2 12

cY = 25(s+1)  5(s+1)2 t 25(s—4)

0= 2] 2l o )

18 -t _2,,-t 12 a4
y(t)—zse cteTt+ e

Example: Solve the differential equation% — % + 2y = e7t, withy(0) =
1 and y'(0) = Ousing Laplace transform.
Solution:

Giveny” — 3y' + 2y = e~*; withy(0) = 1 and y'(0) = 1.
Taking Laplace transform on both sides, we get,

Lly"(©] =3LIy'(©)] + 2L[y(®)] = L(e™)

[s2LIy(®)] = sy(0) =¥/ (0] = 3[sLly(D)] = (O] + 2LIy()] =%
Substituting y(0) =1 and y'(0) = 0.

[s2LIy(®)] =5 — 0] = BIsLly()] = 1] + 2Ly} =

s?LIy(®)] = s = 3sLly(@®] +3 + 2L[y(D)] = ==

s2LIy(0)] = 3sLly(O] + 2L[y(D] = == +s -3

PutLly(®] =y

5237—3537+2)7=$+s—3

1

2 _ =, 1 _
[s 3s+2]y—s+1+s 3

2 — _ 1+s(s+1)—3(s+1)
[s?2 —3s+ 2]y = YR
. 1+5%+s5—35-3
- s+1
_ s?2-25-2
(s—D(s=2)y=—7
— 52-25-2
Y= (s+1)(s—1)(s-2)
. 52-25-2 A B C
Consider (s+1)(s-1)(s—2) _ s+1 @ s—1 ' s—2
52-25-2 _ A(s—1)(s—2)+B(s+1)(s—2)+C(s+1)(s—1)
(s+1)(s—-1)(s=2) (s+1)(s—1)(s—2)

As—1D(—-2)+B(G+1D(—-2)+C(s+1)(s—1)=5%>—25— 2

Puts = —1in (1) puts = 1in (1) puts = 2 in (1)
6A=1+2-2 —2B=1-4 3C=4—-4-2

MA8251 ENGINEERING MATHEMATICS II

(1)



ROHINI COLLEGE OF ENGINEERING & TECHNOLOGY

6 2 3

52-25-2 1 3 2

(+1)(s-1)(s-2) _ 6(s+1) | 2(s—1) _ 3(s-2)

_ 1 3 2
y_6(s+1) 2(s—1)  3(s-2)

0 =1 [ 2 ] -2 ]

_ 1 t.3 t_ 2 2t
y(t)—se +oef—ze

Example: Using Laplace transform solve the differential equationy” + 2y’ — 3y =
sint, withy(0) = y'(0) = 0.
Solution:
Giveny'" + 2y’ — 3y = sint with y(0) = 0 = y'(0).
Taking Laplace transform on both sides, we get,
Lly"@®I+2L[y'(©)] = 3L[y(t)] = L(sint)

[s2LIy(£)] = sy(0) — y"(0)] + 2[sLLy(t)] — y(0)] = BL[y(£)] = —

s2+1
Substituting y(0) = 0 = y’'(0).
1
[s2LIy(6)] = 0 — 0] + 2[sLIy(6)] = 0] — 3LIy ()] = -
1
s2LIy(O] + 2sL{y(D)] = BLIy(0)] = =
1
s2LIy(D)] + 2sLIy(D)] — 3LIy()] = =
PutLly(t)] = y
2= — W Wl

sy +2sy —3y = 2

[s2+2s—3]y = Szlﬂ

(s—D(s+3)y = 5=

— 1
y= (s—1)(s+3)(s2+1)
. 1 A B Cs+D
Consider (5—=1)(s+3)(s2+1) s—1 T s+3 T s2+1
1 _ A(s?+1)(s+3)+B(s—1)(s2+1)+(Cs+D)(s—1)(s+3)

(s—1)(s+3)(s2+1) (s—1)(s+3)(s2+1)

A2+ 1D)(s+3)+B(s—1D(s?+ 1)+ (Cs+D)(s—D(s+3)=1---(1)

Puts =1in (1) Put s =—3in (1) equating the coefficients ofs?, we get

8A=0+1 B(—4)(10) =1 A+B+C=0:>C=—A—B:_?1+
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A=2 B== c==
8 40 10

Puts = 0in (1), we get
34—B-3D=1>3+--3D=1
8 40
3D =241
8 40

15+1-40 —24 -1
=——>>D=—->D=—
40 40%x3 5

1 I S W ) -

(s—1)(s+3)(s2+1)  8(s—1)  40(s+3) $2+41

3D

1 1 S 1

T Y T 8-1) T 20043) | 10(2+1)  5(s7+1)

o =3 e el

3t

y(t) = %et - ﬁe‘ - 1—10 (cost — 2sint)
Example: Using Laplace transform solve the differential equationy” — 3y’ + 2y =
4e?t, withy(0) = —3 and y'(0) = 5.
Solution:

Given y" — 3y’ + 2y = 4e?t; with y(0) = —3 andy’(0) = 5.
Taking Laplace transform on both sides, we get,

Lly"(®)]=3LIy" (O] + 2LIy()] = 4L(e*")

[s?LIy(0)] = sy(0) = y'(0)] = 3[sLIy()] = y(0)] + 2LIy(D)] = 4=
Substitutingy(0) = —3 and y'(0) = 5.

