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Z-TRANSFORMS AND DEFFERENCE EQUATION

CLASSNOTES

Z-Transform of some basic functions:

1. Z Z Z
Zla" |=—— - Z[M=—" : Z[(-a)" |=——
] z-a s z-1 ("] z+a
2. Z
Zln|=
[] (2_1)2
3 1 v
Z|=|=log| —
n Og(z—lj
4, B
Z ijl:ZIOg ij
L n+1 z-1
g =
Ln-1| z z-1
6 1
Z ij|=e2
n!
7. —
Z[cosn&]: 2z(z cosé)
Z°—2zc0s6+1
8. |
Z[snnd]=— zsing

Z°—2zcos@ +1

Inverse Z-Transforms:
Theinverse Z-transformof Z[ f (n)] = F(2) isdefined as f () =Z7'[F(2)].

The inverse Z-Transform of some basic functions:

1|zt i} -1 zl{i} = (-1
1 z-1 z+1
2| 77 _} ; zl[i}:(_ay ; z{i}
 z-a z+a z+a
3 Z‘l—z—z}—(n+1)an
| (z-a)° ]
For Eg.
1) z* {W} =(n-1+Da" ' =na"*
2) 2 ﬁ}:(n—2+l)a”‘2 =(n-1a"?
3) 7 (22—1)2 —(n+D1" =n+1
WA ﬁ —(h-1+D1" =n
5) Zil ﬁ :(n—2+1)1n:n—1

2
_ z nr
4. | 75— |=a"cos—
Z°+a 2




5. 2zt -2 |—a'cos(n-DF =a"cos| £- | ansn™®
[22+a2} i )2 2 2 2

Finding Inverse Z-transform by method of Partial Fractions:
Rules of Partial Fractions:
1. Denominator containing Linear factors:

f(2) A B C
= =+ + +...
(z-a)(z-b)(z-c)... (z—a) (z-b) (z-c¢)
2. Denominator containing factors (z—a)":
f(2) A B C D
; = —+ > + 3 +...+ n
(z-a)" (z-a) (z-a)° (z-a) (z—-a)
3. Denominator contains a quadratic factor of the form az’+bz+c (where a,b,c are constants):

f(z2) A N Bz
az’+bz+c az®+bz+c az’+bz+c
f(2) _ Az+B

(Or)

az’+bz+c az’+bz+c

1. | Find Z™ ;2 using the method partial fraction.
(z+1)(z-1)
Solution:
z
F(2)=———=
@ (z+1) z—1)2
F 1
@_ ; ———- ®
z  (z+1)(z-1)
Now,
1 A B C

(z+1)(z-1F 2+1 2-1" (z-1)
1= A(z-1)" +B(z+1)(z-1)+C(z+1)

Put z=1=1=2C :C:%
1
Put z=-1 = 1=4A = A:Z
Pt z=0 = 1=A-B+C = B=t41 1 - p=1t2=4 L |g_~1
4" 2 4
1 - 1
1 __4 . 4 2

(z+1)(z-1)° z+1 z-1 (z-1)’

W =Fg=2212,1 2z
4z7z+1 4z-1 2(2_1)

Taking Z™* on both sides
1 = zl[F(z)]:lz1[i}—lzl[i}+lzl Z_
4 z+1| 4 z-1| 2 (z—]_)

f (n) :%(—1)” —?11(1)+%n




| Find 21[ z ]
(1+z2%) (1-27)

Solution:
F(z)=( )222( )z ( 132
1+z') (1-z* Z+ z7-1
ey
e
T 7t @
z  (z+1)(z-1)
1 A B C
5= + + >
(z-1)(z+1)" z-1 z+1 (z+1)
1= A(z+1)" +B(z-1)(z+1)+C(z-1)
Put z=1 1=4A = A:%r
Put z=-1, = 1=-2c = c:—%

Equating co-efficientsof 2 = 0=A+B = B:—%r

Fz2g 11 -11 1 1
= == +— —-= .
z 4z-1 4 z+1 2(z+1)

@ :>Z1[F(z)]:%zl[i}_lzl[i}_lz1{ z :

@

z-1| 4 z+1

o1

(=50 -5(-1"+3

-1)"
2n( )
1 1 n 1

f (n):Z—Z(—l) +§ n(—l)n

.| Find 21[(1 Zl)(lzz;)(lfle)}

Solution:
1
PR
) 1
A
F(2)= (2_1)(2_22)(2—3)
F(2) _ 1

z  (z-1)(z-2)(z-3)




Now by Partia Fraction,
1 A B C

(z-)(z-2)(z-3 - z—l+ z—2Jr z-3
1= A(z-2)(z-3)+B(z-1)(z-3)+C(z-1)(z-2)
Puz=2 = 1=—B:>

