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Co-ordinate Systems

In order to describe the spatial variations of the quantities, we require
using appropriate co-ordinate system. A point or vector can be
represented in a curvilinear coordinate system that may be
orthogonal or non-orthogonal .

An orthogonal system is one in which the co-ordinates are mutually
perpendicular. Non- orthogonal co-ordinate systems are also possible,
but their usage is very limited inpractice .

Let u = constant, v = constant and w = constant represent surfaces in a coordinate

system, 4, a  a,
the surfaces may be curved surfaces in general. Furthur, let , and
be the unit vectors in the three coordinate directions(base vectors). In a
general right handed orthogonal curvilinear systems, the vectors satisfy
the following relations :
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These equations are not independent and specification of one will
automatically implythe other two. Furthermore, the following relations
hold
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A vector can be represented as sum of its

orthogonal cdmflofrents 2 * < 2w
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1.15)
In general u, v and w may not represent length. We multiply u, vand w by

conversion
factors h1,h2 and h3 respectively to convert differential changes du, dv
and dw tocorresponding changes in length dl1, di2, and dI3. Therefore

dl =a,di+a,dl+a,d,

= hdua,+hdva, Y hdwa, (1.16)

fpdudvdw

In the same manner, differential volume dv can be wr‘iii"tgnhégé anddifferential area ds]

) ) By da =i hydvdw
In the following sections we discuss thrge most commonly used
orthogonal co-ordinate systems, ¥iz: 2,

1. Cartesian (or rectangular) co-ordinate system
2. Cylindrical co-ordinate system
3. Spherical polar co-ordinate system

Cartesian Co-ordinate System :

In Cartesian co-ordinate system, we have, (u,v,w) = (x,y,z). A point
P(x0, y0, z0) in Cartesian co-ordinate system is represented as
intersection of three planes X = x0, y = y0 and z = z0. The unit vectors
satisfies the following relation as shown in figure 2.1:

Cartesian Coordinate System

Fig 2.1 Intersection of three planes
(www.brainkart.com/subject/Electromagnetic-Theory _206/)
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. . y A=a, A +a 4, +a, 4 .
In cartesian co-ordinate system, a vettor e can be written as
A
_ _ Jq_ B A-KB +A}|B +qu3 ................. (1.19)
AxB=a, (4B - AB)*a, (4B, ~A4B)+a, (AB,- 4B
P
-4, 4, 4
8 B B

Since x,.y and-z all represent lengths, h1=h2=h3=1. The

di=dra tdva,tdza,

%ﬁelar; Jzaal;llength, areaand volume are defined respectively as

dsy=dmdza, (1.21)
d &5 =ci’xdyc;x
AL = dxchvedz

Cylindrical Co-ordinate System :

For cylindrical coordinate systems we H&vE™ =203 point ©-% 20 isdetermined as tt

containing the z-axis and making an a%l@; with the xz plane and a
plane parallelto xy plane located at z=z0 as shown in figure 2.2 and
2.3.
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In cylindrical coordinate system, the unit vectors satisfy the following relations

A . A=A g +A.a,+
A vector4 can be written as” ... =% Te e A a,

................................................... (1.24)
The differential length is defined as,
di=a.do+pdga,+dras ~1ky = 0,5 =
“ap Libay doa I (1.25)

s = dpa

o s o
e (1.23)
i
az £=I
e
S
dr
Y
P=pu
//:é

Fig 2.2 cylindrical co-ordiigate system
(www.brainkart.com/subject/Electromagnetic-Theory_206/)

Differential areas are:

ds, = pdgdza,
ds,=dpdza, e (1.286)

&, - pégdoa,

Differential volume,

do=pdodgdz 21527)

--—CTROMAGNETICFIELDS



ROHINI COLLEGE OF ENGINEERING AND TECHNOLOGY

Fig 2.3 cylindricalsystem surface

(www.brainkart.com/subject/Electromagnetic-Theory 206/)

Transformation between Cartesian and Cylindrical coordinates:

- E=n ﬂ +.n ﬂ +.n. - . - .
Let us consider” ~## % "< ¥ @ Ais 4o he expressed in Cartesian co-ordinate as

oo - ~ . Indoing so we note that
A=da=la A vadradla

and it applies for other components as
well as shown in figure 2.4.

