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      LINEAR SPAN 

Definition: 

           Let 𝑉 be a vector space over 𝐹 and 𝑆 be a non-empty subset of 𝑉. 

Then the set of all linear combination of the finite subset of 𝑆 is called the 

linear span of set of and is denoted by 𝐿(𝑆). 

                   i.e., 𝐿(𝑆) = {𝛼1𝑣1 + 𝛼2𝑣2 + ⋯ + 𝛼𝑛𝑣𝑛/𝛼𝑖 ∈ 𝐹, 𝑣𝑖 ∈ 𝑆} 

Note: 

 𝐿(𝑆) ⊆ 𝑉  

 If 𝑆 = ∅, then 𝐿(𝑆) = 0. 

Definition: 

               A subset S of a vector space 𝑉 generates (or span) 𝑉, if 𝐿(𝑆) = 𝑉 

Theorem 1.13: Let 𝑆 be a nonempty subset of a vector space 𝑉(𝐹). 

i) 𝐿(𝑆) is a subspace of 𝑉 and 𝑆 ⊆ 𝐿(𝑆) 

ii) if 𝑊 is a subspace of 𝑉 such that 𝑆 ⊆ 𝑊, then 𝐿(𝑆) ⊆ 𝑊 

Proof: 

 i) Let 𝑆 be a nonempty subset of a vector space 𝑉(𝐹). 

Let 𝑢, 𝑣 ∈ 𝐿(𝑆) and 𝛼, 𝛽 ∈ 𝐹. 

Then 𝑢 = 𝛼1𝑢1 + 𝛼2𝑢2 + ⋯ + 𝛼𝑚𝑢𝑚 and 𝑣 = 𝛽1𝑣1 + 𝛽2𝑣2 + ⋯ + 𝛽𝑛𝑣𝑛 

         where 𝛼1, 𝛼2, … , 𝛼𝑚, 𝛽1, 𝛽2, … , 𝛽𝑛 ∈ 𝐹 and 

            𝑢1, 𝑢2, … , 𝑢𝑚 , 𝑣1, 𝑣2 … , 𝑣𝑛 ∈ 𝑆 and also 𝑚 and 𝑛 are finite. 

 u + 𝛽𝑣 = 𝛼(𝛼1𝑢1 + 𝛼2𝑢2 + ⋯ + 𝛼𝑚𝑢𝑚) + 𝛽(𝛽1𝑣1 + 𝛽2𝑣2 + ⋯ + 𝛽𝑛𝑣𝑛) 

𝛼𝛼1𝑢1 + 𝛼𝛼2𝑢2 + ⋯ + 𝛼𝛼𝑚𝑢𝑚 + 𝛽𝛽1𝑣1 + 𝛽𝛽2𝑣2 + ⋯ + 𝛽𝛽𝑛𝑣𝑛 … (1) 

assume𝛼𝛼𝑖 = 𝛾𝑖; 𝛽𝛽𝑖 = 𝛾𝑚+𝑖 and 𝑣𝑖 = 𝑢𝑚+𝑖 in (1), we get 

𝑢 + 𝛽𝑣  

𝛾1𝑢1 + 𝛾2𝑢2 + ⋯ + 𝛾𝑚𝑢𝑚 + 𝛾𝑚+1𝑢𝑚+1 + 𝛾𝑚+1𝑢𝑚+1 + ⋯ + 𝛾𝑚+𝑛𝑢𝑚+𝑛

∈ 𝐿(𝑆) 
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𝑢 + 𝛽𝑣 ∈ 𝐿(𝑆) 

hence 𝐿(𝑆) is a subspace of 𝑉.  

Let 𝑊 be a subspace of 𝑉 such that 𝑆 ⊆ 𝑊  

have to prove 𝐿(𝑆) ⊆ 𝑊 

v ℰ𝐿(𝑆). Then 𝑣 = 𝛼1𝑣1 + 𝛼2𝑣2 + ⋯ + 𝛼𝑛𝑣𝑛 where the 𝛼𝑖 ∈ 𝐹 and 𝑣𝑖 ∈ 𝑆 

 Since 𝑆 ⊆ 𝑊, 𝑣1, 𝑣2, … , 𝑣𝑛 ∈ 𝑊 

Since 𝑊 is a subspace of 𝑉, m 

𝛼1𝑣1 + 𝛼2𝑣2 + ⋯ + 𝛼𝑛𝑣𝑛 ∈ 𝑊  

                      ⇒ 𝑣 ∈ 𝑊  

 

                          𝑣 ∈ 𝐿(𝑆) ⇒ 𝑣 ∈ 𝑊  

∴ 𝐿(𝑆) ⊆ 𝑊  

 Theorem 1.14: Let 𝑉 be a vector space over a field 𝑭.  

