ROHINI COLLEGE OF ENGINEERING AND TECHNOLOGY
4.4 POWER SPECTRAL DENSITY
DEFINITION :

Let {X(t)} be a stationary random process. Then the power spectral density of
{X(T)} is the Fourier transform of its auto correlation function. It is denoted by

Sxx(w) or s(w)
Sxx (@) = F[Rxx(7)] = j RXX(T)e_in dt

Given the power spectral density S(w), the auto correlation function Ry (7) is

given by the Fourier inverse transform.

(i.e)

Rxx(7) :% f_oooo Sxx(w) e T dw
State any two uses of Spectral density
Soln:

1) The Power spectrum of a signal has important application in Electronic
communication systems like Radio, Radars, Microwave communication
and so on.

1) It is used in colorimetry. It is helpful in analyzing the color characteristics of

a particular light source.
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PROBLEMS UNDER POWER SPECTRAL DENSITY
1. A WSS process {X(t)} has ACF Ryx(t) = pe 3"l Where pisa
constant. Find the PSD OF {x(t)}.
Soln:

Given Ryx (1) = pe3ll

The PSD of {X(t)} is given by

(0.0]

SXX((U) = J RX)((T)e_in dt = .[ pe—3|‘[|e—iw‘[ dt

— 00

Al / -
:pf_oo e 3|‘L’|e lwT g

==p [__ e *l(coswr — isinwr) dr

=p [ e 3Flcoswr dr -
ip [ e 3Flsinwrde
=2p fooo e 3 coswt dt — ip (0)
=2p [, e *coswr dr + f, e %cosbt dt =azib2

=4p (32-::(4)2)

_( 6p )
“\3242
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1-|7],]7] <1

2. Find the PSD for X(t) if R(T) = { 0 elsewhere

Solution:

The PSD of the process is given by S(w) = [* R(z)e~**dr
= [1,(1 = [zDe " dx
= f_11(1 — |t])(coswt — isin wt)dt
id f_ll(l — |7|)coswtdt — i f_ll(l — |7])sinwtdt
= f_ll(l — |t coswrdr — i (0)

= fol(l — |tDcoswtdr

A [(1 " 1_) (sinwr) (B (_1) (_ coas)(zyr)](l)

w

=2[0- 22 -0+
[

3. The ACF of the Poisson increment process is given by

MAB8451- PROBABILITY AND RANDOM PROCESSES



ROHINI COLLEGE OF ENGINEERING AND TECHNOLOGY

A2t > €
2 A, _1d
A +€(1 ),|T|SE

€

Prove that its spectral density is given by

R(7) = {

44 . g we
sin- —
w?e? 2

S(w) =2mA%86(w) +
Solution:

A2t > €

Given R(7) = {/12 +%(1 _l_zl),|r| <e

The PSD of the process is given by S(w) = ffooo R(D)e %dt

—€ € oo
5, | , A ITI\| _. y
= J/le“‘”dr+-[/1 +E 1—? e”‘”dr+fxle“‘”dr
—00 —€ €
€ o]
A 7]\ _. »
J— 1——e “"Tdr+f/128 fWTdr
€ €
€

—€

—€ €
= J e~ 9Tdr + J/lze_mdr+
o T

h . ; . 3 » A 7]\ _.
= J/lze 'Otdt + J/lze “"Tdr+f/’lze “"Tdr+gf 1—? e tdt
—00 —€ €

—€

[o'e] €
. A T .
= J e lWTqr 4 - f (1 — g) e "ldt
o e

(00)

€
2 —-iwT A |T| 9 f]
=A e dt + p 1-— - (coswt — isinwt)dTt

— 00 —€
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2 Af ce 7| . (€ lzl\ .
=A*2m6 (w) + 3 J_,(1- —)coswrdr — i (- —)sinwtdr|=

=226 (w) + 2 % [fog(l — llgl)cosa)rdr — i(O)]

= AZZﬂS(a)) + % [f (1 _ |ig|) sinwt (_ i) (—Cosa)‘[)]‘;

w w?

