UNIT-1 INTRODUCTION
Part- A

Distinguish one Dimensional bar element and Beam Element (May/June 2011)
1D bar element: Displacement is considered.
1D beam element: Displacement and slope is considered

What do you mean by Boundary value problem?

The solution of differential equation is obtained for physical problems, which satisfies some
specified conditions known as boundary conditions.

The differential equation together with these boundary conditions, subjected to a boundary
value problem.

Examples: Boundary value problem.
d?y/dx? - a(x) dy/dx — b(x)y —c(x) = 0 with boundary conditions, y(m) = S and y(n) = T.

What do you mean by weak formulation? State its advantages. (April/May 2015), (May/June
2013)

A weak form is a weighted integral statement of a differential equation in which the
differentiation is distributed among the dependent variable and the weight function and also
includes the natural boundary conditions of the problem.

e A much wider choice of trial functions can be used.

e The weak form can be developed for any higher order differential equation.
¢ Natural boundary conditions are directly applied in the differential equation.
e The trial solution satisfies the essential boundary conditions.

Why are polynomial types of interpolation functions preferred over trigonometric functions?
(May/June 2013)

Polynomial functions are preferred over trigonometric functions due to the following
reasons:

1. It is easy to formulate and computerize the finite element equations
2. It is easy to perform differentiation or integration
3. The accuracy of the results can be improved by increasing the order of the polynomial.

What do you mean by elements & Nodes?(May/June 2014)

In a continuum, the field variables are infinite. Finite element procedure reduces such
unknowns to a finite number by dividing the solution region into small parts called Elements. The
common points between two adjacent elements in which the field variables are expressed are called
Nodes.

What is Ritz method?(May/June 2014)

It is integral approach method which is useful for solving complex structural problem,
encountered in finite element analysis. This method is possible only if a suitable function is
available. In Ritz method approximating functions satisfying the boundary conditions are used to
get the solutions
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Distinguish Natural & Essential boundary condition (May/June 2009)

There are two types of boundary conditions.
They are:

1. Primary boundary condition (or) Essential boundary condition
The boundary condition, which in terms of field variable, is known as primary
boundary condition.

2. Secondary boundary condition or natural boundary conditions

The boundary conditions, which are in the differential form of field variables, are
known as secondary boundary condition.

Example: A bar is subjected to axial load as shown in fig.

LIS L U= 0

EA dufdx =p

In this problem, displacement u at node 1 = 0, that is primary boundary condition.
EA du/dx = P, that is secondary boundary condition.

Compare Ritz method with nodal approximation method.(Nov/Dec 2014), (Nov/Dec 2012)
Similarity:

(i) Both methods use approximating functions as trial solution

(i1) Both methods take linear combinations of trial functions.

(iii) In both methods completeness condition of the function should be satisfied

(iv) In both methods solution is sought by making a functional stationary.

Difference
(1) Rayleigh-Ritz method assumes trial functions over entire structure, while finite element method
uses trial functions only over an element.
(if) The assumed functions in Rayleigh-Ritz method have to satisfy boundary conditions over entire
structure while in finite element analysis, they have to satisfy continuity conditions at nodes and
sometimes along the boundaries of the element. However completeness condition should be
satisfied in both methods.

What do you mean by elements & Nodes?

In a continuum, the field variables are infinite. Finite element procedure reduces such
unknowns to a finite number by dividing the solution region into small parts called Elements. The
common points between two adjacent elements in which the field variables are expressed are called
Nodes.

State the discretization error. How it can be reduced? (April /May 2015)

Splitting of continuum in to smallest elements is known as discretization. In some context
like structure having boundary layer the exact connectivity can’t be achieved. It means that it may
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not resemble the original structure. Now there is an error developed in calculation. Such type of
error is discretization error.

To Reduce Error:

(i) Discretization error can be minimized by reducing the finite element (or) discretization
element.