Let 𝑆, 𝑇 ⊆ 𝑉. Then 

(a) 𝑆 ⊆ 𝑇 ⇒ 𝐿(𝑆) ⊆ 𝐿(𝑇) 

(b) 𝐿(𝑆 ∪ 𝑇) = 𝐿(𝑆) + 𝐿(𝑇) 

(C) 𝐿(𝑆) = 𝑆 if and only if 𝑆 is a subspace of 𝑉. 

Proof: 

(a) Let 𝑆 ⊆ 𝑇 and 𝑣 ∈ 𝐿(𝑆), 

Then 𝑣 = 𝛼1𝑣1 + 𝛼2𝑣2 + ⋯ + 𝛼𝑛𝑣𝑛 where 𝑣𝑖 ∈ 𝑆 and 𝛼𝑖 ∈ 𝐹. 

Now, since 𝑆 ⊆ 𝑇, 𝑣1, 𝑣2, … , 𝑣𝑛 ∈ 𝑇 

∴ 𝛼1𝑣1 + 𝛼2𝑣2 + ⋯ + 𝛼𝑛𝑣𝑛 ∈ 𝐿(𝑇) 

                    ∴ 𝑣 ∈ 𝐿(𝑇) 
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𝑣 ∈ 𝐿(𝑆) ⇒ 𝑣 ∈ 𝐿(𝑇) 

                ⇒ 𝐿(𝑆) ⊆ 𝐿(𝑇) 

(ii) Let 𝑣 ∈ 𝐿(𝑆 ∪ 𝑇) 

Then 𝑣 = 𝛼1𝑣1 + 𝛼2𝑣2 + ⋯ … + 𝛼𝑛𝑣𝑛  where  𝑣1, 𝑣2, … , 𝑣𝑛 ∈ 𝑆 ∪ 𝑇  and 

𝛼1, 𝛼2, … , 𝛼𝑛 ∈ 𝐹. Without loss of generality, we shall assume that 

𝑣1, 𝑣2, … , 𝑣𝑚 ∈ 𝑆 and 𝑣𝑚+1, 𝑣𝑚+2, … 𝑣𝑛 ∈ 𝑇 

Hence 

𝛼1𝑣1 + 𝛼2𝑣2 + ⋯ + 𝛼𝑚𝑣𝑚 ∈ 𝐿(𝑆)  and  𝛼𝑚+1𝑣𝑚+1 + 𝛼𝑚+2𝑣𝑚+2 + ⋯ +

𝛼𝑛𝑣𝑛 ∈  𝐿(𝑇). 

𝑣 = 𝛼1𝑣1 + 𝛼2𝑣2 + ⋯ … + 𝛼𝑛𝑣𝑛  

= 𝛼1𝑣1 + 𝛼2𝑣2 + ⋯ + 𝛼𝑚𝑣𝑚 + 𝛼𝑚+1𝑣𝑚+1 + 𝛼𝑚+2𝑣𝑚+2 + ⋯ + 𝛼𝑛𝑣𝑛  

                               𝑣 ∈ 𝐿(𝑆) + 𝐿(𝑇)  

𝑣 ∈ 𝐿(𝑆 ∪ 𝑇) ⇒ 𝑣 ∈ 𝐿(𝑆) + 𝐿(𝑇) 

∴ 𝐿(𝑆 ∪ 𝑇) ⊆ 𝐿(𝑆) + 𝐿(𝑇) … (1) 

Since 𝑆 ⊆ 𝑆 ∪ 𝑇 and 𝑇 ⊆ 𝑆 ∪ 𝑇, we have 𝐿(𝑆) ⊆ 𝐿(𝑆 ∪ 𝑇) and 𝐿(𝑇) ⊆ 𝐿(𝑆 ∪

𝑇). 