21 1 coswe 1
= 2nA%8(w) + — [0 - 2]
w w EW

= 21?6 (w) +

2,2 [1 — coswe]

., WE
sin® —
w?e? 2

S(w) = 2nA%6(w) +

4. Find the PSD for the random telegraph signal process.
SOLUTION:
The ACF of the random telegraph signal process is R(t) = e =277

The PSD of the process is given by

(00

S(w) = fR(T)e_i“’T dt

— 00

— f°° e—ZAITIe—in dt
—00
= [* e (coswt — isinwt) dT
—o0

(o'e] _ . O - .
=" e 2l coswrdr —i [ e 2 sinwt dr
— 00 — 00
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= [* e 2 coswr dr — i(0)

o _
2 f, e coswt dt

=2 [4/122jw2]

S(a))=2[ 24 ]

422 +w?

5. Find the Power spectral density of random process, if its ACF is

given by R(7) = e *lcospr.
Solution :
Given R(7) = e‘alflcos,[)’r.

The PSD of the process is given by

(00]

S(w) = JR(T)e_i“’T dt

— 00

= Vel cosB7e— 17 47
—0o0

[ee)
= f e~ cospr(coswt — isinwt) dt
— 00

(00

(0]
= Je‘alﬂcosﬁrcoswr dr —i fe‘“"'cosﬁrsinwr dt
— 00

— 00
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= ZJ e *cosBtcoswt dt — i(0)
0
= 2[ e cosBrcoswt dt
0

drt

_ Zf p-ar [cos(ﬂ +w)T -2|— cos(f — w)t
0

=[P e T cos(B+w)Tdr+ [ e %cos(f — w) dt
0 0

S(w) = a a

a’+(f+w)? a4+ (B-w)?

6. Find the spectral density of the random process {X(t)} whose ACF is

A2 <t < 2

given by JSpiER { 0 otherwise

Solution:

The PSD of the process is given by

(0]

S(w) = fR(T)e_i“’Tdr

— 00

= [* (e T dr

2
= — f(coswr — isinwt) drt
-2
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2 2
= — fcosa)r drt+i jsinwr dt
-2

-2

2
= —chosa)T dt +i(0)
0

—2sin2w
S(w) = ———

7. Find the PSD of the Random process whose auto correlation

|zl

functionis  R(z) = {1 -7 T <T
0 elsewhere
Solution:
The PSD of the process is given by
S(w) = f R(t)e T dr
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T
= J L= lT—l (coswt — isinwT) dt

i
1—ﬂ cosa)rdr—ij 1—m sinwt dt
T T

-T

-

T
=)\2 j (1 —%) coswt dt — i(0)
0

2
i=(2 J (1 —%) coswt dt
0

A\ [(1 E E) Sir;a)r ) (_1) (—coswr)]T

T T w? 0

_2—cosz+0+ 1]

y T w2 Tw?

_ dliaoni) (1 — cosB = 2 sin?2)
Tw i

2 . wT
=— [Zsm2 —]
Tw? 2

NOTE :
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f e~ % dr = 218 (w)

— 00

8. If {X(t)} is a constant random process with R(t) = m? for all ,

where m is constant , show that the spectral density of the process is
S(w) = 2mrm?8(w)

Solution :

Given R(z) = m? forall ¢

The PSD of the process is given by

S(w) = jR(T)e_indT

— 00

=m? fe““”dr

— 00

S(w) = 2mrm?§(w)
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9. Find the PSD of random process { X(t)} if E[X(t)] =1 and Ryx(T) =
1+ e 9"l

SOLUTION :

The PSD of the process is given by

(00}

S(w) = jR(T)e_indT

— 00

= ffooo(l + e~ emiwT gg

(00

y

— 00

e T dr + J (e‘“'fl)e_i“” dt
= 2mé(w) + j(e‘“"')(coswr — isinwt) dt

= 2m6 (w) + J(e‘“'fl)coswr dt —1i j(e‘“"') sinwt dt

=2m6(w) + 2 f (e™*)coswt dt —i(0)
0
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= 2n6(w) + 2 f (e ) coswt dT
0

a
= 216(w) + 2———
@) a? + w?