(ii) By introducing finite element it has a curved member.
What are the various considerations to be taken in Discretization process?
(i) Types of Elements.
(i) Size of Elements.
(iii)  Location of Nodes.
(iv)  Number of Elements.
State the principleofminimum potential energy. (Nov/Dec 2010)
Amongallthedisplacementequationsthatsatisfiedinternalcompatibilityandthe
boundaryconditionthosethatalsosatisfytheequationofequilibriummakethe potential energya
minimum is astable system.
PART-B

2
The following differential equation is available for a physical phenomenon. AE = 37121"'

ax = 0, The boundary conditions are u(0) = 0, AE = % L= 0 By using Galerkin’s
xX=

technique, find the solution of the above differential equation.

Given Data:

2
Differential equ. AE = 2 ax =0

u
dx?
Boundary Conditions u(0) = 0, AE = ZZTZ +ax=0
To Find:
u(x) by using galerkin’s technique

Formula used
L

fwl- Rdx =0
0
Solution:

Assume a trial function
Letu(x) = ag + ayx + a,x? +azx® .. (1)
Apply first boundary condition
ie) at x=0, uix)=0
(1)=>0=ay+0+0+0

a0=0
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Apply first boundary conditioni.eat x =L, AE = Z—Z =0

0 2 3 LZ
1 a, a,x + as

= 0 =a, + 2a,L + 3a3L?

= a, = —(2a,L + 3a31?)

sub a, and a4 in value in equation (1)

u(x) = 0+ —(2a,L + 3a3L*)x + ax? + azx3
= —2a,Lx — 3azL?a,x + a,x* + azx3
= a,(x% — 2Lx) + az(x® — 3L%x)

We Know That

. d?u
Residual, R = AE — + ax
dx

du 5 5
2)= T a,(2x — 2L) + a3(3x* — 3L7)
d’u
prvialer (2) + az(6x)
d’u
i 2a, + 6aszx

2
Sub ZTZ value in equation (3)
(3) > R = AE(2a, + 6azx) + ax
Residual, R = AE(2a, + 6asx) + ax

From Galerkn’s technique
L

]Wl- Rdx =0
0
from equation (2) we know that

wy = x% — 2Lx
w, = x3 — 3L%x

sub wy, w, and R value in equation (5)

L
(5)= j(x2 — 2Lx) [AE(2a; + 6a3x) + ax]dx =0
0

L
f(x3 —31%x) [AE (2a, + 6a3x) + ax]dx =0
0

L
(6) = j(x2 — 2Lx) [AE(2a; + 6a3x) + ax]dx =0
0

..(5)

.. (6)

(D)
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L
f(xz — 2Lx) [2a,AE + 6a3;AEx + ax]dx = 0
0

[2a,AEx? + 6a3AEx® + ax3 — 4a,AELx — 12a3AELx? — 2aLx?] =0

S —

x3 x4 x4 x2 x3 .X'3
= [20,4E - + 6a3AE - + a7 — 4a,AEL — — 12a3AEL — — 2aL ] = 0
L3 L4 L4 L3 L4 L4
- 2a2AE§ + 6a3AE Z + az - 4a2AE? - 12a3AE? - Za? =0

4
= S@AEL +3a3AE L* + a= — 20,AEL? — 4a;AEL* — Zal* = 0

L2 NE o2,
= AEa,L [5—2] + a3AE L [5—4] +az—§a2L =0
= _—4AEL3a2 - EAEL4a3 I o Py iA}5L3az —EAEL4a3 =2 g
3 2 3 4 3 2 12
_—4AEL3a2 - EAEL‘*a3 _ 2 e (8)
3 2 12

Equation (7)

L
= f(x3 — 3L%x) [AE (2a, + 6a3x) + ax]dx = 0
0

L
= J(x3 — 3L%x) [2a,AE + 6a3AEx + ax]dx = 0
0

L
= f[ZAEa2x3 + 6AEas;x* + ax* — 6AEa,L?>x — 18AE a3L?x? — 3al?x?]dx = 0
0

x4 x° x° 5 x2 5 x3 , x31"
— |24Fa, = + 6AFa; = + a> — 6AEay12— — 184Eas12— — 3al2>-| =0
4 5 5 2 3 3 0