Put z=1 = 1=2A=|A=

NIR [N

1 z z +g z
—1 z-2 2z-3

o-erol-3r 2 2] 2]
1 n n n
(=201 (2 +5(3

F(N) =22 413
2 2

W=F@=5

4. | Find the Z-transform of Z—-'_ZZ using partial fraction.
(z-1)(z°+))

Solution:
Z+z

'qa_(z4xf+n

F(2) z+1

z  (z-)(Z+))

z+1 A B Cz

Z-D)Z+D) (=1 (Z+1)  (Z+])
z+1=A(Z2+1)+B(z-1)+Cz(z-1)
Pt z=1, = 2=2A=[A=]]

Equating co-efficientsof 22 = 0= A+C =
Put z=0, = 1=A-B=B=A-1=1-1=0B=0]

F(z 1 N 0 A
z (z ) (7 +1) (% +1)
F()=_ 2 z

(z-1) (Z+))
PutZ™ on both sides

ZHF(]=2" {

3

f(n)=1- cos— vz = C0S il
2 7 +a’ 2

Finding Inverse Z-transform by Residue Method:

By Inverse Z-Transforms Z*[F(2)] = f (n)
Procedure:

1. write F(2) from given expression and write F (2)z"*




2. Find the poles by equating denominator to zeroin F(z)z"*

3. Write the order of poles
4. Find the residue at these poles
Caseilf z=a ispole of order 1 (or) simple pole then

[Res F (z)z”’lLa =lim(z-a)F(2) "

m-1

d
z=a 1 Z d m-1

Case i If z=a ispoleof order m then [ResF(z)z”’l] (z-a)"F(2)z""

5. f(n) =sumof residuesof F(z)z""

1 Find Z™* [ﬁ] by the method of residues.
z-2)(z°+
Solution:
2z
Let F(2) =——
(2 (z—l)(zz+1)
Zzznfl
F(z"'=—""—
(2 (z—l)(zz+1)
P S —— ®

(z-D(z+i)(z-1)

Here z=1, z=i and z=-i arepolesof order 1.
1) Res[F(z)zH] =lim(z-a)F (22"

Res[F(z)zn 1]

21 _“mMM(Z+I)(Z i)

27"
=lim——
1 (z+0)(z-1)
_ 2
T @+i)(1-i)
=§ Q)i =P -2 =1 (-1) =1+1=2

Res[ F(2) ZHLl =1

2 Res|F(2)2"] :|im(z_i)|:(z)zn—1

Res[F(2)2"* ], =lim (2] — g/ﬂzm

27"
lim—==
i (z=1)(z+1)
20"
(=D +i)
_ o 2%)"
2i6i-))
I O A O A O
ii-1) (%-i) (-1-i)

Res[F(z) z”‘l]zzi = (_1(Jir)in)




3) Res,[F(z)z"-lLi =lim(z+)F (22"

n-1 i 2z
Res[F@77], =lim e

. 27"
:||m—_
z>-i (z=1)(z—1i)
2= 23H)”
=D -i) @+Hi)(2)
I G ) A e D )
@+i)(i) (i+i®) (-1
Res[F(z)z”‘l]Z:_i :((i%i)l“)

f (n) = sumof residuesof F(z)z"™*

fmy=1-- G
1+ (-9

z(z+1)

Find the inverse Z-Transform of ( )3 by residue method
z-1

Solution:
Let F(g = 22D
(z-1)
F(2)2"' = Z_ (Zng)
(z-1)
Fz 2= )
(z-1)
z=1isa poleof order 3
1 dm -1

Res| F(22] = (z-a)"F(2)2"*

z=a ( _1)|z adm1

y _ z+1
RGS[F(Z)Z ]z:1 (3 1)|z—>1 dz? MM

:ilimd—zz[z’”%z“]

:%L@d [(n+D2"+nz"? ]
=§|Z|Lrl1[(n+1)nz en(n-1)z" |
:%[n2+n+n2—n]

Res[ F(92"] :%[an]
Res| F(2)2"" | =N




2

f (n) = sumof residuesof F(2)z"* =n

by the method of residues.

Find the inverse Z-transform of the function
Z+7z+10

Solution:

zl{;} =7
ZZ+7z+10

z z
F(2)=— =
Z°+7z+10 (z+2)(z+5)

Zzn—l

(z+ 2)(z+5)

F(2)2"

n—1 Zn
F(z ( ) m ______ (1)

Here z=-2 and z=-5 are pole of order 1
1) Res[F(z)z“] _=limz-a)F (92"

Res| F(2)2" } - hmMM(ZJFQ

_ (2" (2"
(-2+5) 3
Res| F(92"*] = %

2) Res| F(22"]_ = lim (2+5) m

_ (95" (9"
(-5+2) -3
Res[ F(2) z”’lLfs - L;)n

f (n) = sumof residuesof F(z)z"*

2
z
FindZ™* . by using residue method.