2a

=2 o .
S(w) 6 (w) + 7+ a2

10.Find the spectral density function of whose ACF is given by

AZ
Ryx(7) = — COSWoT

Solution:

The PSD of the process is given by

(0]

Sxx(w) = J Ryx(t)e " dt

— 00

(0]
AZ
= | 5 coswet e ' “tdrt
— 00
[ee) . g
AZ el®WoT 4 o~ lwoT ]
—lwT
= — e dt
2 2
— 00
A2 r
T f el@oTo—lwT oy — f e " lWoT o —IWT
— 00 — 00
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[00] 0

Je—i(w—coo)r drt + fe—i(a)ﬂuo)r dT]

— 00 — 00

AZ

4

AZ
— T 276 (w — wg) + 216 (w + wg)]

TA?
Sxx(w) = N [6(w — wp) + 5(w + wy)]

11. Let X(t) = acos(bt + y), where y is a RV uniform in (, 2m) and
b, w are constants. Find the PSD of { X(t)}
SOLUTION :

Given X(t) = acos(bt + y), where y is a RV uniform in ( 0,2m)

1
= —;0<y<?2
f) oy y <2m

Since { X(t)} is given, first find the ACF Ryx(7)
The ACF of the process is given by
R(t) = E[a cos(bt + y) acos(bt + y)]
= a?E[cos(bt; + y) cos(bt, + y]

2,
= a? E[cos(bt; +y + bt, + y) + cos(bt; + y — bt, — y)]

= a?z E[cos(bty + bt, + 2y) + cos(bt; — bt,)]
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2
= a? E[cos(bt; + bt, + 2y) + cosb(t; — t,)]
a? a?
-y E[cos(bt; + bt, + 2y)] + 7cosbr
2 2
= %f()zﬂ cos(bt; + bt, + 2y) f(y)dy + a?cosbr
2 2
= CI?J«OZTL' cos(bt; + bt, + 2y) idy + a?cosbr
a? [sin(bt,+bt,+2y)1%"

a2
=— ] + —cosbt
4m 2 0o 2

§ 2

— Z—n [sin(bt, + bt, + 4m) — sin(bt; + bt,)]+ %cogbf
a? . . ! a2

=— [sin(bt, + bt,) — sin(bt, + bt,)]+ 7cost

2 2
=2.(0) + = cosbr
81 2
7

R(t) = = cosbt

The PSD of the process is given by

(00)

2
| a ,
Syx(w) = JRXX(T)e_ledT = j7cosbre_“‘”dr

aZ b elb‘[ + e—lb‘[
7 f ( > > —lwT g4
a’ lb‘L’ —iwT —ibT ,—iwT
= I e dt+ | e % dt
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e}

[Je—i(w—b)rdl._l_ fe—i(a)+b)‘[ dT]

— 00

a2

4
a2

=7 [216 (w — b) + 216 (w + b)]

ma®

=T[6(a) —b)+ 6(w + b)]

2

Ta
Syx(w) = — [6(w —b) + 6(w + b)]

12. Find the PSD of a process Y (t) = X(t) cos(2mwyt + 0), where
{X(t)} is a WSS random process and @ is uniformly distributed over
( 0, 2m) which is independent of X(t).
Solution:
Given Y (t) = X(t) cos(2mwyt + 8), where 8 is uniformly distributed over
(0,2m)
f(0) = i,o <6<2m
Also { X(t)} is a WSS process
~ (D)E[X(t)]is a constant
(ii)Ryx(ty,t,) is a function of t

o Ryx(ty,t3) = Ryx(T)
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To find Syy (w) first we find Ryy(7)
The ACF of the process is given by
Ryy(7) = E[Y (t)Y (t2)]
= E[X(ty)cos(2rwyt; + 8) cos(2mwyt, + 6)]

= E[X(t1)X(t;)]E[cos(2mwyt; + 0) cos(2mwyt, + 6)]

