ROHINI COLLEGE OF ENGINEERING AND TECHNOLOGY

LINEAR SPAN

Definition:
Let V be a vector space over F and S be a non-empty subset of V/.
Then the set of all linear combination of the finite subset of S is called the
linear span of set of and is denoted by L(S).
ie., L(S) = {avy + ayvy, + -+ ayv,/a; € F,v; € S}
Note:

o L(SYCV
o IfS =0,thenL(S) = 0.

Definition:
A subset S of a vector space VV generates (or span) V, if L(S) =V
Theorem 1.13: Let S be a nonempty subset of a vector space V (F).
1) L(S) is a subspace of V and S € L(S)
i) if W is a subspace of V such that S € W, then L(S) € W
Proof:
1) Let S be a nonempty subset of a vector space V' (F).
Letu,v e L(S)and a,B € F.
Thenu = aju; + ayuy + -+ a Uy, and v = vy + Lov, + -+ By,
where a4, @5, ..., @m, B1, B2, ..., B, € F and

Uy, Uy, wey U, V1, V5 ..., Uy € S and also m and n are finite.

u+ v = alayuy + auy + -+ apy) + B(B1vy + Bovy + -+ Brvy)
aauy + aayuy + -+ aa iy, + BBV + BBvy + o+ BBV, - (1)
assumeaa; = y;; BBi = Ym+i and v; = u,,4; in (1), we get

u+ pv

Y1Uq + Ya2U; + et YmUm + Ym+1Um+1 + Ym+1Um+1 + et Ym+nUm+n

€ L(S)
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u+ pv € L(S)

hence L(S) is a subspace of V.
Let W be a subspace of V suchthat S € W

have to prove L(S) € W
v EL(S). Thenv = ayv; + a,v, + -+ + a,v, Wherethe o; € Fand v; € S

Since S € W,v,y,vy,...,v, EW
Since W is a subspace of IV, m
a vy +av, + -+ a,v, EW

>veW

VELS)>veWwW
~LS)cSWw
Theorem 1.14: Let VV be a vector space over a field F.

LetS, T € V. Then
@ScST=L(S < L(T)
(b) L(SUT) = L(S) + L(T)

(C) L(S) =S ifand only if S is a subspace of V.

Proof:

(@ LetS < Tandv e L(S),

Thenv = ayvy + ayv, + -+ a, v, Where v; € Sand a; € F.
Now, since S € T, vy, vy, ...,V ET

SV + ayvy + o+ a,v, € L(T)

~v € L(T)
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v € L(S) = v € L(T)

= L(S) € L(T)
(i) Letv e L(SUT)
Thenv = ayv; + ayv, + -+ ... + a,, v, Where vy, v,,...,v, €ESUT and
aq, @y, ..., @y € F. Without loss of generality, we shall assume that
V1,V e, Uy € S aNd Vpyyq, Vg o Vy €T
Hence
a1V, + avy + o+ vy, € L(S) and a4 1Vms1 + GmeoVmanz + 00 +

anv, € L(T).
UV =0a.v1 + a,v, + g T anUn
= a1V + AU + 0t AU, + A1 Vmsr T Api2Vmez + 00+ Ay

v € L(S) + L(T)
v €L(SUT) = v € L(S) + L(T)

~LSUT) € L(S) + L(T) ...(1)
SinceScSuUTandT € SUT,wehave L(S) €S L(SUT)and L(T) € L(SU
T).

=~ their linear sum L(S) + L(T) €S L(SUT)... (2)
From (1) and (2),

L(SUT) = L(S) + L(T)

(C) Let L(S) = S.
Since L(S) is a subspace of V. we get S is a subspace V (F).

Conversely let S is a subspace V (F).
We know that S € L(S)... (3).
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Letv € L(S). Thenv = a v, + ayv, + .. +a, v, Where vy, vy, ...,v, €S
and
aq, Ay, ..., 0p eF

Since S is a subspace of V, ayv; + ayvy, + -+, +a,v, €S
Le,VES
VELS)=vES
~L(S)SS..(4)
From (3) and (4), we get

Hence L(S) = S.
Corollary 1.15: L[L(S)] = L(S)
Proof: If S is a subspace of V/, then L(S) = S ... (1)

Since L(S) is a subspace of V, then L[L(S)] = L(S) = S[ From (1)]
« L[L(S)] = L(S)

Example 46. Let S = {(1,2), (2,1)}; V = RZ. Prove that V is a linear span of S.
Sol: We know that L(S) € V... (1)
Let us consider (x,y) €V

(x,y)=a:(1,2) + a5(2,1) ... (2)

= (ay,2aq) + Qay, ay)
(x,y) = (a; +2a,,2a; + a;)
a, + 2a, =x...(3)

2001 +a; =y...(4)
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(3) x2 => 2a; + 4a, = 2x

4 => 20y ta; =y
3a, =2x —y
a, = 2x-y

From equation (4)

20y =y —a,

20 =5~ (22

__ 3y—2x+y
il 3
4y—-2x

2(11 = .
2y—X

a1 = i

3

Sabtitute the values of a, and a, in (2), we get

x(x,y) = (Zy —) a2+ (Zx; 2) @)

Hence (x, y) is a lincar combination of S
s(x,y) € L(S)
We have (x,y) €V = (x,y) € L(S)
~V c L(S) - (5)

From (1) and (5), we get
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L(S) =V

Therefore S gonerates V.