(1+ z’l) (1— z*

Solution:
FR= o =
(1+z’) (1—2’) Zz(ul) (Z—l)
z z
z
F(2)=— %
e TP
F(2)2""' = z"

(z+1)2(z—1)




n

o 2
O ) (e ®

Here z= -1 ispoleof order 2, and z=1 ispole of order 1

1 m-1 .
Z:a—(m 1)||zlﬂad —(z-a)"F(2)""

1) Res[F (2) z”‘l]

n-1 i Zn
RES[F(Z)Z ]2?1 - (2_1)! ll—g‘]l dz Mm

1. d{ z" }
=—Ilim—
U z>-1dz| z-1
— lim| 279027 ~7'2=0)
z—>-1 (Z_l)
_(1-Dn(=D)" (D) 20" - (<) _ (=D [2n-1]
(- ‘

Res[ F(2) z”‘l] = %[Zn ~1]

z=-1

2) ReS[F(Z)ZrH] B :”m(Z—a)F(Z)z”’l

Res| F(2)2"'| =lim
[ ( ) :' zalM Z+1 M
. z" 1" 1
=[im 5= ==
=(z+1) (1+1) 2
n-1 _ 1
Res[F(z)z Ll—i
f (n) = sumof residuesof F(z)z"*

1

f(n)= =D 1) ~——[2n-1]+=

Using complex residue theorem evaluat@ ™ 9—5 :
(B3z-)°(z-2

Solution;

e
(3z-1)°(z-2) 9(z-3)*(z-2) (z-9)*(z-2

3

z

(z-%)(z-2)

ZSZn 1

(z-9)°(z-2)

n+2

-— £
(z-9)°(z-2)

Here z=% arepoleof order 2 and z=2issimple pole.

F(2)=
F(2)z"' =

F(z)z"*

m-1
1) Res[F(z)z”’ll_a (mll).'ztajzm (z-a)"F(2)z** here m=2




o L g 6 )

{(z 2)(n+2)z" - z”*z(l)}

H% (z-2)°

I|m 2" [(z-2)(n+2)- 7]

2> % (z-2)°

(; n 7—2 (n+2)—}

7—2

(1 n+1 5(n+2) 1j| (1jn+l(_5n_1o_1j

S[F2] 3] |3 25 3
(3) 9

LRI 2 e

25\ 3 3 25\ 3
[F(z)znl :-(EJ 5n+11)

2) Res[F(z)z‘l _lz'm(MM(z 1)]

2n+2
Res| F(9)2"* | w2 (i) 25 2
3
Res[ F(2) z"‘le = % 22

f (n) = sumof residuesof F(z)z"*

f(n)=f(n)= 235 2m? +;—;(%jn (5n+11)

Finding Inverse Z-transform by Convolution theorem:
Convolution of two sequences:

It { f(n)}and{g(n)} are any two sequences then its convolution is defined by

f(m*gm =3 f (K)g(n-k)

Convolution Tl;rgorem:

It Z[ f(n)]=F(2)andZ[g(n)]=G(2) then Z[ f(n)*g(n)]=Z[f(n)]-Z[9(n)]=F(2)-G(2)
Note:

) Z[f(n)=*g(n)]=F(2)-G(2)

f(n)=g(n)=2"[F(2)-G(2)]

ZF(2]*Z[G()]=Z2*[F(2)-G(7)] - Z*[F(®)]=f(n)&Z[G(2)]=g(n)




Z7[F(2)-G(9)]=Z7'[F(2) |*Z27"[G(D)]

n+l

a
2) l+a+a’+a’+..+a"=
a-1
2
1. | Find inverse Z-transform of ( 2 by using convolution theorem.
zZ—-a
Solution:
2
z
Given Z™* ~|="
(z-4a)

By convolution theorem
ZHF(2)-G(29)|=Z2[F(2) |*Z7[G(2)]

z{ z }:Zl{i.i}
(z—a)* z-a z-a
25
z-a z-a

=a"+a"

:Zj:akan—k f(n)*g(n):i f(k)g(n_k)
> 2 o
a1

n
k=0

Z‘l{ z - } =a"(n+1)-1=(n+Da"
(z-a)

S 72| N
Z {(z—a)z} =(n+Da

ZZ

2. | By using convolution theorem, show that the inversg-transform of —  is
(z+a)(z+b)

ﬂ[bnﬂ _ an+1:|

b-a
Solution:
Z2
Given 2| ————— =2
{(z+a)(z+b)}

By convolution theorem
ZF(2)-G(29)|=Z7[F(2) |*Z7[G(2)]

