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4.4 POWER SPECTRAL DENSITY 

DEFINITION : 

Let {X(t)} be a stationary random process. Then the power spectral density of 

{X(T)} is the Fourier transform of its auto correlation function. It is denoted by 

𝑆𝑋𝑋(𝜔) 𝑜𝑟 𝑠(𝜔) 

𝑆𝑋𝑋(𝜔) = 𝐹[𝑅𝑋𝑋(𝜏)] = ∫ 𝑅𝑋𝑋(𝜏)𝑒−𝑖𝜔𝜏
∞

−∞

𝑑𝜏 

Given the power spectral density 𝑆(𝜔), the auto correlation function 𝑅𝑋𝑋(𝜏) is 

given by the Fourier inverse transform. 

 (i.e)   

                                      𝑅𝑋𝑋(𝜏)     =
1

2𝜋
∫ 𝑆𝑋𝑋(𝜔) 𝑒

−𝑖𝜔𝜏∞

−∞
𝑑𝜔 

State any two uses of Spectral density 

Soln: 

i) The Power spectrum of a signal has important application in Electronic 

communication systems like Radio, Radars, Microwave communication 

and so on. 

ii) It is used in colorimetry. It is helpful in analyzing the color characteristics of 

a particular light source. 
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PROBLEMS UNDER POWER SPECTRAL DENSITY 

1. A WSS process {X(t)} has ACF 𝑹𝑿𝑿(𝝉) =  𝝆𝒆−𝟑|𝝉|. Where  𝝆 is a 

constant. Find the PSD OF {x(t)}. 

Soln: 

 Given 𝑅𝑋𝑋(𝜏) =  𝜌𝑒−3|𝜏|   

   

The PSD of {X(t)} is given by  

𝑆𝑋𝑋(𝜔) = ∫ 𝑅𝑋𝑋(𝜏)𝑒−𝑖𝜔𝜏
∞

−∞

𝑑𝜏 =  ∫  𝜌𝑒−3|𝜏|𝑒−𝑖𝜔𝜏
∞

−∞

𝑑𝜏  

                                                       = 𝜌 ∫  𝑒−3|𝜏|𝑒−𝑖𝜔𝜏∞

−∞
𝑑𝜏 

                                   == 𝜌 ∫  𝑒−3|𝜏|(𝑐𝑜𝑠𝜔𝜏 − 𝑖𝑠𝑖𝑛𝜔𝜏)
∞

−∞
𝑑𝜏 

                                                            = 𝜌 ∫  𝑒−3|𝜏|𝑐𝑜𝑠𝜔𝜏 𝑑𝜏 −
∞

−∞

𝑖𝜌 ∫  
∞

−∞
𝑒−3|𝜏|𝑠𝑖𝑛𝜔𝜏 𝑑𝜏 

= 2𝜌 ∫  𝑒−3|𝜏|𝑐𝑜𝑠𝜔𝜏 𝑑𝜏 − 𝑖𝜌 (0)
∞

0
 

= 2𝜌 ∫  𝑒−3|𝜏|𝑐𝑜𝑠𝜔𝜏 𝑑𝜏
∞

0
                   ∵ ∫  𝑒−𝑎𝑡𝑐𝑜𝑠𝑏𝑡 𝑑𝑡 =

∞

0

𝑎

𝑎2+𝑏2

 
 

= 2𝜌 (
3

32+𝜔2
) 

 =(
6 𝜌

32+𝜔2
) 
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2. Find the PSD for X(t) if 𝑹(𝝉) = {
𝟏 − |𝝉|, |𝝉| ≤ 𝟏
 𝟎, 𝒆𝒍𝒔𝒆𝒘𝒉𝒆𝒓𝒆

 

Solution: 

The PSD of the process is given by 𝑆(𝜔) = ∫ 𝑅(𝜏)𝑒−𝑖𝜔𝜏𝑑𝜏
∞

−∞
 

                                          = ∫ (1 − |𝜏|)𝑒−𝑖𝜔𝜏𝑑𝜏
1

−1
  

                                          = ∫ (1 − |𝜏|)(𝑐𝑜𝑠𝜔𝜏 − 𝑖𝑠𝑖𝑛 𝜔𝜏)𝑑𝜏
1

−1
 

                                        = ∫ (1 − |𝜏|)𝑐𝑜𝑠𝜔𝜏𝑑𝜏
1

−1
− 𝑖 ∫ (1 − |𝜏|)𝑠𝑖𝑛𝜔𝜏𝑑𝜏

1

−1
 

                                        = ∫ (1 − |𝜏|)𝑐𝑜𝑠𝜔𝜏𝑑𝜏
1

−1
− 𝑖 (0)        

                                       = 2 ∫ (1 − |𝜏|)𝑐𝑜𝑠𝜔𝜏𝑑𝜏
1

0
 

                                      = 2 [(1 − 𝜏) (
𝑠𝑖𝑛𝜔𝜏

𝜔
) − (−1) (−

𝑐𝑜𝑠𝜔𝜏

𝜔2
)]

0

1
 

                                          = 2 [0 −  
𝑐𝑜𝑠𝜔

𝜔2
− 0 +

1

𝜔2
] 

                                              = 2 [ 
1−𝑐𝑜𝑠𝜔

𝜔2
] 

 

3. The ACF of the Poisson increment process is given by 
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 𝑹(𝝉) = {
𝝀𝟐, |𝝉| > 𝝐

 𝝀𝟐 +
𝝀

𝝐
(𝟏 −

|𝝉|

𝝐
) , |𝝉| ≤ 𝝐

 Prove that its spectral density is given by 

𝑺(𝝎) = 𝟐𝝅𝝀𝟐𝜹(𝝎) +
𝟒𝝀

𝝎𝟐𝝐𝟐
𝒔𝒊𝒏𝟐 𝝎𝝐

𝟐
 

Solution: 

Given 𝑅(𝜏) = {
𝜆2, |𝜏| > 𝜖

 𝜆2 +
𝜆

𝜖
(1 −

|𝜏|

𝜖
) , |𝜏| ≤ 𝜖

 

The PSD of the process is given by 𝑆(𝜔) = ∫ 𝑅(𝜏)𝑒−𝑖𝜔𝜏𝑑𝜏
∞

−∞
 

= ∫ 𝜆2𝑒−𝑖𝜔𝜏𝑑𝜏

−𝜖

−∞

+ ∫ [𝜆2 +
𝜆

𝜖
(1 −

|𝜏|

𝜖
)]

𝜖

−𝜖

𝑒−𝑖𝜔𝜏𝑑𝜏 + ∫ 𝜆2𝑒−𝑖𝜔𝜏𝑑𝜏

∞

𝜖

 

= ∫ 𝜆2𝑒−𝑖𝜔𝜏𝑑𝜏

−𝜖

−∞

+ ∫ 𝜆2𝑒−𝑖𝜔𝜏𝑑𝜏

𝜖

−𝜖

+ ∫
𝜆

𝜖
(1 −

|𝜏|

𝜖
) 𝑒−𝑖𝜔𝜏𝑑𝜏 +

𝜖

−𝜖

∫ 𝜆2𝑒−𝑖𝜔𝜏𝑑𝜏

∞

𝜖

 

 

= ∫ 𝜆2𝑒−𝑖𝜔𝜏𝑑𝜏

−𝜖

−∞

+ ∫ 𝜆2𝑒−𝑖𝜔𝜏𝑑𝜏

𝜖

−𝜖

+ ∫ 𝜆2𝑒−𝑖𝜔𝜏𝑑𝜏

∞

𝜖

+
𝜆

𝜖
∫ (1 −

|𝜏|

𝜖
) 𝑒−𝑖𝜔𝜏𝑑𝜏

𝜖

−𝜖

 

