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INVERSE LAPLACE TRANSFORM

Inverse Laplace transform of elementary functions
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S

L[cosat] = ] = coshat

Result on inverse Laplace transform
Result: 1 Linear property
L[f(t)] = F(s) and L[g(t)] = G(s) ,then L~ [aF(s) + bG(s)] = aL™[F(s)] +
bL7'[G(s)]
Where a and b are constants.
Proof:
We know that L[aF(s) + bG(s)] = aL[F(s)] £ bL[G(s)]
=aF(s)+bG(s)
(i.e.)aF(s) £bG(s) = Llaf(t) +'bg(t)]
Operating L~* on both sides, we get

L' [aF(s) £ bG(s)] = af (t)  bg(0) w f(t) = LTHF(s)]

L™ [aF(s) + bG(s)] = aL  [F(s)] £/bL[G(s)] = g(6) = L7G(s)]

Result: 2 First shifting property
(i) L1 [F(s +a) = e‘a‘L‘l[F(s)]]

(i) L7 [F(s —a)= e“‘L‘l[F(s)]]
Proof:
Let Lle?f(t)] = F[s + a]
Operating L~ ‘on both sides, we get
e Uf(t) = L‘l[F[s + a]]
L_l[F[S + a]] = e “L7HF(s)]
Result: 3 Multiplication by s.
If L1[F(s)] = f(t) and £(0) = 0, then L~[sF(s)] = < L7 [F(s)]
Proof:
We know that  L[f'(t)] = sL{f(t)] — f(0) = sF(s)
Operating L~ on both sides, we get
f'@® = L7 [sF(s)]
S F(6) = L [sF(s)]
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S L7YF(s)] = L7Y[sF(s)]
“ L sF($)] = 5 L7 F(s)]
Result: 4 Division by s.
L7152 = [y L F(s)]de
Proof:
We know that L [f; £ (t)dt| = 2L[f(®)] = 1 F(s)
Operating L~ on both sides ,we get
Jo £ ©dt = LH[ZF (8)]
[y LHFO)] de = L [FRE)]
1 B = ()] de
Result: 5 Inverse Laplace transform of derivative
LUF(s)] = L7t [ F(s)|
Proof:
We know that  L[tf (£)] = =X LIf(£)] = == F(s)
Operating L= on both sides ,we get
tf(t) = —L71 [%F(s)]
LF()] =217 £ R ()]
f©) =2 [L ()
LF(s)] = 2L S F(s)]
Result: 6 Inverse Laplace transform of integral
L7[F(s)] = tLY[ [ F(s)ds]
Proof:
We know that L [@] = [ L(F(©) ds
= fsoo F(s)ds
Operating L~ on both sides, we get

% = L‘l[f:o F(s) ds]

f(&) = tL Y[ F(s) ds]
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“1F(s)] =tL- [f F(s)ds]
Problems under inverse Laplace transform of elementary functions

Example: Find the inverse Laplace for the following
. 1 . 1 s3-3s2+7 . 3s+5

() 25+3 (i) 4s2+9 (i) st (iv) s2+36
Solution:

0511 [

o3t
=—-e 2
2

(i) L7 [4 2+9] Y - lﬁl
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] = 3cos6t +

Inverse Laplace transform using First shifting theorem
“UF(s +a)] = e "L [F(s)]

Example: 5.40 Find the inverse Laplace transform for the following:

. 1 .. 1 1 . 1
(I) (s4+2)2 (") (s=3)% (“I) (s+3)249 (IV) s2-2s+2

Solution:

; 1|1 1 -2ty [2] _ -2t
(i L _(s+2)2] =e "L [52] =e "t
. -1 _e3ty-1[L] = 2t t?
(") L | (s— 3)4] € [54] =€ 3!

= _ ,-3tp-1]_1 | _ _-3¢sindt
() L _(s+3)2+9]_e L [2 ]_e

s“+9 3
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- _ 1 _ 1 _ 1 .
(IV) L [52—25+2] =L [(5—1)2+1] =efl™ [sz+1] = e'sint
Inverse using the formula
LUF(s)] = 2171 [ 2 F(s)]
Note: This formula is used when F(s) is cot™! @(s) ortan~1 @(s) or log®(s)

Example: 5.41 Find the inverse Laplace transform for the following
(i) cot™1 (i) (i) tan?! ( ) (iii) cot las

Solution:

(17 [eor (3)] =2 [ (eor ()]

0 17 ean (] = 271 it ()
A% A\ L(lg)z &)

BT
t s2+q?

L1 [tan‘1 (g)] = %Sinat

(iii) L™ [cot™as] = _TlL‘l [% (cot‘l(as))]
-2 25 @) = b [

sinit

S I N
- N T
at 52+— at =
a a

L '[cot~tas] = ~sint
t a

Inverse using the formula

“1[sF(s)] = 3 L~Y[F(s)]

Example: Find L1 [Slog (s2+a2)]

s2+hb2
Solution:
17 [stog (p33)] = e [stog (5e) |+~ ©
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17 [1og (555)] = 7 & ltew (=55)]

=11l — (log(s? + a?) —log(s® + bz))]

Sy py— 25]

t | s2+a? s2+p2
_Z2p-afs ;]
t [s2+a2  s2+b2

= _—2 [cosat — cosbt]
% [cosbt = cosat]

Substituting in (1), we get

-1 [slog CZZE)] ;t [ [cosbt — cosat]]

_ 7 [t(—bsinbt+asinat) —(cosbt—cosat)]
= v

1 [Slog (sz+a2)] — 5 [t(—bsinbt+asinat)—(cosbt—cosat)]

s2+b? t?

Inverse using the formula

171 |%2] = [T F(s)]dt

one term

This formula is used when F(s) = i rp——cey

Example: FindL‘l[ L ]

s(s2+a?)

Solution:

dt

- [s(sziaz)] = fO [(sz+a2)
_ fot [sn;at]d

1 [—cosat]t
0

a a

— _ t
S [cosat]

- -1
== > (cosat — cos0) = — (cosat —1)

-1 [ 1 ] __ 1—cosat
s(s2+a?) a?

Example: Find L‘1[ ! ]

s(s2—a?)

Solution:

Lt [m] SN [(STlaz)] dt

_f [smhat] dt
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_1 [coshat]t
- a a 0

= % [coshat]§

= % (coshat — cosh0) = a—lz (coshat — 1)

-1 [ 1 ] __ coshat—1
s(s2-a?)

a2

Example: Find L1 |— ]

s(s+a)

Solution:

- [s(sia)
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