 ∴ their linear sum 𝐿(𝑆) + 𝐿(𝑇) ⊆ 𝐿(𝑆 ∪ 𝑇)… (2) 

From (1) and (2), 

𝐿(𝑆 ∪ 𝑇) = 𝐿(𝑆) + 𝐿(𝑇) 

(C) Let 𝐿(𝑆) = 𝑆. 

Since 𝐿(𝑆) is a subspace of 𝑉. we get 𝑆 is a subspace 𝑉(𝐹).  

Conversely let 𝑆 is a subspace 𝑉(𝐹). 

                                We know that 𝑆 ⊆ 𝐿(𝑆)… (3).  
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Let 𝑣 ∈ 𝐿(𝑆). Then 𝑣 = 𝛼1𝑣1 + 𝛼2𝑣2 + ⋯ . . +𝛼𝑛𝑣𝑛 where 𝑣1, 𝑣2, … , 𝑣𝑛 ∈ 𝑆 

and 

𝛼1, 𝛼2, … , 𝛼𝑛 ∈ 𝐹 

Since 𝑆 is a subspace of 𝑉, 𝛼1𝑣1 + 𝛼2𝑣2 + ⋯ , +𝛼𝑛𝑣𝑛 ∈ 𝑆 

                     i.e., 𝑣 ∈ 𝑆  

             𝑣 ∈ 𝐿(𝑆) ⇒ 𝑣 ∈ 𝑆  

              ∴ 𝐿(𝑆) ⊆ 𝑆 … (4)  

From (3) and (4), we get  

Hence 𝐿(𝑆) = 𝑆. 

Corollary 1.15: 𝐿[𝐿(𝑆)] = 𝐿(𝑆) 

Proof: If 𝑆 is a subspace of 𝑉, then 𝐿(𝑆) = 𝑆 … (1)  

Since 𝐿(𝑆) is a subspace of 𝑉, then 𝐿[𝐿(𝑆)] = 𝐿(𝑆) = 𝑆[ From (1)] 

                          ∴ 𝐿[𝐿(𝑆)] = 𝐿(𝑆)  

Example 46. Let 𝑆 = {(1,2), (2,1)}; 𝑉 = 𝑅2. Prove that 𝑉 is a linear span of S. 

Sol: We know that 𝐿(𝑆) ⊆ 𝑉… (1)  

Let us consider (𝑥, 𝑦) ∈ 𝑉 

                                     (𝑥, 𝑦) = 𝛼1(1,2) + 𝛼2(2,1) … (2) 

                                               = (𝛼1, 2𝛼1) + (2𝛼2, 𝛼2)  

                                      (𝑥, 𝑦)  = (𝛼1 + 2𝛼2, 2𝛼1 + 𝛼2)  

                                 𝛼1 + 2𝛼2 = 𝑥 … (3)  

                                 2𝛼1 + 𝛼2 = 𝑦 … (4)  
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(3) × 2 =>            2𝑎1 + 4𝑎2 = 2𝑥  

 

(4)       =>                     2𝑎1 + 𝑎2 = 𝑦 

                                         3𝑎2 = 2𝑥 − 𝑦 

                                         𝑎2 =
2𝑥−𝑦

3
  

From equation (4) 

                             2𝑎1 = 𝑦 − 𝑎2  

                             2𝑎1 = 𝑦 − (
2𝑥−𝑦

3
)  

                                     =
3𝑦−2𝑥+𝑦

3
  

                        2𝑎1 =
4𝑦−2𝑥

3
  

                          𝑎1 =
2𝑦−𝑥

3
  

Sabtitute the values of 𝑎4 and 𝑎2 in (2), we get 

𝑥(𝑥, 𝑦) = (
2𝑦 − 𝑥

3
) (1,2) + (

2𝑥 − 𝑦

3
) (2,1) 

Hence (𝑥, 𝑦) is a lincar combination of 𝑆 

𝑠(𝑥, 𝑦) ∈ 𝐿(𝑆) 

We have (𝑥, 𝑦) ∈ 𝑉 ⇒ (𝑥, 𝑦) ∈ 𝐿(𝑆) 

∴ 𝑉 ⊂ 𝐿(𝑆) − (5) 

From (1) and (5), we get 
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𝐿(𝑆) = 𝑉 

Therefore 𝑆 gonerates 𝑉. 