= ∫ 𝜆2𝑒−𝑖𝜔𝜏𝑑𝜏 +
𝜆

𝜖
∫ (1 −

|𝜏|

𝜖
) 𝑒−𝑖𝜔𝜏𝑑𝜏

𝜖

−𝜖

∞

−∞

 

= 𝜆2 ∫ 𝑒−𝑖𝜔𝜏𝑑𝜏 +
𝜆

𝜖
∫ (1 −

|𝜏|

𝜖
) (𝑐𝑜𝑠𝜔𝜏 − 𝑖𝑠𝑖𝑛𝜔𝜏)𝑑𝜏

𝜖

−𝜖

∞

−∞
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=𝜆22𝜋𝛿(𝜔) +
𝜆

𝜀
[∫ (1 −

|𝜏|

𝜀

𝜀

−𝜀
)𝑐𝑜𝑠𝜔𝜏𝑑𝜏 − 𝑖 ∫ (1 −

|𝜏|

𝜀

𝜀

−𝜀
)𝑠𝑖𝑛𝜔𝜏𝑑𝜏]=  

= 𝜆22𝜋𝛿(𝜔) + 2
𝜆

𝜀
[∫ (1 −

|𝜏|

𝜀

𝜀

0
)𝑐𝑜𝑠𝜔𝜏𝑑𝜏 − 𝑖(0)] 

= 𝜆22𝜋𝛿(𝜔) +
𝜆

𝜀
[∫ (1 −

|𝜏|

𝜀

   

     
)

𝑠𝑖𝑛𝜔𝜏

𝜔
− (−

1

𝜀
) (

−𝑐𝑜𝑠𝜔𝜏

𝜔2
)]

0

𝜀

 

 

= 2𝜋𝜆2𝛿(𝜔) +
2𝜆

𝜔
[0 −

1

𝜖

𝑐𝑜𝑠𝜔𝜖

𝜔2 − 0 +
1

𝜖𝜔2] 

= 2𝜋𝜆2𝛿(𝜔) +
2𝜆

𝜖2𝜔2
[1 − 𝑐𝑜𝑠𝜔𝜖] 

𝑆(𝜔) = 2𝜋𝜆2𝛿(𝜔) +
4𝜆

𝜔2𝜖2 𝑠𝑖𝑛2
𝜔𝜖

2
 

4. Find the PSD for the random telegraph signal process. 

SOLUTION: 

The ACF of the random telegraph signal process is 𝑅(𝜏) =  𝑒−2𝜆|𝜏|  

The PSD of the process is given by  

𝑆(𝜔) =  ∫ 𝑅(𝜏)𝑒−𝑖𝜔𝜏

∞

−∞

𝑑𝜏 

                                                                          = ∫ 𝑒−2𝜆|𝜏|𝑒−𝑖𝜔𝜏∞

−∞
𝑑𝜏 

   = ∫ 𝑒−2𝜆|𝜏| 
(𝑐𝑜𝑠𝜔𝜏 − 𝑖𝑠𝑖𝑛𝜔𝜏)

∞

−∞
𝑑𝜏 

= ∫ 𝑒−2𝜆|𝜏| 
𝑐𝑜𝑠𝜔𝜏 𝑑𝜏 − 𝑖 ∫ 𝑒−2𝜆|𝜏|∞

−∞
𝑠𝑖𝑛𝜔𝜏

∞

−∞
𝑑𝜏 
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=  ∫ 𝑒−2𝜆|𝜏| 
𝑐𝑜𝑠𝜔𝜏 𝑑𝜏 − 𝑖(0)

∞

−∞
 

= 2 ∫ 𝑒−2𝜆𝜏 
𝑐𝑜𝑠𝜔𝜏 𝑑𝜏

∞

0
 

 = 2 [
2𝜆

4𝜆2+𝜔2
] 

 

 𝑆(𝜔) = 2 [
2𝜆

4𝜆2+𝜔2
] 

 

5. Find the Power spectral density of random process , if its ACF is 

given by 𝑹(𝝉) =  𝒆−𝒂|𝝉|𝒄𝒐𝒔𝜷𝝉. 

Solution : 

 Given 𝑅(𝜏) =  𝑒−𝑎|𝜏|𝑐𝑜𝑠𝛽𝜏. 

The PSD of the process is given by  

𝑆(𝜔) =  ∫ 𝑅(𝜏)𝑒−𝑖𝜔𝜏

∞

−∞

𝑑𝜏 

                                                                          = ∫ 𝑒−𝑎|𝜏|𝑐𝑜𝑠𝛽𝜏𝑒−𝑖𝜔𝜏∞

−∞
𝑑𝜏 

 

= ∫ 𝑒−𝑎|𝜏|𝑐𝑜𝑠𝛽𝜏(𝑐𝑜𝑠𝜔𝜏 − 𝑖𝑠𝑖𝑛𝜔𝜏) 

∞

−∞

𝑑𝜏 

= ∫ 𝑒−𝑎|𝜏|𝑐𝑜𝑠𝛽𝜏𝑐𝑜𝑠𝜔𝜏 𝑑𝜏 − 𝑖 ∫ 𝑒−𝑎|𝜏|𝑐𝑜𝑠𝛽𝜏

∞

−∞

𝑠𝑖𝑛𝜔𝜏

∞

−∞

𝑑𝜏 
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= 2 ∫ 𝑒−𝑎𝜏𝑐𝑜𝑠𝛽𝜏𝑐𝑜𝑠𝜔𝜏 𝑑𝜏 − 𝑖(0)

∞

0

 

= 2 ∫ 𝑒−𝑎𝜏𝑐𝑜𝑠𝛽𝜏𝑐𝑜𝑠𝜔𝜏 𝑑𝜏

∞

0

 

= 2 ∫ 𝑒−𝑎𝜏 [
cos(𝛽 + 𝜔) 𝜏 + cos (𝛽 − 𝜔)𝜏

2
]  𝑑𝜏

∞

0

 

=∫ 𝑒−𝑎𝜏 cos(𝛽 + 𝜔) 𝜏 𝑑𝜏 + ∫ 𝑒−𝑎𝜏cos (𝛽 − 𝜔) 𝑑𝜏
∞

0

∞

0
 

𝑆(𝜔) =  
𝛼

𝛼2+(𝛽+𝜔)2
+

𝛼

𝛼2+(𝛽−𝜔)2
   

6. Find the spectral density of the random process {X(t)} whose ACF is 

given by 𝑹(𝝉) = {
−𝟏 −𝟐 < 𝝉 < 𝟐
𝟎 𝒐𝒕𝒉𝒆𝒓𝒘𝒊𝒔𝒆

  

 

Solution: 

The PSD of the process is given by  

𝑆(𝜔) =  ∫ 𝑅(𝜏)𝑒−𝑖𝜔𝜏

∞

−∞

𝑑𝜏 

                                                                          = ∫ (−1)𝑒−𝑖𝜔𝜏2

−2
𝑑𝜏 

                                                                   =  

= − ∫(𝑐𝑜𝑠𝜔𝜏 − 𝑖𝑠𝑖𝑛𝜔𝜏) 

2

−2

𝑑𝜏 
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= − ∫ 𝑐𝑜𝑠𝜔𝜏 𝑑𝜏 + 𝑖 ∫ 𝑠𝑖𝑛𝜔𝜏

2

−2

 2

−2

𝑑𝜏 

=  −2 ∫ 𝑐𝑜𝑠𝜔𝜏 𝑑𝜏

2

0

+ 𝑖(0) 

 = −2 (
𝑠𝑖𝑛𝜔𝜏

𝜔
)