1 RX}z((T)‘ E[cos(2mwot; + 6 + 2mwot; + 0) +cos(2rwpty + 6 — 2mwot, — 6)]

= 28 Elcos( 2mmt; + 2mwot, + 20) + cos(2mwot; + 2mwty)

- R @ (2T oDty + 2ot + 26) £(6)d6 +

Rxx (@ cos(rwy(t; — ty)

= 20 (7 cos(2mwoty +2mwt; +26) —db

Rxx(T)

Ryx(T) [sin(an0t1+)2nw0t2+26)]2” 2 Ryx(T)
41

E cos(2mw,T)

cos(2mwyT)=

RXE:(( ) [sin(2rwoty +) 2rwet; + 4m)] — sin(2rw,t; +) 2rwot,) +

RX%(T) cos(2mw,T)

RX;(n( ) [sin(2mwot; +) 2mwot;)] — sin(Zrwgty +) 2mwot;) +
Rxx(7)

cos(2mw,T)

! Rxx(T) (0) + RL(T) COS(ZTL'(,()OT)
8m 2
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Ryx(7
Ryy(z) = xx( )COS(anor)
The PSD of y(t) is given by
Syy () = f Ryy(2)e % dr
ooR . |
j X);( ) cos(rwyt) e 't dt
= ] RXX(T) (eiZna)OT N e—ianO‘r) e_in i
2 2
1[ , , , |
= Z J RXX(T)elzn'(uo’l'e—l(u‘L'dT e RXX(T)e _12mwyT e Wl dr
1[ ¢ , | . |
= Z J RXX(T)eLZRa)OTe—LwTdT + RXX(T)e _12TtwyT e Wl dr
1[ ¢ | |
= 7 J RXX(T)e—l(w—Zﬂwo)dT + RXX(T)e—l(w+2nw0)dT

— 00

1
= Z [Sxx((l) — 277,'(1)0) + SX)((C() + 277:(1)0)]
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Syy(w) =

I

[Sxx((l) - 27T(1)0) + Sxx((l) + 27’[0)0)]

—alt| . 4o
13.Show that the PSD of e 1+ alz]) is Era?

Solution:
Given R(7) = e~ (1 + a|7|)
The PSD of the process is given by

Sxx(w) = j Rxx(7)e Tt g
— (® ,—altl —iwT .. _ (T, —oo<<T< 0
=[_e A+ alt]) e7*Fdr -|T|—{T; 0<t<om

= f_oooe‘”(l —art) e”%dr + f_ooooe_“f(l + ar) e @Tdr

= f_ooo(l —ar) e(@@Tqr + fjooo(l + ar) e” @O gg

(a—iw)T (a—iw)T 0 —(a+iw)T —(a+iw)t1®
e ae e ae
= [(1 —atr) —— ; ] + [(1 + at) e : ]
a—iw (a-iw)? 1_ —(atiw) (at+iw)? 1,
1 a 1 a

a—iw (a—-iw)?  atio (atiw)?

1 1 a a

a—iw atio (x-iw)? (a+iw)?

ativ+a—iw ala+iow)?+ala—iw)?

3 (a—iw)(a+iw) (a+tiw)?(a—iw)?
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2a N ala? — w? + 2aiw + a? — w? — 2aiw]
a? + w? (a+ iw)?(a — iw)?

2« a(2a’? — 2w?)

T a? + w? (a? + w?)?

_2a(@® + w®) + aa’® - 2w?)
B (a? + w?)?

2a3 + 2aw? + 2a3 — 2aw?
& (a? + w?)?