Example 47. Prove that in 𝑉2(𝑅), (3,7) belongs to the linear space  

((1,2), (0,1)) 

sol:  Let 𝑆 = ((1,2), (0,1)) 

                        𝑣1 = (1,2), 𝑣2 = (0,1)  

Lat 𝑣 = (𝑥, 𝑦) ∈ 𝐿(𝑆) 

𝑣 = 𝑎1𝑣1 + 𝑎𝑧𝑣2  

(𝑥, 𝑦) = 𝛼1(1,2) + 𝑎2(0,1) … (1) 

                           =(𝑎1, 2𝑎2 + 𝑎2) 

                      𝑎1 = 𝑥 

          2𝑎1 + 𝑎2 = 𝑦 

            2𝑥 + 𝑎2 = 𝑦 

            𝑎2 = 𝑦 − 2𝑥 

(1)⇒ (𝑥, 𝑦) = 𝑥(1,2) + (𝑦 − 2𝑥)(0,1) 

 

we check(3,7 ) ∈ 𝐿(𝑆) 

Here 𝑥 = 3, 𝑦 = 7 

(1) ⇒ (3,7) = 3(1,2) + (7 − 6)(0,1) 

                    = (3,6) + (0,1) 

                    = (3,7) 

which is true. 
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(3,7) ∈ 𝐿(𝑆am 

Example48. Prove that the vectors (1,1,0), (1,0,1), (0,1,1) generates 𝑅3. 

 Sol:Let 𝑆 = {(1,1,0), (1,0,1), (0,1,1)} 

           We know that 𝐿(𝑆) ⊆ 𝑅3… (1) 

Let v ∈ 𝑅3. Then 𝑣 = (𝑎, 𝑏, 𝑐) 

Let 𝑣 = 𝑎1(1,1,0) + 𝛼2(1,0,1) + 𝛼3(0,1,1) 

(𝑎, 𝑏, 𝑐) = (𝛼1 + 𝛼2, 𝛼1 + 𝛼3, 𝛼2 + 𝛼3) 

𝛼1 + 𝛼2 = 𝑎 … (1) 

𝛼1 + 𝛼3 = 𝑏 … (2) 

𝛼2 + 𝛼3 = 𝑐 … (3) 

(
1 1 0
1 0 1
1 1 1

) (

𝛼1

𝛼2

𝛼3

) = (
𝑎
𝑏
𝑐

) 

[𝐴, 𝐵] = [
1 1 0 𝑎
1 0 1 𝑏
0 1 1 𝑐

] 

[𝐴, 𝐵] [
1 1 0
0 −1 1
0 1 1

∣
𝑎

𝑏 − 𝑎
𝑐

]  𝑅2 → 𝑅2 − 𝑅1 

[

1 1 0
0 −1 1
0 0 2 𝑏 − 𝑎

𝑏 − 𝑎 + 𝑐

]  𝑅3 → 𝑅3 + 𝑅2 

                      2𝛼3 = 𝑏 − 𝑎 + 𝑐  

                        𝛼3 =
1

2
(𝑏 − 𝑎 + 𝑐)  

           −𝛼2 + 𝛼3  = 𝑏 − 𝑎   
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                     −𝛼2 = 𝑏 − 𝑎 − 𝛼3  

                              = 𝑏 − 𝑎 −
1

2
(𝑏 − 𝑎 + 𝑐)  

                              =
1

2
(2𝑏 − 2𝑎 − 𝑏 + 𝑎 − 𝑐)  

                              =
1

2
(𝑏 − 𝑎 + 𝑐)  

                        𝛼2  =
1

2
(𝑎 − 𝑏 + 𝑐)  

              𝛼1 + 𝛼2 = 𝑎  

                         𝛼1 = 𝑎 − 𝛼2  

               𝛼1 = 𝑎 −
1

2
(𝑎 − 𝑏 + 𝑐)  

                     =
1

2
(2𝑎 − 𝑎 + 𝑏 − 𝑐)  

                     =
1

2
(𝑎 + 𝑏 − 𝑐)  

Substitute the values of 𝛼1, 𝛼2, 𝛼3 in (1), we get 

                  𝑣 =
1

2
(𝑎 + 𝑏 − 𝑐)(1,1,0) +

1

2
(𝑎 − 𝑏 + 𝑐)(1,0,1) +

1

2
(𝑏 − 𝑎 +

𝑐)(0,1,1)  

                ∴ 𝑣 ∈ 𝐿(𝑆)  

                   ∴ 𝑅3 ⊆ 𝐿(𝑆) … (5)  

From (1) and (5), we get 

               𝐿(𝑆) = 𝑅3  

Therefore 𝑆 generates 𝑅3. 