0

2
 

𝑆(𝜔) =  
−2𝑠𝑖𝑛2𝜔

𝜔
 

7. Find the PSD of the Random process whose auto correlation 

function is     𝑹(𝝉) =  {𝟏 −
|𝝉|

𝑻
|𝝉| < 𝑻

𝟎 𝒆𝒍𝒔𝒆𝒘𝒉𝒆𝒓𝒆
 

 

Solution: 

 

The PSD of the process is given by  

𝑆(𝜔) =  ∫ 𝑅(𝜏)𝑒−𝑖𝜔𝜏

∞

−∞

𝑑𝜏 

 =  ∫ 1 −
|𝜏|

𝑇
𝑒−𝑖𝜔𝜏𝑇

−𝑇
𝑑𝜏 
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=  ∫ 1 −
|𝜏|

𝑇
(𝑐𝑜𝑠𝜔𝜏 − 𝑖𝑠𝑖𝑛𝜔𝜏) 

𝑇

−𝑇

𝑑𝜏 

 

=  ∫ (1 −
|𝜏|

𝑇
) 𝑐𝑜𝑠𝜔𝜏 𝑑𝜏 − 𝑖 ∫ (1 −

|𝜏|

𝑇
)

𝑇

−𝑇

𝑠𝑖𝑛𝜔𝜏  

𝑇

−𝑇

𝑑𝜏 

= 2 ∫ (1 −
𝜏

𝑇
) 𝑐𝑜𝑠𝜔𝜏 𝑑𝜏 − 𝑖(0) 

𝑇

0

 

= 2 ∫ (1 −
𝜏

𝑇
) 𝑐𝑜𝑠𝜔𝜏 𝑑𝜏  

𝑇

0

 

= 2 [(1 −
𝜏

𝑇
)

𝑠𝑖𝑛𝜔𝜏

𝜔
− (−

1

𝑇
) (

−𝑐𝑜𝑠𝜔𝜏

𝜔2 )]
0

𝑇

 

= 2 [
−𝑐𝑜𝑠𝜔𝑇

𝑇𝜔2 + 0 +
1

𝑇𝜔2] 

=  
2(1−𝑐𝑜𝑠𝜔𝑇)

𝑇𝜔2
                        (1 − 𝑐𝑜𝑠𝜃 = 2 𝑠𝑖𝑛2 𝜃

2
) 

= 
2

𝑇𝜔2
[2𝑠𝑖𝑛2 𝜔𝑇

2
] 

𝑆(𝜔) =  
4

𝑇𝜔2 𝑠𝑖𝑛2
𝜔𝑇

2
 

 

 

NOTE : 
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∫ 𝑒−𝑖𝜔𝜏

∞

−∞

𝑑𝜏 = 2𝜋𝛿(𝜔) 

 

8. If {X(t)} is a constant random process with 𝑹(𝝉) =  𝒎𝟐 for all , 

where m is constant , show that the spectral density of the process is 

𝑺(𝝎) = 𝟐𝝅𝒎𝟐𝜹(𝝎) 

Solution : 

 Given 𝑅(𝜏) =  𝑚2 for all 𝜏 

The PSD of the process is given by  

𝑆(𝜔) =  ∫ 𝑅(𝜏)𝑒−𝑖𝜔𝜏

∞

−∞

𝑑𝜏 

 

= ∫ 𝑚2𝑒−𝑖𝜔𝜏

∞

−∞

𝑑𝜏 

= 𝑚2 ∫ 𝑒−𝑖𝜔𝜏

∞

−∞

𝑑𝜏 

𝑆(𝜔) = 2𝜋𝑚2𝛿(𝜔) 
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9. Find the PSD of random process { X(t)} if E[X(t)] = 1 and 𝑹𝑿𝑿(𝝉) =

𝟏 + 𝒆−𝜶|𝝉| 

SOLUTION : 

 

The PSD of the process is given by  

𝑆(𝜔) =  ∫ 𝑅(𝜏)𝑒−𝑖𝜔𝜏

∞

−∞

𝑑𝜏 

= ∫ (1 + 𝑒−𝛼|𝜏|)𝑒−𝑖𝜔𝜏∞

−∞
𝑑𝜏 

 

= ∫ 𝑒−𝑖𝜔𝜏

∞

−∞

𝑑𝜏 + ∫(𝑒−𝛼|𝜏|)𝑒−𝑖𝜔𝜏

∞

−∞

𝑑𝜏 

= 2𝜋𝛿(𝜔) + ∫(𝑒−𝛼|𝜏|)(𝑐𝑜𝑠𝜔𝜏 − 𝑖𝑠𝑖𝑛𝜔𝜏)

∞

−∞

𝑑𝜏 

= 2𝜋𝛿(𝜔) + ∫(𝑒−𝛼|𝜏|)𝑐𝑜𝑠𝜔𝜏 𝑑𝜏 − 𝑖 ∫ (𝑒−𝛼|𝜏|)

∞

−∞

𝑠𝑖𝑛𝜔𝜏

∞

−∞

𝑑𝜏 

 

= 2𝜋𝛿(𝜔) + 2 ∫ (𝑒−𝛼𝜏)𝑐𝑜𝑠𝜔𝜏 𝑑𝜏 − 𝑖(0)

∞

0
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= 2𝜋𝛿(𝜔) + 2 ∫(𝑒−𝛼𝜏)𝑐𝑜𝑠𝜔𝜏 𝑑𝜏

∞

0

 

 

= 2𝜋𝛿(𝜔) + 2
𝛼

𝛼2 + 𝜔2 

 

𝑆(𝜔) = 2𝜋𝛿(𝜔) +
2𝛼

𝛼2 + 𝜔2 

 

10. Find the spectral density function of whose ACF is given by 

𝑹𝑿𝑿(𝝉) =
𝑨𝟐

𝟐
𝒄𝒐𝒔𝝎𝟎𝝉 

Solution: 

The PSD of the process is given by  

𝑆𝑋𝑋(𝜔) =  ∫ 𝑅𝑋𝑋(𝜏)𝑒−𝑖𝜔𝜏

∞

−∞

𝑑𝜏 

= ∫
𝐴2

2
𝑐𝑜𝑠𝜔0𝜏 𝑒−𝑖𝜔𝜏

∞

−∞

𝑑𝜏 

=  
𝐴2

2
∫ (

𝑒𝑖𝜔0𝜏 + 𝑒−𝑖𝜔0𝜏

2
)

∞

−∞

𝑒−𝑖𝜔𝜏 𝑑𝜏 

=  
𝐴2

4
[  ∫ 𝑒𝑖𝜔0𝜏𝑒−𝑖𝜔𝜏

∞

−∞

𝑑𝜏+  =  ∫ 𝑒−𝑖𝜔0𝜏𝑒−𝑖𝜔𝜏

∞

−∞

𝑑𝜏] 
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=  
𝐴2

4
[  ∫ 𝑒−𝑖(𝜔−𝜔0)𝜏 

∞

−∞

 𝑑𝜏 + ∫ 𝑒−𝑖(𝜔+𝜔0)𝜏 

∞

−∞

𝑑𝜏] 

 =  
𝐴2

4
[2𝜋𝛿(𝜔 − 𝜔0) + 2𝜋𝛿(𝜔 + 𝜔0)] 

 

𝑆𝑋𝑋(𝜔) =  
𝜋𝐴2

2
[𝛿(𝜔 − 𝜔0) + 𝛿(𝜔 + 𝜔0)] 

 

11.  Let  𝑿(𝒕) = 𝒂 𝐜𝐨𝐬(𝒃𝒕 + 𝒚), where y is a RV uniform in ( , 𝟐𝝅) and 

𝒃, 𝝎 are constants. Find the PSD of { X(t)} 

SOLUTION : 