22 _Zl[i.i}
(z+a)(z+b) | z+a z+b

S b
zZ+a z+b

= (-a)" * (-b)’
> @0 g =, f(9g(n-K)




— (_1)nz a_kb—kbn
k=0

_ (_1)"b"zn:(%j

k=0

B 2 3 n
=(-D"p" 1+(Ej+(EJ +(EJ +...+(Ej
b b b b
B n+1

a n+l n+l |+l

(j -1 %—1 %

= (| AP ST )

a_, a_, a-b
b b b

e an+l_bn+l>< b Y anJrl_anrl>< %
T )

a.n+l _ bn+l
a-b }

- (—1)”[

71 z° _ (=" [bn+l _ an+1:|
(z+a)(z+b) | b-a

2

Find Z™* {ﬁ} using convolution theorem.
z—-a)(z-
Solution:
2
Given 21| —2 | =2
(z—a)(z-b)

By convolution theorem
ZHF(2)-G(29)|=Z7[F(2) |*Z7[G(2)]

21| Z _zl{i.i}
(z-a)(z-b) | z-a z-b

bl

B z-a z-b

=(a)" *(b)"

= Z_:(a)k(b)”_k () xg(n) = Z_: f(k)g(n-k)




= =h"
a_, a_, a-b
b b
an+1 _ bn+1 b an+l _ bn+l /5
:bn = —1n
{ o Xa—b} ( )M{ w4 Xa—b}
an+l_bn+1
" a-b
Z—l Z2 n+l bn+1
(z—a)(z—b) a-b
. . N 8z°
Using convolution theorem, findZ | ——
(2z-1)(4z+1)
Solution:
2
Given 21| — S92 ___|_»
(2z-1)(4z+1))
By convolution theorem
ZHF(2)-G(29)|=Z[F(2) |*Z7[G(2)]
Zl{ 87 }:Zl 87 _oa z z
(22-D)(4z+1) 2 z—1j4(z+1) (z—lj (z—
2 4 2

Il
N
AN

Il
7\
N
>
*
7\

5

3] rerem=3 tan-n

3)
ko\ 2
SEGGE

o\ 2 4 4

1" & (1Y (1)“"(4jk [1j ’
236 - g3 ) e
:(1 [1+2+22+23+ +2"]

4

1 2n+l 1 an+1_1
:(_ { } vlva+a’+a’+..+a" =

4 a-1

Z—1{8—22_:( j |:2n+l 1]
(2z-1)(4z+1) | 4

2
Using convolution theorem find Z™ S —
(z-D(z-3)




Solution:

Given Z™ {—Zz } =2
(z-D(z-3)

By convolution theorem

ZF(2)-G(2)|=Z7[F(2) |*Z7[G(2)]
Z-{ z }z-{i.i}
(z-H(z-3) z-1 z-3

_ Z{L}Z[L}

- z-1 z-3

="+’

=Y '@ fmrgm=) f(Kg(n-k)

i
k=0

n 1 k
=3" =
53)
r 2 3 n
=3 1+(Ej+(lj +(lj ++Gj
3 3 3 3
[ n+l n+1 n+1 n+1
[;j 1 ;m_l 13:3
=3 =3" =3 =
14 1, 1-3
3 3 3
1_ 3n+1 3 3n+1 3n+l z
=3 2 |= = Y <~
{3“” X1—3} ZK{ 2}
1
—_ = 1_3n+1
5137

1 z° Ll ona
z [(z—l)(z—B)}__ 2[1 3 }

Formation of Difference Equation:

1. | Derive the difference equation fromy_ = (A+ Bn)2"
Solution:

Given y, = (A+Bn)2"

y,=A2"+Bn2" —————-— @
Replace nbyn-+1in (1)

Y., = A2" + B(n+1)2"

Yoy =2A2"+2(n+1)B2" ————-— (2
Replace nbyn+2 in(1)

Y., = A2"? +(n+2)B2"?

Yoo =4A2" +4(n+2)B2" ————(3)
From (1), (2) and (3)




y, 1 n

You 2 2n+1)|=0

Yoo 4 4n+2)

yn [8(n+ 2) _8(n +1)] _1[4(n+ 2) yn+1 - 2(n+1) yn+2] + n[4yn+1 - 2yn+2] =0
¥,[(Bn+16-8n-8]-1[(4n+8)y, ., +(-2n-2)y,,,]+4ny,, —2ny, , =0
8Y, —4RYr, —8Y,.1 +20¥:, +2Y,., +4Ry,, —20¥., =0
2yn+2 - 8yn+l + 8yn =0

yn+2 B 4'yn+1 + 4yn =0

2. | Derive the difference equation fromu, = a+b3"
Solution: u, =a+b3" ————(1)