1 6 1
= [EAEazx‘* + gAEa3x5 + gax5 —3AEa,1*x? — 6AEasL*x3 — aL2x3] =0
0

1 6 1
= EAEazL4 + EAEagLS + gaL5 —34Ea,L*(L*) — 6AEasL*(L3) — al?*(L3) = 0

1 4 6 5 1 5 4 5 5
= S AEa;L* + 2 AEa; L+ al® — 3AEa,L* — 6AEa;L® — al® = 0

1 6 1
= AEa,L* [E — 3] + AEasl° [g - 6] +al’® + [g - 1] =0

L[5] 24 s 4 .
- AEazL I:E] — ?AECIBL = gaL
5 24 4

[E] AEa,L* + ?AEa3L5 = —gaLs N ()
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Solving Equation (8) and (9)
Equation (8) = S AEa,L} + 2 AEa;L* = — —alL*
Equation (9) = ZAEa,L* + = AEazL’ = —Zal

Multiplying Equation (8) gL and Equation (9) by%

20 4, 25 s 25
?AEazL +TAE613L ——ﬁaL

20 4, 25 s 16
?AEazL +TAE613L ——EaL

Subtracting

25 96 5 _ 16 251
T—E AEa3L 1_5_ﬁ

375 — 384 s [384—-3751 .
[ 60 ]AEa3L _[ 360 ]aL

9AE L’ = 2 L’
= g0 B T 3501

= —0.154Ea3 = 0.025a

= —0. 1666—
AE
-_- 10
Substituting az value in Equation (8)

5 - -5
_ 342 4 _ 2 14
SAEaL +2AE[6AE]L —al
4 -5 5 —a
— 3__ " 54 _° 4 _ "
3AEa2L 12 alL 2AEL GAE

4AE L3 5L4+5AEL4
gArdats =5 Ak Ty

4
§AEa2L3 =0

a2:0

Sub a, and a3 value in equation (2)

— u(x) = Ox[x, — 2Lx] + (6;1‘;) [x3 — 312x] = 0
= ux) = i ——[3L%x — x3]
Result:

u(x) = i [3L2x —x3]
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2. Find the deflection at the centre of a simply supported beam of span length “I1” subjected
to uniformly distributed load throughout its length as shown in figure using (a) point
collocation method, (b) sub-domain method, (c) Least squares method, and (d) Galerkin’s
method. (Nov/Dec 2014)

Y e
A NVW\/L\/'\/W\/\

-

Given data
Length (L) =1
UDL=w N/m
To find
Deflection

Formula used
d*y
El— —
dx*

Point Collocation Method R =0

w=0 0<x<lI

Sub-domain collocation method = fol Rdx =0

Least Square Method I = fol R%dx is minimum
Solution:
The differential equation governing the deflection of beam subjected to uniformly

distributed load is given by

EIT—(U:O, 0<x<l (1)

The boundary conditions are Y=0 at x=0 and x = |, where y is the deflection.

d*y

El—= =
dx*

0, atx =0and x =1
Where

4
EIZTZ =M, (Bending moment)
E — Young’s Modules

I — Moment of Inertia of the Beam.

Let us select the trial function for deflectionas Y = asin% ....... (2)

Hence it satisfies the boundary conditions

dy s X
=>a= CLT.COST

d’y m? nx
:W= —al—z.Sll’lT
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d3y 3 X

= I3 - apE-cosT
dty n*  nx
= I smT
Substituting the Equation (3) in the governing Equation (1)

4

El T X -0
al4 sml —w =

4
Take, Residual R = Ela%.sin% —w

a) Point Collocation Method:

In this method, the residuals are set to zero.

mt X

= R = Elal—4 smT—a) =0
mt X
Elal—4.sinT =w

To get maximum deflection, take k = é(i. e.at can be of beam)

A
EIal—4.smT[E] =w
-
EIal—4=a)
B wl*
© m4El

Sub “a” value in trial function equation (2)

wl? X

=g ST
l
Atx=z=>YmaX_ .sin —[2]

wlt

max = gp4p|

wl?