 Given 𝑋(𝑡) = 𝑎 cos(𝑏𝑡 + 𝑦), where y is a RV uniform in ( 0,2𝜋) 

𝑓(𝑦) =  
1

2𝜋
; 0 < 𝑦 < 2𝜋 

Since { X(t)} is given , first find the ACF 𝑅𝑋𝑋(𝜏) 

The ACF of the process is given by  

𝑅(𝜏) = 𝐸[𝑎 cos(𝑏𝑡 + 𝑦) 𝑎 cos(𝑏𝑡 + 𝑦)] 

                                          = 𝑎2𝐸[cos(𝑏𝑡1 + 𝑦) cos (𝑏𝑡2 + 𝑦] 

                         = 
𝑎2

2
 𝐸[cos(𝑏𝑡1 + 𝑦 + 𝑏𝑡2 + 𝑦) + cos (𝑏𝑡1 + 𝑦 − 𝑏𝑡2 − 𝑦)] 

                             = 
𝑎2

2
 𝐸[cos(𝑏𝑡1 + 𝑏𝑡2 + 2𝑦) + cos (𝑏𝑡1 − 𝑏𝑡2)] 
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  = 
𝑎2

2
 𝐸[cos(𝑏𝑡1 + 𝑏𝑡2 + 2𝑦) + cos b(𝑡1 − 𝑡2)] 

= 
𝑎2

2
 𝐸[cos(𝑏𝑡1 + 𝑏𝑡2 + 2𝑦)] +

𝑎2

2
𝑐𝑜𝑠𝑏𝜏 

= 
𝑎2

2
∫ cos(𝑏𝑡1 + 𝑏𝑡2 + 2𝑦) 𝑓(𝑦)𝑑𝑦

2𝜋

0
 + 

𝑎2

2
𝑐𝑜𝑠𝑏𝜏 

= 
𝑎2

2
∫ cos(𝑏𝑡1 + 𝑏𝑡2 + 2𝑦)

1

2𝜋
𝑑𝑦

2𝜋

0
 + 

𝑎2

2
𝑐𝑜𝑠𝑏𝜏 

= 
𝑎2

4𝜋
[

sin (𝑏𝑡1+𝑏𝑡2+2𝑦)

2
]

0

2𝜋
+ 

𝑎2

2
𝑐𝑜𝑠𝑏𝜏 

= 
𝑎2

8𝜋
[sin(𝑏𝑡1 + 𝑏𝑡2 + 4𝜋) − sin (𝑏𝑡1 + 𝑏𝑡2)]+ 

𝑎2

2
𝑐𝑜𝑠𝑏𝜏 

 = 
𝑎2

8𝜋
[sin(𝑏𝑡1 + 𝑏𝑡2) − sin (𝑏𝑡1 + 𝑏𝑡2)]+ 

𝑎2

2
𝑐𝑜𝑠𝑏𝜏 

= 
𝑎2

8𝜋
(0) +

𝑎2

2
𝑐𝑜𝑠𝑏𝜏 

𝑅(𝜏) =
𝑎2

2
𝑐𝑜𝑠𝑏𝜏 

The PSD of the process is given by  

𝑆𝑋𝑋(𝜔) =  ∫ 𝑅𝑋𝑋(𝜏)𝑒−𝑖𝜔𝜏

∞

−∞

𝑑𝜏  = ∫
𝑎2

2
𝑐𝑜𝑠𝑏𝜏𝑒−𝑖𝜔𝜏

∞

−∞

𝑑𝜏 

=  
𝑎2

2
∫ (

𝑒𝑖𝑏𝜏 + 𝑒−𝑖𝑏𝜏

2
) 𝑒−𝑖𝜔𝜏

∞

−∞

𝑑𝜏 

=  
𝑎2

4
[ ∫ 𝑒𝑖𝑏𝜏𝑒−𝑖𝜔𝜏

∞

−∞

𝑑𝜏 + ∫ 𝑒−𝑖𝑏𝜏𝑒−𝑖𝜔𝜏

∞

−∞

𝑑𝜏] 
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=  
𝑎2

4
[ ∫ 𝑒−𝑖(𝜔−𝑏)𝜏

∞

−∞

𝑑𝜏 + ∫ 𝑒−𝑖(𝜔+𝑏)𝜏

∞

−∞

𝑑𝜏] 

=
𝑎2

4
[2𝜋𝛿(𝜔 − 𝑏) + 2𝜋𝛿(𝜔 + 𝑏)] 

=
𝜋𝑎2

2
[𝛿(𝜔 − 𝑏) + 𝛿(𝜔 + 𝑏)] 

 

𝑆𝑋𝑋(𝜔) =
𝜋𝑎2

2
[𝛿(𝜔 − 𝑏) + 𝛿(𝜔 + 𝑏)] 

 

12.  Find the PSD of a process 𝒀(𝒕) = 𝑿(𝒕) 𝐜𝐨𝐬(𝟐𝝅𝝎𝟎𝒕 + 𝜽), where 

{X(t)} is a WSS random process and 𝜽 is uniformly distributed over  

( 𝟎, 𝟐𝝅) which is independent of X(t). 

Solution: 

Given 𝑌(𝑡) = 𝑋(𝑡) cos(2𝜋𝜔0𝑡 + 𝜃), where 𝜃 is uniformly distributed over 

 ( 0,2𝜋) 

𝑓(𝜃) =  
1

2𝜋
, 0 < 𝜃 < 2𝜋 

Also { X(t)} is a WSS process 

∴ (𝑖)𝐸[𝑋(𝑡)]𝑖𝑠 𝑎 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 

(𝑖𝑖)𝑅𝑋𝑋(𝑡1, 𝑡2) is a function of 𝜏 

∴  𝑅𝑋𝑋(𝑡1, 𝑡2) =  𝑅𝑋𝑋(𝜏)  



ROHINI COLLEGE OF ENGINEERING AND TECHNOLOGY 

MA8451- PROBABILITY AND RANDOM PROCESSES 

To find 𝑆𝑌𝑌(𝜔) first we find  𝑅𝑌𝑌(𝜏) 

The ACF of the process is given by  

𝑅𝑌𝑌(𝜏) = 𝐸[𝑌(𝑡1)𝑌(𝑡2)] 

                                            = 𝐸[𝑋(𝑡1)cos(2𝜋𝜔0𝑡1 + 𝜃) cos (2𝜋𝜔0𝑡2 + 𝜃)] 

                             = 𝐸[𝑋(𝑡1)𝑋(𝑡2)]E[cos(2𝜋𝜔0𝑡1 + 𝜃) cos (2𝜋𝜔0𝑡2 + 𝜃)]     

= 
𝑅𝑋𝑋(𝜏)

2
 E[cos( 2𝜋𝜔0𝑡1 + 𝜃 + 2𝜋𝜔0𝑡2 + 𝜃) +cos(2𝜋𝜔0𝑡1 + 𝜃 − 2𝜋𝜔0𝑡2 − 𝜃)] 

• = 
𝑅𝑋𝑋(𝜏)

2
 E[cos( 2𝜋𝜔0𝑡1 + 2𝜋𝜔0𝑡2 + 2𝜃) + cos(2𝜋𝜔0𝑡1 + 2𝜋𝜔0𝑡2) 

• = 
𝑅𝑋𝑋(𝜏)

2
∫  cos( 2𝜋𝜔0𝑡1 + 2𝜋𝜔0𝑡2 + 2𝜃) 𝑓(𝜃)𝑑𝜃

2𝜋

0
 + 

𝑅𝑋𝑋(𝜏)

2
cos(2𝜋𝜔0(𝑡1 − 𝑡2) 