Replace nbyn-+1in (1)

u.,, =a+b3"™

u,,=a+3p3" ——-——(2)

Replace nbyn+2 in(1)

u,,=a+hb3"?

u,,=a+9%3" ——-——(3)
From (1), (2) and (3)

u 11

u, 1 3=0

u 109

n+2

u,(9-3-1(3u,,, —9,,,) +1u,,, -u,,) =0
6u, -3u,,,+9u,.,)+U., -, =0
-4u,..,+10u, ,+6u, =0
+(-2) =|2u,,-5u,,-3u, =0

n+1

3. | Form the difference equationy, = cos(%[j
Solution:
Given y, = COS(%) -——@

Replace nbyn+1in (1)

Yo = cos((nﬂ)”j = cos(£+n—”J = —sin(n—”j -——(2
2 2 2 2

Replace nbyn+2 in (1)

((n+2)7rj (27[ nﬂ'j
Y., =C0S| ~——>— |=cos| —+—
2 2 2

Y., = cos(yz +Mj =— cos(n—”J
n+2 2 2

Yoio ==Y, from(1)
= yn+2 + yn = O

Solutions of difference equation using Z-Transforms.
L Z[y,]=Z[y(n]=y(2)




2. Z[Yra] =Z[y(n+1)] = 29(2) - 2y(0)
3. Z[ Vo] = Z[Y(n+2)] = Z2y(2) - Z°y(0) - 2y(D)
4. Z[Yn.5]=Z[Y(n+3)]=Z’y(2) - Zy(0) - Z°y(D) - 2y(2)

1. | Solve using Z-transforms technique the differencequation vy, , +4y,., + 3y, =3"with

Yo =0y, =1.
Solution;

yn+2 + 4'yn+1 + 3yn = 3“ .
Taking Z-transform on both sides

Z[ Yo )+ 4Z [ Yoa]+32[¥,]=Z[3"]
[Zy@-290) - 0]+ 4[5(2) - 2] +3y(2) =~
Given y,=y(0)=0,y, = y(1) =1

2°y(2) - z+4zy(2) + 3y(2) :z—fS

(ZZ +4z+3)y(2) =% 47
z-3

(2 +4z+3)y(2) _z+Z7-32
z-3
?-2z
(z-3)(Z° +4z+3)
z(z-2)
(z-3)(z+1)(z+3)
By Partial Fraction,

¥(2) =

¥(2) =

@__  (2-2)
v T3 (e (z+9) @
Now (2_2) = A B ¢

(z-3)(z+1)(2+3) (2-3) (z+1) (z+3)
z—2=A(z+1)(z+3)+B(z-3)(z+3)+C(z+1)(z-3)

Putz=3 = 1=24A :>A:i
24
3
Put z=-1 = -3=-8B :>B:§
-5

Putz=-3 =-5=12C =C-=

(z-2) _1/24  3/8 -5/12

(2-3)(z+1)(z+3) (z-3) (z+1) (2+3)
y(2) 1/24 3/8  -5/12

= z _(2—3)+(z+1)+(z+3)

(z)—i z +§ z 5 z

y 24(z-3) 8(z+1) 12(z+3)

Taking Z* on both sides

O Pl e P
24 z-3] 8 z+1] 12 z+3




1 n 3 n 5 n .71 i _
yn) ==, @+ (0"~ (=3) A { }—a

Solve y:2 — 3yn1— 10w =0, giveny =1,y = 0.
Solution:
Yoz — 3yn+l _1Oyn =0.
Taking Z-transform on both sides

Z[yn+2]_3z[yn+1]_1oz[yn] = Z[O]

[ Zy(2)- 2 y(0) - zy(1) | - 3[ ¥(2) - 2y(0)] - 10y(2) = O
Given y, =y(0) =1y, =y(1)=0

2°y(2) - 7* - 3zy(2) + 3z-10y(2) =0

(22 -32-10)y(2) = 2* -3z

y(z)zi
(22—32—10)
_2(z-3)

D)= D) (z-5)

By Partial Fraction,

yo_ (z-3

2~ (2+2)(2=5) D
(z-3) A B

Now =

(2+2)(z-5) (z+2) (2-9)
z-3=A(z-5)+B(z+2)
Put z=-2 = -5=-7A :Azg
Putz=5 :>2:7B:>B:%

2 z-5

y(z)—§i+gi
7z+2 7z-5

Taking Z'* on both sides

R ENCTES

5 2 z
n=—(-2)"-=5" w27 —|=a"
y(n) =2 (-2)" -2 L_J
Solve the equation y(n+3)—-3y(n+1) +2y(n)=0 given thaty(0)=4, y() =0 and
y(2) =8.
Solution:

Z[y(n+3)]-3Z[y(n+1)]+2Z[y(n)]=Z[0]

[ 2y(2) - 2y(0) - 2 y() - 2/(2) | - 3[ 2¥(2) - 2y(0) ] + 2y(2) = O
Giventhat y(0) =4, y(1) =0




2’y(z)-42° -8z-3zy(2) +12z+2y(2) =0
[23 ~3z+ 2] y(2) =47° -4z

47° -4z

2-3z+2
4z(7° -1)

(z-1)?*(z+2)

425’7/?(”1) .ca®—b® = (a+b)(a—b)
(z-D*"(z+2)

4z(z+1)
Y= e 2)
By Partia Fraction
y(z2)  4(z+))
z  (z-1)(z+2)

4z+1) A N B
(z-D(z+2) S z-1 z+2
4(z+1)=A(z+2)+B(z-1)

Put z=1= 8=3A= Azg

y(2) =

¥(2) =

y(2) =

Putz=-2—=-4=-3B= B=

y(z) 8/3+ 4/3
z z-1 z+2

S A

_8,4 o Pt A
y(n)_3+3( 2) - Z { } a

Using Z-transform solve y(n) + 3y(n—-1)—-4y(n—-2) =0,n> 2 given that
y(0) =3and y(1) =-2

Solution:

Given y(n)+3y(n-1)-4y(n-2)=0,n>2

Replacen by n+ 2, weget
y(n+2)+3y(n+1)—-4y(n)=0

Taking Z transforms on both sides
Z[y(n+2)]+3Z[y(n+1)]-4Z[y(n)]=Z[0]

[ Z2y(2) - 2°y(0) - zy(1) |+ 3[ 2y(2) - 2y(0)] - 4y(2) = O
Giventhat y(0) =3and y() = -2

[zzy(z) -37 + 22] +3[2y(2)-3z]-4y(2)=0

[22 +3z—4] y(2)-3z2°+2z-92=0

[22 +3z—4] y(2) =32° + 7z

y(z):ﬂ
Z+3z-4
By Partia Fraction
y(z)  3z+7  3z+7
z  Z2+3z-4 (z+4)(z-1)




3z+7 A . B
"(z+4)(z-1) z+4 z-1
3z+7=A(z-1)+B(z+4)
Put z=1=10=5B = B=2
Put z=—4—= -5=-5A= A=1
y(2) 1 2
z :z+4+z—1

z z
)=—+2——
¥(2) z+4 z-1

Z'[y(2)]=2" [?24} 42771 [i}

z-1

y(N) = (=4)" + 2()" = 2+ (<4)" ozt [i} —a"
Z—a

Solve using Z-transforms technique the differenceqaiation u,,, + 6u,,, +9u, = 2" with
u,=u,=0.
Solution:
u,.,+6u,,+9u, =2"
Assume u=y
Yoo+ 6Yna +9Y, =2" Yo =¥ =0
Taking Z-transform on both sides

Z[Yoin |+ 6Z[ Y]+ 92[ Y, ] = Z[Zn]

[2y(@)~2y(0) - (D) |+ 6[(2) - (0)]+ 9y(2) =~
Given y, =y(0)=0;y, =y()=0

2y(2) +62y(2) +9y(2) =2%2

(22+62+9)y(z):i
z-2
z
(z-2)(* +62+9)
z
y(2)= (z—2)(z+3)?
By Partial Fraction,
y(2) _ 1
z  (z-2)(z+93)?
1 A B C
Now = + + .
(z-2)(z+3)* (z-2) (z+3) (z+3)

1= A(z+3)" +B(z-2)(z+3)+C(z-2)
Put z=2 = 1=25A :>A=i
25

Put z=-3 = 1=-5C :>C=_€1

y(2) =

Equating co-efft. of z* onbothsides = A+B=0=B=-A = B:—2—15




e
y2__25 . 25 . 5

z  (z-2) (z+3) (z+3)
Taking Z'* on both sides

iyl Lz 2 | L[ 2 | 1,4 2
Z [y(z)]_ZSZ {2_2} 25Z [z+3} 5Z {(Z+3)2}

1 n 1 n 1 n-1 . -1 z _ n-1 -1 i —_an
y(n):g(Z) _E(_s) —gn(—s) -z [(Z_a)z}_na &Z L_a} a

u(n) = %(2)“ —%(—3)” —%n(—s)“ cu=y

Using Z-transform method solve y(k +2) + y(k) = 2 given that y, =y, =0.
Solution:
Given y(k+2)+y(k)=2; y,=V,=0.
Assumek=n
y(n+2)+y(n)=2
Taking Z-transform on both sides
Z[y(n+2)]+Z[y(n)]=2Z[1]
z
7Y@ -2~z |+y@) =2~
Giventhat y, =y, =0.
(2 +Dy(@) =%
z-1
2z