Example 47. Prove that in V,(R), (3,7) belongs to the linear space

((1,2),(0,1))
sol: LetS = ((1,2),(0,1))

V1 = (1!2)! Uy = (0'1)
Latv = (x,y) € L(S)

V= a1v1 + azvz

(x,y) = a,(1,2) + a,(0,1) ... (1)

=(ay,2a; + ay)

a, =x
2a +a, =y
2x+a, =y
a, =y —2x

D)= (xy) = x(1,2) + (y — 2x)(0,1)

we check(3,7) € L(S)

Here x =3,y =7
1)=>@G3,7)=31,2)+((7-6)(0,1)
= (3,6) + (0,1)

=3.7)

which is true.
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(3,7) € L(Sam
Example48. Prove that the vectors (1,1,0), (1,0,1), (0,1,1) generates R3.

Sol:Let S = {(1,1,0), (1,0,1), (0,1,1)}
We know that L(S) € R3... (1)
Letv € R3. Then v = (a, b, ¢)

Letv =a,(1,1,0) + a,(1,0,1) + a5(0,1,1)

(a,b,c) = (a; + ay,a; + a3, a, + a3)
a,t+a;=a..(1)

a, +az =c..(3)

1 1 0\ /%
(10 1)(x)-
1 1 1/\a3

[4,B] =

)

1 1 0 a
1 0 1 b]
0 1 1 ¢

1 1 0 a

[A,B] 0 -1 1|b_a R2_>R2_R1
o 1 1 C]

1 1 0

0O -1 1

R; > R3 + R,

b—a+c.

2a3=b—a+c
1
a3=5(b—a+c)
—a,+a; =b—a
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—a, =b—a-—as
1
=b-a-3(b-a+tc)
=%(2b—2a—b+a—c)
1
=s(b—-a+c)
1
a, =z(a—b+c)
a,t+a,=a
a; =a—a,
1
aq =a—5(a—b+c)
1
=5(2a—a+b—c)
1
= E(a +b—c)
Substitute the values of a4, a,, a3 Iin (1), we get

v=-(a+b-)(LL0) +-(@-b+) (1O +-(b—a+
)(0,1,1)

+ v € L(S)
# R3S L(S)...(5)
From (1) and (5), we get
L(S) =R3

Therefore S generates R3.

Example 49. Prove that the polynomials x? + 3x — 2,2x% + 5x — 3 and —x?2 —
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4x + 4 generates P, (R)
Letp(x) =x%+3x—2,q(x) =2x?>+5x —3and r(x) = —x% —4x + 4
LetS = {p(x),q(x),r(x)}. Then

L(S) € Py(R) ... (1)
Let t(x) € P,(R). Then
t(x) = ax?+bx +c;a,b,c ER
Let t(x) = a1p(x) + ayq(x) + aszr(x)
=a;(x3+3x—2) + a,(2x* + 5x — 3) + az(—x? — 4x + 4) ...(1)
ax® +bx +c
= (a; + 2a, — az)x* + Bay + 5a, — 4a3)x + (—2a, — 3a, + 4a3)
a; +2a;, —az =a... (2)
3a; +5a, —4az; =b ... (3)
—2a; — 3a, +4az; =c... (4)

1 28" S
(A4,B)~| 3 5 —4 b
—2 N 4

1 2 -1 a
N(O _1 _1 b_3a>R2 _)R2_3R1,R3_>R3+2R1
0 1 2 c+2a

1 2 —1
0 -1 —1
0 0 1 b-3q |fe7RetRe
c+b—a

az=c+b—a
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—a, —az =b—3a
—a, =b—3a+a;
=b—3a+c+b—a
=2b—4a+c
a, =4a—2b—c

a,+ 20, —az =a

a; = a—2a, +a;

=a—2M4a—2b—c)+(c+b—a)

—8a + 5b + 3c

Substitute the values of a4, a5, a3 in (1), we get

t(x) = (—8a + 5b +3¢)(x3 + 3x — 2) + (4a — 2b — ¢)(2x? + 5x — 3)
+(c+b—a)(—x%?—4x + 4) € L(S)
= Py(R) € L(S) ... (5)

From (1) and (5), we get

L(S) = P,(R)
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