= 
𝑅𝑋𝑋(𝜏)

2
∫  cos( 2𝜋𝜔0𝑡1 + 2𝜋𝜔0𝑡2 + 2𝜃)

1

2𝜋
𝑑𝜃

2𝜋

0
 

𝑅𝑋𝑋(𝜏)

2
cos(2𝜋𝜔0𝜏)= 

𝑅𝑋𝑋(𝜏)

4𝜋
[

sin(2𝜋𝜔0𝑡1+)2𝜋𝜔0𝑡2+2𝜃)

2
]

0

2𝜋

+  
𝑅𝑋𝑋(𝜏)

2
cos(2𝜋𝜔0𝜏) 

= 
𝑅𝑋𝑋(𝜏)

8𝜋
[sin(2𝜋𝜔0𝑡1 +) 2𝜋𝜔0𝑡2 + 4𝜋)] − sin(2𝜋𝜔0𝑡1 +) 2𝜋𝜔0𝑡2) +

 
𝑅𝑋𝑋(𝜏)

2
cos(2𝜋𝜔0𝜏) 

= 
𝑅𝑋𝑋(𝜏)

8𝜋
[sin(2𝜋𝜔0𝑡1 +) 2𝜋𝜔0𝑡2)] − sin(2𝜋𝜔0𝑡1 +) 2𝜋𝜔0𝑡2) +

 
𝑅𝑋𝑋(𝜏)

2
cos(2𝜋𝜔0𝜏) 

= 
𝑅𝑋𝑋(𝜏)

8𝜋
(0) +

𝑅𝑋𝑋(𝜏)

2
cos(2𝜋𝜔0𝜏) 
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𝑅𝑌𝑌(𝜏) =
𝑅𝑋𝑋(𝜏)

2
cos(2𝜋𝜔0𝜏) 

The PSD of y(t) is given by  

𝑆𝑌𝑌(𝜔) =  ∫ 𝑅𝑌𝑌(𝜏)𝑒−𝑖𝜔𝜏

∞

−∞

𝑑𝜏 

 

=  ∫
𝑅𝑋𝑋(𝜏)

2
cos(2𝜋𝜔0𝜏) 𝑒−𝑖𝜔𝜏

∞

−∞

𝑑𝜏 

 

=  ∫
𝑅𝑋𝑋(𝜏)

2
(

𝑒𝑖2𝜋𝜔0𝜏 + 𝑒−𝑖2𝜋𝜔0𝜏

2
) 𝑒−𝑖𝜔𝜏

∞

−∞

𝑑𝜏 

=
1

4
[ ∫ 𝑅𝑋𝑋(𝜏)𝑒𝑖2𝜋𝜔0𝜏𝑒−𝑖𝜔𝜏𝑑𝜏 + 𝑅𝑋𝑋(𝜏)𝑒 −𝑖2𝜋𝜔0𝜏 𝑒−𝑖𝜔𝜏𝑑𝜏

∞

−∞

] 

=
1

4
[ ∫ 𝑅𝑋𝑋(𝜏)𝑒𝑖2𝜋𝜔0𝜏𝑒−𝑖𝜔𝜏𝑑𝜏 + 𝑅𝑋𝑋(𝜏)𝑒 −𝑖2𝜋𝜔0𝜏 𝑒−𝑖𝜔𝜏𝑑𝜏

∞

−∞

] 

=
1

4
[ ∫ 𝑅𝑋𝑋(𝜏)𝑒−𝑖(𝜔−2𝜋𝜔0)𝑑𝜏 + 𝑅𝑋𝑋(𝜏)𝑒−𝑖(𝜔+2𝜋𝜔0)𝑑𝜏

∞

−∞

] 

 

=
1

4
[𝑆𝑋𝑋(𝜔 − 2𝜋𝜔0) + 𝑆𝑋𝑋(𝜔 + 2𝜋𝜔0)] 
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𝑆𝑌𝑌(𝜔) = 
1

4
[𝑆𝑋𝑋(𝜔 − 2𝜋𝜔0) + 𝑆𝑋𝑋(𝜔 + 2𝜋𝜔0)] 

13. Show that the PSD of 𝒆−𝜶|𝝉|(𝟏 + 𝜶|𝝉|)  is 
𝟒𝜶𝟑

(𝜶𝟐+𝝎𝟐)𝟐
 

Solution: 

Given 𝑅(𝜏) = 𝑒−𝛼|𝜏|(1 + 𝛼|𝜏|)   

The PSD of the process is given by  

𝑆𝑋𝑋(𝜔) =  ∫ 𝑅𝑋𝑋(𝜏)𝑒−𝑖𝜔𝜏

∞

−∞

𝑑𝜏 

= ∫ 𝑒−𝛼|𝜏|(1 + 𝛼|𝜏|)  𝑒−𝑖𝜔𝜏∞

−∞
𝑑𝜏                                  ∵ |𝜏| = {

−𝜏; −∞ < 𝜏 < 0
𝜏; 0 < 𝜏 < ∞

 

= ∫ 𝑒𝛼𝜏(1 − 𝛼𝜏)  𝑒−𝑖𝜔𝜏0

−∞
𝑑𝜏  + ∫ 𝑒−𝛼𝜏(1 + 𝛼𝜏)  𝑒−𝑖𝜔𝜏∞

−∞
𝑑𝜏     

=  ∫ (1 − 𝛼𝜏)  𝑒(𝛼−𝑖𝜔)𝜏0

−∞
𝑑𝜏  + ∫ (1 + 𝛼𝜏)  𝑒−(𝛼+𝑖𝜔)𝜏∞

−∞
𝑑𝜏         

= [(1 − 𝛼𝜏)
𝑒(𝛼−𝑖𝜔)𝜏

𝛼−𝑖𝜔
+

𝛼𝑒(𝛼−𝑖𝜔)𝜏

(𝛼−𝑖𝜔)2
]

−∞

0

+ [(1 + 𝛼𝜏)
𝑒−(𝛼+𝑖𝜔)𝜏

−(𝛼+𝑖𝜔)
−

𝛼𝑒−(𝛼+𝑖𝜔)𝜏

(𝛼+𝑖𝜔)2
]

0

∞

                           

=  
1

𝛼−𝑖𝜔
+

𝛼

(𝛼−𝑖𝜔)2
+

1

𝛼+𝑖𝜔
+

𝛼

(𝛼+𝑖𝜔)2
                        

      = 
1

𝛼−𝑖𝜔
+

1

𝛼+𝑖𝜔
+

𝛼

(𝛼−𝑖𝜔)2
+

𝛼

(𝛼+𝑖𝜔)2
        

=
𝛼+𝑖𝜔+𝛼−𝑖𝜔

(𝛼−𝑖𝜔)(𝛼+𝑖𝜔)
+

𝛼(𝛼+𝑖𝜔)2+𝛼(𝛼−𝑖𝜔)2

(𝛼+𝑖𝜔)2(𝛼−𝑖𝜔)2
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=  
2𝛼

𝛼2 + 𝜔2 +
𝛼[𝛼2 − 𝜔2 + 2𝛼𝑖𝜔 + 𝛼2 − 𝜔2 − 2𝛼𝑖𝜔]

(𝛼 + 𝑖𝜔)2(𝛼 − 𝑖𝜔)2  

=
2𝛼

𝛼2 + 𝜔2
+

𝛼(2𝛼2 − 2𝜔2)

(𝛼2 + 𝜔2)2
 

=
2𝛼(𝛼2 + 𝜔2) + 𝛼(2𝛼2 − 2𝜔2)