)=—————
¥ (z-1)(Z° +1)
y@ 2

z  (z-)(Z+)
By partia fraction

2 A B Cz
Now, 5 = +— +—
(z-D(z2+) z-1 z+1 z°+1

2=AZ"+1)+B(z-1) +Cz(z-1)
Put z=1 = 2=2A = A=1
Puz=0 = 2=A-B=>B=A-2=B=-1

Equating co-efft. of zZ’onbothsides = 0=A+C=C=-A=C=-1

y(zg 1 -1 A
D)= = +
@ z z-1 Z2+1 Z+1
Y(2) = z z z

z-1 Z+1 7Z+1
Taking Z* on both sides

-1 | T | B 4
2 y@]=2 L—J £ [zﬂl} £ Lﬂl}

Nz

. nr
nN=@m"-1"ssn—-1"cos
y(n)=(2) > 5

. Nr aV/4
n)=1-sin— —cos—
y(n) > 5




kz krz
k) =1-sn— —cos—
y(k) = 5 5

2
ez 22 —a'sin'Z gzt 22 > —a"cos'Z herea=1
Z+a 2 Z+a 2

Problems based on Z-Transforms:

1. | Find Z[cosnd] , Z[sinnd] and hence find i)Z[cosn—;[] i) Z[Sin%}

iii)Z[rn cosné?] iv)Z[r”sin ne]

Solution:

We know that €" = cosné +sinnd

cosnd =real part of €” & sinn@ =imaginary part of €"
oz

andZ[ ] A

z—(cosf+ising)
z (z cosd)+ising
(z cosH)—lsunH (z—cosf)+ising

in Z(z—cosf) +isind s Lo
Zlev |= - (a+b)(a-b)=a’-b
[ ] (z—cosh)? -i*sin’* @ (@+b)@-b)

Z[cosnd +isinnd]=— z(z—cose)+|zzsm¢? . cit=-1
Z°—2zcos@ +cos @+sin“ 6
Z[cosnd]+iZ[sinng] = z(z—cose) L ~-cos’0+sin’ 0 =1

—2zcosf+1 7 -2zcos@+1
Equating co-efft. Of real and img parts on both sides

Z[cosng] = z(z—cose) ; Z[sinnd]=— zsng
—2zcosd +1 Z°—2zc0sf +1

Deduction:

We know that

Z[cosng] = z(z~-cos0)

Z>—2zcosf+1

. z(z—cos;[j
) Z[cosér}zz[cosné?](H =

V4
> T
2 A ZZCOSE +1

2
Z[cosn—”}: 22 rcosZ =0
2 z“+1 2
Z[sinnd]=—; z9ng
Z°—2zcosf+1

nr zsin—
i) Z[sin—}:z[smnﬁ] = 2

2 2 2_27c08" +1

2
Z[smn—”}: 22 1 c0s==0 &sinZ =1
2 z°+1 2 2

We know that




z[a"f(n)]=2z[f(M)],,-
iii) Z[ r" cosng | =[ Z[cosnd] | .

z(z—cosé)
| 2" -2zcosO+1], -

r
Z (Z - cosej
rur

ZZ

— —§c039+1
r r

z(z—rcos@j
r r

72227 cos@ +r?
r.2

Z| " cosnd |= zz(z—rcose) .

Z°—2zrcosf +r

fgne fgne

iv) Z{r"sinn@ |=| Z{sinnd ;= =

) I: ] l: { }:|z—>? 22 z 5 ZZ—22I’COS(9+I’2

—5 —2—-C0SO +r 5
r r r
. zZrsingd

Z|r"snnd |=

[ ] Z° —2zr cosf +r?
Find the Z-transform of ,forn>1

n(n+1)

Solution
Z ! =7

n(n+1)
By partia Fraction:

1 A B
n(n+l) n n+l
1=A(n+1)+Bn
Putn=-1;, 1=-B=B=-1
Pun=0; A=1

1 1. 1
n(n+l) n n+l
Z 1 =Z 1 -Z SES P @

n(n+1) n n+1

Now, we know that

z[f(n)]=f: f(n)z"
5533 o
-2+ %H +§@ ’




1 Z
(l) Z|:n(n+1)j|:|og£;_j+ Zlog(:}
. 1 _ =
.Z{n(mrl)}_(ul)log( - j
Find Z[n(n-1)(n-2)] .
Solution:

Z[(nz—n)

2)]=2

n3—2n2—n2+2n]:2[n

2 _3n%+ 2n]

Z[n(n-1)(n-2)]
Z[n(n-1)(n-2)]=

We know that

Z[f(m]=3 f(nz"
Z[n]= n(%)n

>

ZOHQZ@Z@Z _____

=X+2X2+3C +.....