[sLIy(t)] + 3s = 5] = 3IsLIy()] + 3] + 2L[y(®)] =

s2LIy()] + 3s — 5 — 3sLly()] — 9 + 2L[y(0)] = =

s2LIy(6)] = 3sLIy(D)] + 2L[y(D)] = = — 3s + 14

PutLly(®1 =y

3y =35y +2y = ——3s5+14

[s2—3s+2]y = —+ 14 —3s

s—2
[s?2 —3s+2]y = —4+(14i;)(5_2)
— 4+4+(14-3 -2
(s—D(s—-2)y= %
— _ 4+(14-35)(5s-2)
T (s-1)(s-2)?
. 4+(14-3s)(s=2) _ A | B C
Consider (s-1)(s-2)2  s-1  s-2  (s—2)2
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44(14-3s)(s—2) _ A(s—2)2+B(s-1)(s—2)+C(s-1)

(s-1)(s-2)2 (s—1)(s—2)2
A(s—2)>+B(s—1)(s—=2)+C(s—1) =4+ (14—-3s)(s —2) - (1)
Puts =11in(1) Puts =2in (1) equating the coefficients ofs?, we get
A=4-11 C=4+0 A+B=-3=-7+B=-3
A=-7 C=4 B=4
4+(14-35)(s=2) _ -7 | 4 4

(s—1)(s—2)2 s—1  s-2 (s-2)2

y = 742 4

s—1  s-2 (s-2)2

y(® = -717 [Z5] + 4t [ ] + a0 [ =]

_ 1
= —7et + 4e?t + 4e%t1 L—z]

y(t) = =7et + 4e? + 4e?'t
Example: Using Laplace transform solve the differential equation y” — 4y’ + 8y = e?*¢,
withy(0) = 2 and y'(0) = —2.
Solution:

Given y" = 4y’ + 8y = e?t; withy(0) = 2 andy’(0) = —2.

Taking Laplace transform on both sides, we get,

Lly" (O] = 4L[y"()] + 8L[y(£)] = L(e*")

[s?LIy(0)] = sy(0) = y'(0)] = 4[sLIy(t)] = y(0)] + 8LIy(D)] = —
Substituting y(0) = 2 andy’(0) = —2.

[s?LIy(0)] = 25 + 2] = 4[sLy(®)] — 2] +8LIy(D)] = —

s2LIy(6)] - 2s + 2 — 4sLly(D)] + 8 + 8L[y(1)] = =

s2LIy(6)] - 4sLy(©)] + BLIy(D)] = —= + 25 — 10

PutLly(t)] = y
s2y =45y +8y = —+25—10

[s? —4s +8]y = —+25 10

2 — _ 1+(25-10)(s-2)
[s2 —4s+ 8]y = —
— _ 1+(25-10)(s-2)

T (s—2)(s2-4s+8)

__ 1+(25-10)(s—2)

T (s-2)[(s—2)2+4]
1+(25-10)(s-2) _

. A
Consider GoDl_nital — 522 +

B(s-2)+C
(5—2)2+4
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_ A[(s—2)2+4]+B[(s-2)+C](s-2)

[s—2][(s—2)2+4]

Al(s—2)>+4]+B[(s—2)+Cl(s—2) =

1+ (2s—10)(s —2) - (1)

Puts =2in (1) Puts =0in (1) equating the coefficients ofs?, we get
4A=1+0 8A+4B—-20=21| A+B=2>-+B=2
A== C=-6 B="-
4 4
1+(25-10)(s-2) _ 3 2(5—2)—6
(s-2)[(s—2)%+4]  s-2 = (s—2)2+4
L= 1 7 (s=2) 1
ty= 4(s=2)  4(s-2)%+4 (s=2)2+4
T Tr-1_G6=2) |_ -1 1
y(t) - 4L [(5—2)] * 4L [(5—2)2+4] 6L [(5—2)2+4]

> Jy +ZeZtL—1[ s ]_6eZtL—1[
4 52+4
= Ze2t 4

sin2t
6e?t ——
4 2

7
ZQZtCOSZt —

y(t) = iezr +ZeZtCOSZt — 3e?tsin2t
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