(𝛼2 + 𝜔2)2
 

=
2𝛼3 + 2𝛼𝜔2 + 2𝛼3 − 2𝛼𝜔2

(𝛼2 + 𝜔2)2  

𝑆(𝜔) =  
4𝛼3

(𝛼2 + 𝜔2)2 

14.  Find the PSD of random binary process whose ACF  is 𝑹(𝝉) =

 𝒆−𝜶𝝉𝟐
 

Solution: 

The PSD is given by  

𝑆𝑋𝑋(𝜔) =  ∫ 𝑅𝑋𝑋(𝜏)𝑒−𝑖𝜔𝜏

∞

−∞

𝑑𝜏 

  

=  ∫ 𝑒−𝛼𝜏2
𝑒−𝑖𝜔𝜏

∞

−∞

𝑑𝜏 
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=  ∫ 𝑒−(𝛼𝜏2+𝑖𝜔𝜏)

∞

−∞

𝑑𝜏 

=  ∫ 𝑒
−[(√𝛼𝜏)

2
+𝑖𝜔𝜏]

∞

−∞

𝑑𝜏 

 

=  ∫ 𝑒−[𝐴2+2𝐴𝐵]

∞

−∞

𝑑𝜏 

 

=  ∫ 𝑒−[(𝐴+𝐵)2−𝐵2]

∞

−∞

𝑑𝜏 

((∵ 𝑤ℎ𝑒𝑟𝑒 𝐴 =  √𝛼𝜏; 2𝐴𝐵 =  𝑖𝜔𝜏  and      𝐵 =  
 𝑖𝜔𝜏

2𝐴
=

 𝑖𝜔𝜏

2√𝛼𝜏
=

 𝑖𝜔

2√𝛼
) 

 

=  ∫ 𝑒
−{[√𝛼𝜏+

 𝑖𝜔

2√𝛼
]

2

−(
 𝑖𝜔

2√𝛼
)

2

}
∞

−∞

𝑑𝜏 

 

=  ∫ 𝑒
−[√𝛼𝜏+

 𝑖𝜔

2√𝛼
]

2

+(
 𝑖𝜔

2√𝛼
)

2∞

−∞

𝑑𝜏 
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=  ∫ 𝑒
−[√𝛼𝜏+

 𝑖𝜔

2√𝛼
]

2∞

−∞

𝑒
(

 𝑖𝜔

2√𝛼
)

2

𝑑𝜏 

  

=  ∫ 𝑒
−[√𝛼𝜏+

 𝑖𝜔

2√𝛼
]

2∞

−∞

𝑒
−𝜔
4𝛼

2

𝑑𝜏 

= 𝑒
−𝜔
4𝛼

2

∫ 𝑒
−[√𝛼𝜏+

 𝑖𝜔

2√𝛼
]

2∞

−∞

𝑑𝜏 

= 𝑒
−𝜔

4𝛼

2

∫ 𝑒−𝑥2∞

−∞

𝑑𝑥

√𝛼
     (∵ 𝐿𝑒𝑡 √𝛼𝜏 +

 𝑖𝜔

2√𝛼
= 𝑥 , √𝛼 𝑑𝜏 = 𝑑𝑥 ⇒ 𝑑𝜏 =  

𝑑𝑥 

√𝛼
  ) 

 

=
𝑒

−𝜔
4𝛼

2

√𝛼
∫ 𝑒−𝑥2

∞

−∞

𝑑𝑥 

=
𝑒

−𝜔
4𝛼

2

√𝛼
√𝜋         (∵    ∫ 𝑒−𝑥2∞

−∞
𝑑𝑥 =  √𝜋  ) 

𝑆(𝜔) =  √
𝜋

𝛼
𝑒

−𝜔
4𝛼

2

 

15. Find the power spectral density of the random process if its ACF is 

𝑹(𝝉) =  𝒆−
𝜶𝟐𝝉𝟐

𝟐  

Solution: 
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The PSD is given by  

𝑆𝑋𝑋(𝜔) =  ∫ 𝑅𝑋𝑋(𝜏)𝑒−𝑖𝜔𝜏

∞

−∞

𝑑𝜏 

 

= ∫ 𝑒−
𝛼2𝜏2

2 𝑒−𝑖𝜔𝜏

∞

−∞

𝑑𝜏 

=  ∫ 𝑒−
𝛼2𝜏2

2 −𝑖𝜔𝜏

∞

−∞

𝑑𝜏 

=  ∫ 𝑒−
𝛼2𝜏2−2𝑖𝜔𝜏

2

∞

−∞

𝑑𝜏 

=  ∫ 𝑒
−[

𝛼2𝜏2+2𝑖𝜔𝜏
2

]

∞

−∞

𝑑𝜏 

=  ∫ 𝑒−
1
2

[𝐴2+2𝐴𝐵]

∞

−∞

𝑑𝜏 

 

=  ∫ 𝑒−
1
2

[(𝐴+𝐵)2−𝐵2]

∞

−∞

𝑑𝜏 
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((∵ 𝑤ℎ𝑒𝑟𝑒 𝐴 =  𝛼𝜏; 2𝐴𝐵 = 2 𝑖𝜔𝜏  and      𝐵 =  
2 𝑖𝜔𝜏

2𝐴
=

 𝑖𝜔𝜏

𝛼𝜏
=

 𝑖𝜔

𝛼
) 

 

=  ∫ 𝑒
−

1
2

{[𝛼𝜏+
 𝑖𝜔
𝛼

]
2

−(
 𝑖𝜔
𝛼

)
2

}
∞

−∞

𝑑𝜏 

 

=  ∫ 𝑒−
1
2

[𝛼𝜏+
 𝑖𝜔
𝛼

]
2

+
1
2

(
 𝑖𝜔
𝛼

)
2

∞

−∞

𝑑𝜏 

=  ∫ 𝑒
−

1
2

[𝛼𝜏+
 𝑖𝜔
𝛼

]
2

∞

−∞

𝑒
1
2

(
 𝑖𝜔
𝛼

)
2

𝑑𝜏 

  

= 𝑒
1
2

(
 𝑖𝜔
𝛼

)
2

∫ 𝑒
−[

1

√2
(𝛼𝜏+

 𝑖𝜔
𝛼

)]
2∞

−∞

𝑑𝜏 

= 𝑒
−𝜔

2𝛼2

2

∫ 𝑒−𝑥2∞

−∞

√2𝑑𝑥

𝛼
     (∵ 𝐿𝑒𝑡 

1

√2
(𝛼𝜏 +

 𝑖𝜔

𝛼
) = 𝑥 ,  

1

√2
𝛼𝑑𝜏 = 𝑑𝑥 ⇒ 𝑑𝜏 =  

√2𝑑𝑥

𝛼
  ) 

 

=  𝑒
−𝜔

2𝛼2

2
√2

𝛼
∫ 𝑒−𝑥2∞

−∞
𝑑𝑥 =  𝑒

−𝜔

2𝛼2

2
√2

𝛼
√𝜋     (∵    ∫ 𝑒−𝑥2∞

−∞
𝑑𝑥 =  √𝜋  ) 
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𝑆(𝜔) =  𝑒
−𝜔
2𝛼2

2 √2𝜋

𝛼
 

 

Problems to compute ACF if PSD of a process is given 

𝑹(𝝉) =  
𝟏

𝟐𝝅
∫ 𝑺𝑿𝑿(𝝎)𝒆𝒊𝝎𝝉

∞

−∞

𝒅𝝎 ;    ∫ 𝜹(𝝎)𝒆𝒊𝝎𝝉

∞

−∞

𝒅𝝎 = 𝟏 ;    ∫
𝒆𝒊𝝎𝝉𝒅𝝎

𝝎𝟐 + 𝜶𝟐

∞

−∞

 

=  
𝝅

𝜶
𝒆−𝜶|𝝉| 

 

1. The PSD of a RP is given by 𝑺(𝝎) =  {
𝝅; |𝝎| ≤ 𝟏
𝟎; 𝒆𝒍𝒔𝒆

. Find the ACF of the 

process. 