z[n*]-3z[n*]+2Z[n] ————(1)

-2
= XA+ 2X+3x° +....)=X1-X)? = i(l— 1)
z

Z
_ 1(2_—1) J(i)z _
Z\ 2z z\ z-1

i 7
z\ (z-1)?
Z[n]=—*

(-1

We know that Z[nf (n)] = —Z%{Z[ f (n)]}




Z[nz] = —z%{z[n]}

_,d) z
- dz](z-1)

_ -0’ @-42(z-1)
(z-1)"

(z-1)(z-1- 22)}

=-z
{ (z—l)4
_ -1-z
(z-1)
1 Z+7°
Z[ ] (2_1)3
Z[n ]:Z[nn ]:—Z—Z{Z[n ]}
__,9 2+ 7
dz (z—l)3
__Z_(z—1)3(22+1)—(22+2)3(2—1)2(1—0)
1 (z-1°
@ [(z-)@z+)-%Z + 2)]
- (z-1°
__2_222—22+z—1—322—32
1 (z-2*
__Z_—zz—4z—1
L @y
o1 22 +4z+1))
Z[n’]- (z-1)*
_ A +4z+) , z+7 z
MW= Z[n(n-1)(n-2)]= = ”(2—1)3+2(z—1)2
If U(2) :%, evaluate u, andu,.
Solution:
: _ 2722 +5z+14
Given U(2) =F(2) ——(2_1)4

We know that
272 1 57+14 22(2+5+1L21j
u, = £(0)=limF(2) = lim %2222 _jim z 2

|
500 (2—1)4 z® 24( 1j2

U = £(0)=0 -.-i:o




u = (@) =lim[ZF (2) - 7 (0)]

.| 2(22° +5z+14
ZIZLFQ{( (2_1)4 )_Z(O)j|
23(2+5+14j
. z 7
=lim -0
Z—®© 24(1_1)
z
L=f@®=0 ~L=0
o0

u, = f(2):LLrpO[ZZF(z)—zzf(O)—zf(l)]

M2 2
-im] ZELE 2020
I 5 14
2+ 5+
. ( +z+zzj 2+0+0
:llm 2 = y =
Z—o Z4 (1_ 1j (1— O)
i z

u,=f(2)=2
u, = f(3) :LLrQ[z3F(z)—z3f 0)-ZF ()2 (2)]

| (22 +52+14
ZLL@{ ((2_1)4 )—23(0)—22(0)—2(2)}
3 2

_1iml 2 (22 +524+14)_22

Z—>0 (Z_l)
_lim 7 (22°+5z+14) 2

2> (z-1)?* z

20092 _ V4

_jimz| 2252 -2Z=D) ) )¢ — a* - 4%+ 6a%h? — dab® + b
2> 2*(z-1*
_lim# (22" +52° +147°) - 2(2* - 472° + 62° - 4z +1)

Z—>® 22(2—1)4
_lim# 27" +57° +147° - 27" +87° -127° + 822

z—® 22(2—1)4

. .(132°+27°+8z-2
=limz 5 2

ze z°(z-1

2 8 2 2 8 2
213+ 5+ 5 - % 13+5+ 2 -2
( T2 3) ( P z3j 13+0+0-0
o 1y e 1Y @0
(1-3) -2
u,= f(3)=13

State and prove initial and final value theorenof Z-transform.
Initial value theorem:

it Z[f(n)]=F(2) then f (0) =limF(2)

Proof:




We know that

Z[f(n)]:zoj: F()z™"
ime =m0 ]

zlzi_)rg{f(O)(%j + f(l)(%j + f(Z)(%j +}

imF ()= 1(0) -:%:o

Final value theorem:
If Z[f(n)]: F(2) then lim f (n) = Iirrl1(z—1)F(z)

Proof:

Z[f(n)] Zf(n)z ————— @
Z[f(n+D)]=> F(n+DZ" ————— 2)
D-2=
Z[f(n+D)]-Z[f(M]=3 f(+DZ" -3 f(n)zZ"
[ZF(2)-Z (0)]-F(2) :Zoj:[ f(n+1) - f(n)]z"

Izim[(z—l)F(z)—zf 0)]= Izimi[f(n+1)— f(n)]z"

lim[(z-)F (2)]- 1 (0) :i[ f(n+1) - f(n)]

|
lim[(z-1)F ()] - f(0)=[}e1f—f(0)]+[}@f—m]+...+[f(n+1)—m]+...oo
lim[(z~ DF(2)] =H0) = —HO) + f (N+1) +..0

lim[(z-DF@)]=lim f(n) = f(n+1)= f(n) when n—

Hence proved