Example 49. Prove that the polynomials 𝑥2 + 3𝑥 − 2,2𝑥2 + 5𝑥 − 3 and −𝑥2 −
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4𝑥 + 4 generates 𝑃2(𝑅) 

Let 𝑝(𝑥) = 𝑥2 + 3𝑥 − 2, 𝑞(𝑥) = 2𝑥2 + 5𝑥 − 3 and 𝑟(𝑥) = −𝑥2 − 4𝑥 + 4 

Let 𝑆 = {𝑝(𝑥), 𝑞(𝑥), 𝑟(𝑥)}. Then 

𝐿(𝑆) ⊆ 𝑃2(𝑅) …  (1)  

Let 𝑡(𝑥) ∈ 𝑃2(𝑅). Then 

                   𝑡(𝑥) = 𝑎𝑥2 + 𝑏𝑥 + 𝑐; 𝑎, 𝑏, 𝑐 ∈ 𝑅  

 Let 𝑡(𝑥) = 𝛼1𝑝(𝑥) + 𝛼2𝑞(𝑥) + 𝛼3𝑟(𝑥)  

                = 𝛼1(𝑥3 + 3𝑥 − 2) + 𝛼2(2𝑥2 + 5𝑥 − 3) + 𝛼3(−𝑥2 − 4𝑥 + 4) ….(1) 

𝑎𝑥2 + 𝑏𝑥 + 𝑐  

= (𝛼1 + 2𝛼2 − 𝛼3)𝑥2 + (3𝛼1 + 5𝛼2 − 4𝛼3)𝑥 + (−2𝛼1 − 3𝛼2 + 4𝛼3) 

              𝛼1 + 2𝛼2 − 𝛼3 = 𝑎 …  (2)   

          3𝛼1 + 5𝛼2 − 4𝛼3 = 𝑏 …  (3)   

         −2𝛼1 − 3𝛼2 + 4𝛼3 = 𝑐 …  (4)   

(𝐴, 𝐵) ∼ (
1 2 −1 𝑎
3 5 −4 𝑏

−2 −3 4
| )  

                        ∼ (
1 2 −1 𝑎
0 −1 −1 𝑏 − 3𝑎
0 1 2 𝑐 + 2𝑎

) 𝑅2 → 𝑅2 − 3𝑅1, 𝑅3 → 𝑅3 + 2𝑅1 

                     ∼ (

1 2 −1
0 −1 −1
0 0 1 𝑏 − 3𝑎

𝑐 + 𝑏 − 𝑎

) 𝑅3 → 𝑅3 + 𝑅2 

                              𝛼3 = 𝑐 + 𝑏 − 𝑎  
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                  −𝛼2 − 𝛼3 = 𝑏 − 3𝑎  

                          −𝛼2  = 𝑏 − 3𝑎 + 𝛼3  

                                   = 𝑏 − 3𝑎 + 𝑐 + 𝑏 − 𝑎  

                                   = 2𝑏 − 4𝑎 + 𝑐  

                              𝛼2 = 4𝑎 − 2𝑏 − 𝑐  

         𝛼1 + 2𝛼2 − 𝛼3 = 𝑎  

                              𝛼1 =  𝑎 − 2𝛼2 + 𝛼3  

                                   = 𝑎 − 2(4𝑎 − 2𝑏 − 𝑐) + (𝑐 + 𝑏 − 𝑎)  

                                   = −8𝑎 + 5𝑏 + 3𝑐  

Substitute the values of 𝛼1, 𝛼2, 𝛼3 in (1), we get 

 𝑡(𝑥) = (−8𝑎 + 5𝑏 + 3𝑐)(𝑥3 + 3𝑥 − 2) + (4𝑎 − 2𝑏 − 𝑐)(2𝑥2 + 5𝑥 − 3) 

              +(𝑐 + 𝑏 − 𝑎)(−𝑥2 − 4𝑥 + 4) ∈ 𝐿(𝑆) 

              ∴ 𝑃2(𝑅) ⊆ 𝐿(𝑆) …  (5)  

From (1) and (5), we get 

                𝐿(𝑆) = 𝑃2(𝑅)  

 

 