SOLUTION : 

Given 𝑆(𝜔) =  {
𝜋; |𝜔| ≤ 1
0; 𝑒𝑙𝑠𝑒

 

The ACF of the process is given by  

𝑅(𝜏) =  
1

2𝜋
∫ 𝑆𝑋𝑋(𝜔)𝑒𝑖𝜔𝜏∞

−∞
𝑑𝜔 = 

1

2𝜋
∫ 𝜋𝑒𝑖𝜔𝜏1

−1
𝑑𝜔 

= 
1

2
∫ (𝑐𝑜𝑠𝜔𝜏 + 𝑖𝑠𝑖𝑛𝜔𝜏)

1

−1
𝑑𝜔 

= 
1

2
[∫ 𝑐𝑜𝑠𝜔𝜏

1

−1
𝑑𝜔 + 𝑖 ∫ 𝑠𝑖𝑛𝜔𝜏

1

−1
𝑑𝜔] 



ROHINI COLLEGE OF ENGINEERING AND TECHNOLOGY 

MA8451- PROBABILITY AND RANDOM PROCESSES 

= 
1

2
[2 ∫ 𝑐𝑜𝑠𝜔𝜏

1

0
𝑑𝜔 + 𝑖(0)] 

𝑅(𝜏) = [
𝑠𝑖𝑛𝜔𝜏

𝜏
]

0

1

 

𝑅(𝜏) =
𝑠𝑖𝑛𝜏

𝜏
 

2. The PSD function of zero mean WSS process {X(t)} is given by 𝑺(𝝎) =

 {
𝟏; |𝝎| < 𝝎𝟎

𝟎; 𝒆𝒍𝒔𝒆
. Find 𝑹(𝝉) and show that X(t) and 𝑿(𝒕 +

𝝅

𝝎𝟎
) are uncorrelated. 

Solution: 

Given  𝑆(𝜔) =  {
1; −𝜔0 < 𝜔 <  𝜔0

0; 𝑒𝑙𝑠𝑒
  

The ACF of the process is given by  

𝑅(𝜏) =  
1

2𝜋
∫ 𝑆𝑋𝑋(𝜔)𝑒𝑖𝜔𝜏∞

−∞
𝑑𝜔 = 

1

2𝜋
∫ (1)𝑒𝑖𝜔𝜏𝜔0

−𝜔0
𝑑𝜔 

= 
1

2𝜋
∫ (𝑐𝑜𝑠𝜔𝜏 + 𝑖𝑠𝑖𝑛𝜔𝜏)

𝜔0

−𝜔0
𝑑𝜔 

=
1

2𝜋
[ ∫ 𝑐𝑜𝑠𝜔𝜏

𝜔0

−𝜔0

𝑑𝜔 + 𝑖 ∫ 𝑠𝑖𝑛𝜔𝜏

𝜔0

−𝜔0

𝑑𝜔] 

=
1

2𝜋
[2 ∫ 𝑐𝑜𝑠𝜔𝜏

𝜔0

0

𝑑𝜔 + 𝑖(0)] 



ROHINI COLLEGE OF ENGINEERING AND TECHNOLOGY 

MA8451- PROBABILITY AND RANDOM PROCESSES 

𝑅(𝜏) =
1

𝜋
[
𝑠𝑖𝑛𝜔𝜏

𝜏
]

0

𝜔0

 

𝑅(𝜏) =
𝑠𝑖𝑛𝜔0𝜏

𝜏𝜋
 

(i.e) 𝐸[𝑋(𝑡)𝑋(𝑡 + 𝜏)] =
𝑠𝑖𝑛𝜔0𝜏

𝜏𝜋
 

 Put 𝜏 =
𝜋

𝜔0
 we get  

𝐸 [𝑋(𝑡)𝑋(𝑡 +
𝜋

𝜔0
)] =

𝑠𝑖𝑛 (𝜔0
𝜋

𝜔0
)

𝜋
𝜔0

𝜋
 

 

 

=
𝑠𝑖𝑛𝜋

𝜋2

𝜔0

   ∵  𝑠𝑖𝑛𝜋 = 0 

∵ 𝐸 [𝑋(𝑡)𝑋(𝑡 +
𝜋

𝜔0
)] = 0 … … … … … . . (1) 

Given mean of X(t) is zero 

(i.e) 𝐸[𝑋(𝑡)] = 0 

⇒ 𝐸[𝑋(𝑡)]𝐸 [𝑋(𝑡 +
𝜋

𝜔0
)] = 0 … … … … … … (2) 

From (1) and (2), we get 
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𝐸 [𝑋(𝑡)𝑋(𝑡 +
𝜋

𝜔0
)] =  𝐸[𝑋(𝑡)]𝐸 [𝑋(𝑡 +

𝜋

𝜔0
)] 

∴ 𝑋(𝑡) 𝑎𝑛𝑑 𝑋(𝑡 +
𝜋

𝜔0
) are uncorrelated. 

 

3. If the PSD OF WSS process is given by  𝑺(𝝎) =  {
𝒃

𝒂
(𝒂 − |𝝎|); |𝝎| ≤ 𝒂

𝟎; |𝝎| > 𝒂
. 

Find auto correlation function 

Solution : 

Given 𝑆(𝜔) =  {
𝑏

𝑎
(𝑎 − |𝜔|); −𝑎 ≤ 𝜔 ≤ 𝑎

0; 𝑒𝑙𝑠𝑒
 

The ACF of the process is given by  

𝑅(𝜏) =  
1

2𝜋
∫ 𝑆𝑋𝑋(𝜔)𝑒𝑖𝜔𝜏∞

−∞
𝑑𝜔 = 

1

2𝜋
∫

𝑏

𝑎
(𝑎 − |𝜔|)𝑒𝑖𝜔𝜏𝑎

−𝑎
𝑑𝜔 

 = 
1

2𝜋

𝑏

𝑎
∫ (𝑎 − |𝜔|)𝑒𝑖𝜔𝜏𝑎

−𝑎
𝑑𝜔 

= 
1

2𝜋

𝑏

𝑎
∫ (𝑎 − |𝜔|)(𝑐𝑜𝑠𝜔𝜏 + 𝑖𝑠𝑖𝑛𝜔𝜏)

𝑎

−𝑎
𝑑𝜔 

= 
1

2𝜋

𝑏

𝑎
[∫ (𝑎 − |𝜔|)𝑐𝑜𝑠𝜔𝜏

𝑎

−𝑎
𝑑𝜔 + 𝑖 ∫ (𝑎 − |𝜔|)𝑠𝑖𝑛𝜔𝜏

𝑎

−𝑎
𝑑𝜔] 

 

= 
𝑏

2𝜋𝑎
[∫ (𝑎 − |𝜔|)𝑐𝑜𝑠𝜔𝜏

𝑎

−𝑎
𝑑𝜔 + 𝑖(0)] 
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= 
𝑏

2𝜋𝑎
 2 ∫ (𝑎 − 𝜔)𝑐𝑜𝑠𝜔𝜏

𝑎

0
𝑑𝜔 

= 
𝑏

𝜋𝑎
[(𝑎 − 𝜔)

𝑠𝑖𝑛𝜔𝜏

𝜏
−

𝑐𝑜𝑠𝜔𝜏

𝜏2
]

0

𝑎
 

= 
𝑏

𝜋𝑎
[

−𝑐𝑜𝑠𝑎𝜏

𝜏2
+

1

𝜏2
] 

= 
𝑏

𝜋𝑎
[

1−𝑐𝑜𝑠𝑎𝜏

𝜏2
] 

𝑅(𝜏) =  
2𝑏

𝜋𝑎𝜏2
𝑠𝑖𝑛2 𝑎𝜏

2
                         (∵ 1 − 𝑐𝑜𝑠𝜃 = 2𝑠𝑖𝑛2 𝜃

2
) 

AVERAGE POWER OF A PROCESS 

DEFINITION : 

The average power of the process is defined as 𝑃𝑋𝑋 =

 lim
𝑇→∞

1

2𝑇
∫ 𝐸[𝑋2𝑇

−𝑇
(𝑡)]𝑑𝑡;  𝑖𝑓 {𝑋(𝑡)} 𝑖𝑠 𝑔𝑖𝑣𝑒𝑛 

NOTE: The average power of a process is nothing but the mean square value of the 

process. 