Ymax = 97.4E1
b) Sub-domain collocation method:

v sin—

.n_l
Slnl—

-1

2—]

In this method, the integral of the residual over the sub-domain is set to zero.

fol Rdx =0
Sub R value
t  nx
= |aEl—sin—— w|dx =0

# l
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[ X
4 —CoS -
l4 T —W X =0

[

= :aEIn———cos—” ] wxl =

[ COST = —1]’

TL'
= —aEIl—3[cos7T —cosOlwl=0 cosO0 =1

3
—aEIl—B[—l —1]=wl

wl* wl*
= YT 2Bl T 62El
Sub “a” value in the trial function equation (2)
wl* mx
T 62BN T
dtx=t vy = w—ﬁ.sinz(i)
2" M 62E] [ 2
o
max 62EI

c) Least Square Method:

In this method the functional
!
[ = fRde is minimum
0

4

n X
I = f(aEIlT.sinT—w)zdx

l
_f[ 2E212n8 , X D uE] m* nx]d
= 5 sin® = w? aElw . sin—-]dx
0

4

[ 2E212ﬂ8 [1 _ 2mx (l)_l_ 2 aEl T - X (l)]]z
= [a — |=x sin— w? — 2aElw—.[—cos——
18 [2 1 1\2m 14 [ \r)°
S 2778 1 l ) ] 5 mt 1
= a‘E“l l——[(stn—smO)] + w’l + 2aElw—.—[—cosm — cos0]
I8 2 14 '
[+ sin2m = 0; sin0 = 0; cosm = 0; cos0 = 1]
8l 3
I=a2E212l 2+w21+2a51w— (-1-1)
ZEZIZ 8 , 7.[3
I=T+w l—4aEIoul—3
Now, ZZ = 0
da
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a’E*I*78 3
= 7 =4E]lw &
a’E%I%w8 3
—— = 4EloTz
_4Elwl®
~ mwSEI
Hence the trial Function
4wl* nx

TET T

At x = é, maxdeflection [~ sing =1]

Y, = 4Ll4 sinE (i)
max- gSEI 22
wl*

Ymax = 760

d) Galerkin’s Method:
In this method
l

fY.Rdsz
0

l
f-(asinﬂ) aElﬁsinE—w dx=0
l 4 l N
o L

mt X X

azEIlTsinzT— awsinT dx =0

U

U
Cf— —

, ot 2mx X
= | |a Ell—4[§(1—cosT)—aa)smT dx =0

, ot 1\  ,2mx A
= |a EI—[—<1—{(x——)sm —}]+aw —C0S ——
2 [ I8 [ 0

Hence the trial Function

4wl* nx
= g SN

10
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At x = %, maxdeflection [~ sin% =1]

v _dolt  w

4pl*
v wl?
max 76,5 EI

Verification,

We know that simply supported beam is subjected to uniformly distributed load, maximum

deflection is,
5 wl*
Yiax = 287 T
— 00128
El
3) i) What is constitutive relationship? Express the constitutive relations for a linear
elastic isotropic material including initial stress and strain. 4)
[Nov/Dec 2009]
Solution:

It is the relationship between components of stresses in the members of a structure or in a
solid body and components of strains. The structure or solids bodies under consideration are made
of elastic material that obeys Hooke’s law.

{0} = [D]{e}
Where

[D] is a stress — strain relationship matrix or constitute matrix.

The constitutive relations for a linear elastic isotropic material is
0 0

(T Y (1-v) 0 o : o e
gy v 1-v) 0 0 0 €y
st = E v v A-mi-20 o ||
(- A+v)d=20)| 0 0 0 > 1-2v 0 ||
8y 0 0 0o 5 > 1—2v|[%z
(5, / 0 0 0 0 0 R G

2
ii) Consider the differential equation %+ 400x% = 0 for 0 < x <1 subject to boundary
conditions Y(0) = 0, Y(1) = 0. The functions corresponding to this problem, to be eternized

2
is given by I = f;{—o.s[%] +400x2Y}. Find the solution of the problem using Ray

Light Ritz method by considering a two term solution as Y(x) = ¢yx(1 — x) + c,x*(1 —
x) (12)