4¢3

30 = Gz oy

14. Find the PSD of random binary process whose ACF is R(t) =

ey /
e(l‘[

Solution:

The PSD is given by

Sxx(w) = f RXX(T)e_in dt
— fe—arze—iwr dr
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— J e—(arz+iwr) dr

_ fe—[(\/ar)zﬂwr] dr

— 00

o je—[A2+2AB]dT

L J o-[(a+B)?-B2] 4

; _ lwt _ lwt _ iw
((~ where A = VJat;24B = iwt and B = . _zﬁr_zﬁ)

- [l

- | v GR)

— 00
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B J e_[ﬁH%r e(%)zdr

— 00

— Je [\/_T 2\/—] eﬁzdr

— 00

) e 2
= e% je_[\/_ﬂhﬁ_] dt

— 00

— 2
B 4—2 © —x2dx { iRt} = _ £2
=ew [ e 7 (-Let\/&T+2ﬁ—x,\/Edr—dx =>dr—\/&)
Ny
e4a ] 22 g
- e x
Va
—w2
esa 0 _.2
=\/E\/E («+ [ e dx=+m)
T —w?
S(w) = |—e4a
a

15.Find the power spectral density of the random process if its ACF is

a?c?

R(t)= e 2z

Solution:
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The PSD is given by

e}

Sxx(w) = jRXX(T)e_in dt

— 00

a?t?
A= Je— 7wt g0
— 00
(0e]
_a?ri2iwt
x e 2 dt
— 00
(0e]
_[a212+2iw‘r]
= Je 2 dt
— 00
(0e]
1.2
_ o —3lA*+24B] 4
— 00

1
_ f o —3lA+B?=B?] 5

MAB8451- PROBABILITY AND RANDOM PROCESSES



ROHINI COLLEGE OF ENGINEERING AND TECHNOLOGY

((~ where A = at;2AB = 2iwt and B = 2wt _ IoT ﬂ)

2A aTt a

_ ] e

V2dx

)

—w?2
0% o _.24+2dx 1
=ez? [ e =y (~ Let =

x \/_(ar+%)=x,izad1=dx = dt =

V2

—w? 00 —w? [e's)
= e2a? \/—Ef_ooe‘xz dx = e2a? \g\/% ( f_ooe_xz dx = V1)

a
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Problems to compute ACF if PSD of a process is given

o .
eledw
w? + a?

1 [ . o .
R(t) = - f Syx(w)e'"dw ; j d(w)e'"dw=1;
T
= —e
a

—alt|

T, |lwl <1

1. The PSD of a RP is given by S(w) = { . Find the ACF of the

0; else
process.
SOLUTION :
. (o |w] =1
Given S(w) = {0; f

The ACF of the process is given by

R(D) = = [% Sxx(@)e dw = [ me'“T dw
1,1 .

== f_l(cosa)r + isinwTt) dw

= % [f_ll coswtdw + i f_ll sinwt dw]
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= % [2 fol coswt dw + i(O)]

R(z) = [SiT:UT]O
R(z) =

2. The PSD function of zero mean WSS process {X(t)} is given by S(w) =

{1; lw| < wy

i V(4
0. else Find R(7) and show that X(t) and X(t + w—o) are uncorrelated.

Solution:

1, —wy<w< wg

Given S(w) = {0_ NI

The ACF of the process is given by

R(1) = —f Sxx(w)e* T dw = —f (1)8“‘” dw

1 £
= —[“° (coswT + isinwt) dw
2w T~ Wy

Wo
lfcoswrdw+l fsmwrdw
27‘[

—Wo —Wo

Wo
1
=—|2 dw +i(0
o fcoswr w ~+i(0)
0
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1 [sinwt]®°
R(T) - g[ T ]0
R(z) = sir:;or
(i.8) EIX(OX(t +1)] = 222
Put 7 = wl we get
, T
Sin\ wog —
Elxoxe+ wlo)] _ (l—(;‘“o)
Wo
= Sgn v sint =0
- E|X(OX(t +wl) “Cg e, 1)
0
Given mean of X(t) is zero
(i.e) E[X(®)]=0
T
= E[X(D]E [X(t + w—o)] 0 (2)

From (1) and (2), we get
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A VA
E X(t)X(t+w—O)] = E[X(O)]E [X(t+w—0)]

- X(t) and X (¢ +—) are uncorrelated.
0

b
2@-lol); lwl<a

3. If the PSD OF WSS process is given by S(w) = { :
0; lw| > a

Find auto correlation function

Solution :

b
- e s L\
Given S((,()) = {a (a |(l)|), asw=a
0; else

The ACF of the process is given by
R(T) = %f_mSXX(a))ele dow = Ef—aag(a — |(1)|)8le dw