1. Find the average power of a process whose PSD is 𝑆(𝜔) =  
1

𝜔2+4
 

Solution: 

First compute the ACF of the process 

The ACF of the process is given by  
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𝑅(𝜏) =  
1

2𝜋
∫ 𝑆𝑋𝑋(𝜔)𝑒𝑖𝜔𝜏

∞

−∞

𝑑𝜔 

=
1

2𝜋
∫

1

𝜔2 + 4
𝑒𝑖𝜔𝜏

∞

−∞

𝑑𝜔 

                              =
1

2𝜋
 ×  

𝜋

2
𝑒−2|𝜏| 

                          = 
1

4
𝑒−2|𝜏| 

           Average power of the process = R(0) 

                                   ∴ 𝑅(0) =
1

4
𝑒0 =

1

4
 

  

 

2. Find the average power of a process {X(t)} if its PSD is given by  

𝑺(𝝎) =  
𝟏𝟎𝝎𝟐 + 𝟑𝟓

(𝝎𝟐 + 𝟒)(𝝎𝟐 + 𝟗)
 

Solution : 

Given 𝑆(𝜔) =  
10𝜔2+35

(𝜔2+4)(𝜔2+9)
 

Put 𝜔2 = 𝑥, 𝑤𝑒 𝑔𝑒𝑡 𝑆(𝜔) =  
10𝑥+35

(𝑥+4)(𝑥+9)
 

Average power = 
1

4
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10𝑥 + 35

(𝑥 + 4)(𝑥 + 9)
=  

𝐴

(𝑥 + 4)
+

𝐵

(𝑥 + 9)
 

 𝐴(𝑥 + 9) + 𝐵(𝑥 + 4) = 10𝑥 + 35 … … . . (1) 

Put 𝑥 =  −9 𝑖𝑛 (1), 𝑤𝑒 𝑔𝑒𝑡 

𝐴(−9 + 9) + 𝐵(−9 + 4) = −90 + 35 

⇒ 𝐵 = 11 

Put 𝑥 =  −4 𝑖𝑛 (1), 𝑤𝑒 𝑔𝑒𝑡 

𝐴(−4 + 9) + 𝐵(−4 + 4) = −40 + 35 

⇒ 𝐵 = −1 

Substitute the values of A,B in (1), we get  

10𝑥 + 35

(𝑥 + 4)(𝑥 + 9)
=  

−1

(𝑥 + 4)
+

11

(𝑥 + 9)
 

𝑆(𝜔) =
−1

(𝜔2 + 4)
+

11

(𝜔2 + 9)
 

The ACF of the process is given by  

𝑅(𝜏) =  
1

2𝜋
∫ 𝑆𝑋𝑋(𝜔)𝑒𝑖𝜔𝜏

∞

−∞

𝑑𝜔 
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=  
1

2𝜋
∫ {

11

(𝜔2 + 9)
−

1

(𝜔2 + 4)
} 𝑒𝑖𝜔𝜏

∞

−∞

𝑑𝜔 

=  
1

2𝜋
[11 ∫

𝑒𝑖𝜔𝜏

(𝜔2 + 9)
𝑑𝜔 − ∫

𝑒𝑖𝜔𝜏

(𝜔2 + 4)

∞

−∞

∞

−∞

𝑑𝜔] 

= 
1

2𝜋
[11 ×

𝜋

3
𝑒−3|𝜏| −

𝜋

2
𝑒−2|𝜏|] 

 

           Average power of the process = R(0) 

                                   ∴ 𝑅(0) =
11

6
−

1

4
=

19

12
 

 

 

3. Given the power spectral density of a continuous process are 𝑺(𝝎) =

 
𝝎𝟐+𝟗

𝝎𝟒+𝟓𝝎𝟐+𝟒
. Find the mean square value of the process. 

Solution: 

Given 𝑆(𝜔) =  
𝜔2+9

𝜔4+5𝜔2+4
=  

𝜔2+9

(𝜔2+1)(𝜔2+4)
 

Put 𝜔2 = 𝑥, 𝑤𝑒 𝑔𝑒𝑡 𝑆(𝜔) =  
𝑥+9

(𝑥+1)(𝑥+4)
 

Average power = 
19

12
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𝑥 + 9

(𝑥 + 1)(𝑥 + 4)
=  

𝐴

(𝑥 + 1)
+

𝐵

(𝑥 + 4)
… … … (1) 

 𝐴(𝑥 + 4) + 𝐵(𝑥 + 1) = 𝑥 + 9 

Put 𝑥 =  −4 𝑖𝑛 (1), 𝑤𝑒 𝑔𝑒𝑡 

𝐴(−4 + 4) + 𝐵(−4 + 1) = −4 + 9 

⇒ 𝐵 =
−5

3
 

Put 𝑥 =  −1 𝑖𝑛 (1), 𝑤𝑒 𝑔𝑒𝑡 

𝐴(−1 + 4) + 𝐵(−1 + 1) = −1 + 9 

⇒ 𝐴 =
8

3
 

Substitute the values of A,B in (1), we get  

𝑥 + 9

(𝑥 + 1)(𝑥 + 4)
=  

8

3(𝑥 + 1)
−

5

3(𝑥 + 4)
 

𝑆(𝜔) =
8

3(𝜔2 + 1)
−

5

3(𝜔2 + 4)
 

The ACF of the process is given by  

𝑅(𝜏) =  
1

2𝜋
∫ 𝑆𝑋𝑋(𝜔)𝑒𝑖𝜔𝜏

∞

−∞

𝑑𝜔 



ROHINI COLLEGE OF ENGINEERING AND TECHNOLOGY 

MA8451- PROBABILITY AND RANDOM PROCESSES 

 

=  
1

2𝜋
∫ {

8

3(𝜔2 + 1)
−

5

3(𝜔2 + 4)
} 𝑒𝑖𝜔𝜏

∞

−∞

𝑑𝜔 

=  
1

2𝜋
[
8

3
∫

𝑒𝑖𝜔𝜏

(𝜔2 + 1)
𝑑𝜔 −

5

3
∫

𝑒𝑖𝜔𝜏

(𝜔2 + 4)

∞

−∞

∞

−∞

𝑑𝜔] 

= 
1

2𝜋
[

8

3
 × 𝜋𝑒−|𝜏| −

5

3

𝜋

2
𝑒−2|𝜏|] 

=
1

2𝜋
×

𝜋

3
[8𝑒−|𝜏| −

5

2
𝑒−2|𝜏|] 

𝑅(𝜏) =  
1

6
[8𝑒−|𝜏| −

5

2
𝑒−2|𝜏|] 

Average power of the process = R(0) 

                                   ∴ 𝑅(0) =
1

6
[8 −

5

2
] =

11

12
 

 Average power = 
11

12
 

 