11
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Given data
Differential equation = Z% +400x2=0for0<x<1
Boundary conditions Y(0) =0, Y(1) =0
1= {—0.5 [Z—z]z + 400x2Y}

Y(x) = cx(1 —x) + cx%(1 — x)

To find:
Rayleigh- Ritz method

Formula used

al

301

ol

2, 0

Solution:
Y(x) = c;x(1—x) + cx%(1 — x)
Y(x) = cyx(x — x2) + cp(x% — x3)
= = c1(1 —2x) + ¢, (2x — 3x?)
= (1 —2x) + cx(2 — 3x)

dv2

[d—y = [c;(1 = 2x) + c;x(2 — 3x)?]?

=c?(1 — 4x + 4x%) + c3x%(4 — 12x + 9x?) + 2¢1c,x(1 — 2x) (2 — 3x)

=c?(1 — 4x + 4x%) + c2x%(4 — 12x + 9x?) + 2¢1c,x(2 — 3x — 4x + 6x?)
dy’ 2 2 2 2
[E =c?(1 —4x + 4x%) + c3x%(4 — 12x + 9x?) + 2¢1c,x(2 — 7x + 6x?)

We know that
! !

!
d —
=f[—0.5(d—z +400xy—7f y] +400f xX°y
0

0

= f cZ(1—4x + 4x?) + c2x?%(4 — 12x + 9x?) + 2¢1c,x(2 — 7x + 6x2)
0

!
+ 400[[ x%[cix(1 — x) + c,x%(1 — x)]
0
By Solving

12
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-1 c1 2 1
I=7 3 +1502 +301czl+400[20 30]
-1, 1, 1
Iz?cl —15% T ghac + 20¢q +?c2
a1
8_61:
-1 1
:?x2cl—gc2+20=0
-1 1
=>?XC1—6C2+20=0 v e (1)
Similarly,
a1
6_c2=0
-2 1 40

- — = T (7/
=>15C2 6C1+3 0 ()

By Solving (1) and (2)
80 200
3973
We know that

Y = cx(1—x) +cx%(1 —x)

1 =

80 200
Y = —x(l —x) + sz(l —x)
4) Consider a 1mm diameter, 50m long aluminum pin-fin as shown in figure used to

enhance the heat transfer from a surface wall maintained at 300°C. Calculate the

temperature distribution in a pin-fin by using Rayleigh — Ritz method. Take, k =

200W/ mec for aluminum h= 2OOW/

A s
. ST
o

d2T
dx2 = A

13

=2 (T-T,) T(0) =T, = 300°C, q, = KA (L) = 0 (insulated tip)
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Given Data:
The governing differential equation

d®T Ph

k—=—(T—-T

Diameter d=1mm = 1x10°m
Length L = 50mm = 50x10°m

Thermal K=200w/ ..

Conductivity Heat transfer co-efficient h = 2OOW/moC
Fluid Temp T, = 30°C.
Boundary Conditions T(0) = T,, = 300°C
. =KAT (L) =0
To Find:
Ritz Parameters
Formula used

m = strain energy — work done

Solution:

The equivalent functional representation is given by,

m = strain energy — work done

mT=u—v

| dx |

Assume a trial function
Let
T(x) = ag + a;x + ax?
Apply boundary condition
atx =0, T(x) =300
300 = ag + a;(0) + a,(0)?
ap, = 300
Substituting a, value in equation (3)

T(x) = 300 + a;x + a;x?

14

(D

(2

.(3)

L (4)

2 qy
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dT

= a =a + Zazx (5)

Substitute the equation (4), (5) in (2)
l l
1 1Ph

= fz—k (a; + 2a,x)%dx + f?? [270 + a; + ayx?]?dx.