p
ZA @,.a =cosp

~ ~N

a, ay-smf;f

. (1.28)
a,.a, = cos(g+ 7)) =-siny

@ I
’ ) a,.a, =cosg

-y Therefore we can write,

A =Za; =A cosg-Asing
A =Aa, = A sing+ A cosd (1.29)

A=Aa =4

Fig 2.4: Unit Vectors in Cartesian and Cylindrical Coordinates

(www.brainkart.com/subject/Electromagnetic-Theory 206/)
These relations can be put conveniently in the matrix form as:

A cosg —sng O0)[A,
Al=|smng cosg¢g 0O]14,
A 0 0 T4 (1.30)

A A and .
oy and o mselves may be function’of 2% Zas:

x=pcosgd
y=psng
222 e (1.31)
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The inverse relationships are: ........cccccevvveevivee i, (1.32)

Spherical Polar Coordinate System

Fig 2.5: Spherical Polar Coordinate System
(www.brainkart.com/subject/Electromagnetic-Theory 206/)

Thus we see that a vector in one coordinate system is transformed to
another coordinate system through two-step process: Finding the

component vectors and then variable transformation as shown in fig
2.5.

Spherical Polar Coordinates:

_ P 8,
For spherical polay cgordinate system, @, v.w) = . 6.¢) 0.5 B)
we have, represented as the intersection (ii) Conical surface ,and
of

(i) Spherical surface r=rQ
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. A point
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(iii) half plane containing z-axis making fn?:]f@ with the xz plane as shown

in thefigure 1.10. Aoaon
@, Ry =y
ﬂ: Xﬂ:,, ‘;r
ooy =
The unit vectors satisfy the following relationships:.............ccccevveennne (1.33)

The orientation of the unit vectors are shown in the figure 2.6.

Za

x* Orientation of Unit Vectors

Fig 2.6 : Orientation of Unit Vectors

(www.brainkart.com/subject/Electromagnetic-Theory 206/)

. . . . A=Aa+da+ia

A vector in spherical polar co-ordinates is writtén é% * Aa,t A,
di =a,dr +a,rd+a,rsin 6d¢

Foin &
an

dFor spherical polar coordinate system we have h1=1, h2=r and

h3=
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rsinfdé

X

Fig 2.7 : Differential volume in s-p coordinates

(www.brainkart.com/subject/Electromagnetic-Theory 206/)
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Fig 2.8 : Exploded view
(www.brainkart.com/subject/Electromagnetic-Theory 206/)
With reference to the Figure 1.12, the elemental areas are:

ds, =" sin 848 a,
ds, = rsin Sdrdga,

dsp = r'drdé'a?,,

and elementary volume is given by

du =7 sin SdrdSd g (1.35)
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Coordinate transformation between rectangular and spherical
polar: With reference to the figure 2.7 and 2.8 ,we can write the

following equations:
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Sy

a:.cz:, = cos(5+g) =—zind

.::t;..:;:; =cos(@+=1=—zing

é;;=mw

a0 S A (1.36)

A\

Fig 2.9 : Coordinate transformation

(www.brainkart.com/subject/Electromagnetic-Theory _206/)

. A= a?+ czn+xi cxn . . .
Given a vector Aot Ao, rdya, in the spherical polar coordinate

system as shown in fig 2.9, itscomponent in the cartesian coordinate
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system can be found out as follows:

A = ﬁaz = sin Feosg+ dycosbcosd— A sin ¢
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Similarly,
4 =T = A sin Gsin g A, cos Gsin g+ A cos e (1.38)
Ax=ﬁax=ﬂrc055'—ﬂﬂ SiNE (1.38b)
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The above equation can be put in a compact form:

A sinfeosg cosbeosd —sing||4
A =|sinfsing cosfsing cosg [|4
A cosd —sin & 0 J.r'El;‘5

The compor‘ﬁehﬁandﬂ?’ themselves will be funclGid&df ~2%¢ ¢ arerelated to x,y ¢

x=ranfoosg
¥ =rsndsin g (1.40)

z=rcosd

and conversely,

royx eyt (1.41a)

Using the variable transformation listed above, the vector
components, which are functions of variables of one
coordinate system, can be transformed to functions of
variables of other coordinate system and a total
transformation can be done.
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