1 b ra 3
=——]_(a—|w)e*" do

_1b ra o
y af_a(a |lw])(coswt + isinwt) dw

b ' '
= %Z [f_aa(a — |w)coswtdw + i f_aa(a — |w|)sinwt dw)

_ b
21Ta

[f_aa(a — lw)coswt dw + i(0)]
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b o5, —
=—2 J, (@ — w)coswt dw

a

b '(a _ w) sinwt _ coswr]

ma L T 2 I

b [—cosat 1
_|_ P

mal T2 T2

_ b '1—cosar]
mal 72
2b ., o art p )
R(7) = —sin*— ( 1 — cos@ = 2sin? —)
mart 2 2

AVERAGE POWER OF A PROCESS
DEFINITION :
The average power of the process is defined as Pyy =

lim — [ E[X? (©)]dt; if {X(£)} is given

NOTE: The average power of a process is nothing but the mean square value of the

process.

1
w?+4

1. Find the average power of a process whose PSD is S(w) =

Solution:
First compute the ACF of the process

The ACF of the process is given by
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1 [ |
R(7) = > fSXX(a))e“‘” dw

= l _2|T|

Average power of the process = R(0)

1

# R(0) =se® =1

S

1
Average power = "

2. Find the average power of a process {X(t)} if its PSD is given by

10w? + 35
(w? +4)(w?+9)

S(w) =

Solution :

) 10w?+35

Given S(w) = ——
( ) (w2+4)(w?2+9)

10x+35

2 _ —
Put w* = x,we get S(w) = YT
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10x+35 A B
(x+4)(x+9) (x+4)+(x+9)

Ax+9)+B(x+4) =10x+35........(1)
Putx = —9in (1), we get
A(=9+9)+B(—9+4) =-90+35
=> B =11
Putx = —4in (1), we get
A(—4+9)+B(—4+4) =—-40+ 35
= B =-1
Substitute the values of A,B in (1), we get

10x+35 -1 11
(x+4)(x+9) (x+4)+(x+9)

-1 B 11
(w?+4) (w?+9)

S(w) =

The ACF of the process is given by

1 [ |
R(1) = 5 fSXX(w)e“"T dw
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‘ 1
B nj (a)2+9) (w? +4)

}eiw‘r dw

= —|11 f(a)2+9) —_L(wezl%dw]

==|11 xZ e‘3|TI ——e‘zlfl]
2

Average power of the process = R(0)

11 1 19
o R(O) :?————

)

19
Average power = e

3. Given the power spectral density of a continuous process are S(w) =

219
—w4w5 275 Find the mean square value of the process.
Solution:

w?+9 w?+9
0*+5w2+4  (02+1)(w2+4)

Given S(w) =

x+9

2 _ —
Put w* = x, we get S(w) = GIDD
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x+9 _ A B
(x+1Dx+4) (x+1)+(x+4)

Ax+4)+B(x+1)=x+9
Putx = —4in (1), we get
A(—4+4) +B(—4+1) = —4+9

. -5
=B =—
3

Putx = —1in (1), we get

A(-1+4)+B(-1+1)=-1+9
J 8
> A==
3

Substitute the values of A,B in (1), we get

x+9 = 8 5
(x+D(x+4) 3(x+1) 3x+4)

5

S) =307 ¥ D 3@zt A

The ACF of the process is given by

1 [ |
R(1) = 5 fSXX(w)e“"T dw
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e}

5
21 f 3(0)2 +1) 3(w?+4)

N _[_ f(a)2+1)dw__ j(w2+4) ]

[ x e 17l — —2|T|]

}eiw‘r dw

A P ale=lr== _e—z|r|]
21 3

R(z) = = [Se—lfl Ay Ee—zlrl]
6 2

Average power of the process = R(0)

~R(0)=:[8-3] ==

11
Average power = I
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