0 0
[~ (a+b)? =a?+b%+2ab;(a+b+c)?>=a?+b?+c?+ 2ab + 2bc + 2ca

l
k 2 2.2 Ph 2 2,2 2.4 3 2
T = 5 (a1 +4a5x* +4aax) +—| | 270° + a;*x° + a,*x™ + 540a,;x + 2a,x° + 540a,x“ | dx

24
0 0
-3
Kk, N 4a2x% 4 arx? 50x10
m= > (aix 3 . 0
-3
+Ph 72900k+a12x3 +a22x5 540a,x2 2aya,x*  540a,x3 50x10
“ 3 > 2 4 3 0
[+ 1=50x10"3]
k 4a2(50 x 10-3)3  4a:a- (50 x 10-3)2
7= X (50 x 10732 + 222¢ ), 4may( )
2 3 ;
" a,*(50 x 107°)°  a,%(50 x 107%)°
+ ﬁl72900k + . + :

X 1073 x 20
2 X % x (1073)2

200 4y 42 -3
m=——(50 x 10af + 1.666 x 10*aj + 50 x 10 aya;) +

= 364.5 + 4.166 x 10™°a? + 6.25 x 1078aZ + 0.675a; + 3.125 x 10~%a,a, + 0.0225a,
m = [5a? + 0.0166a3 + 0.5a,a,] + [14.58 X 1077 + 1.6691% + 2.5 X 10~3a% + 2700]a,
+0.125 a;a, + 900a,]
m = [6.66a% + 0.0191a2 + 0.625a,a, + 2700a; + 900a, + 14.58 x 107]
ApplyaaT”2 =0
= 13.32a; + 0.625a, + 27000 = 0

13.32a; + 0.625a, = — + 27000 N ()
= 0.625a; + 0.382a, + 900 =0
0.625a, + 0.382a, = —900 N )
Solve the equation (6) and (7)
13.32a; + 0.625a, = — + 27000 N ()
0.625a, + 0.382a, = —900 N ¢)'
(6) x 0.625

15
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8.325a; + 0.3906a, = —16875 e (8)
(7) x -13.32
—8.325a, — 0.5088a, = 11988 SR C°)

—0.1182a, = —4887
a, = 41345
Sub a,value in equation (6)
13.32a; + 0.625(41345) = — + 27000
a; = —3967.01

Sub ay, a;and a,values in equation (3)

T = 300 — 3697.01x + 41345x?
5) Explain briefly about General steps of the finite element analysis.

[Nov/Dec 2014]

Step: 1

Discretization of structure

The art of sub dividing a structure into a convenient number of smaller element is known as
discretization.
Smaller elements are classified as

) One dimensional element

i) Two dimensional element

iii) Three dimensional element

iv) Axisymmetric element

(1) One dimensional element:-
a. A bar and beam elements are considered as one dimensional element has two nodes,

one at each end as shown.

1 2
(i)  Two Dimensional element:-

Triangular and Rectangular elements are considered as 2D element. These elements

are loaded by forces in their own plane.

16
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1ii) Three dimensional element:-
The most common 3D elements are tetrahedral and lexahendral (Brick) elements. These

elements are used for three dimensional stress analysis problems.

Iv) Axisymmetric element:-

The axisymmetric element is developed by relating a triangle or quadrilateral about a fixed
axis located in the plane of the element through 360°. When the geometry and loading of the
problems are axisymmetric these elements are used.

The stress-strain relationship is given by,
o =EFe
Where, o = Stress in x direction
E = Modulus of elasticity
Step 2:- Numbering of nodes and Elements:-

The nodes and elements should be numbered after discretization process. The numbering
process is most important since if decide the size of the stiffness matrix and it leads the reduction of
memory requirement . While numbering the nodes, the following condition should be satisfied.

{Maximum number node} — {Minimum number node} = minimum

Longer Side Numbering Process:

Fig. 1.6. (a)
[Note: Number with circle denotes element.

Number without circle denotes node]
Considéring element (3),

o |

Maximum node number = 10
Minimum node number = 3

Difference 7

17
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Shorter Side Numbering Process:

®
®
© [Bl®

OO

Fig. 1.6. (b)
Considering the same element (3).
10 14

®

9 13
Maximum node number = 14
‘Minimum node number =
Difference oen (1.2)
From equation (1.1) and (1.2), we came to know, shorter side numbering process is
followed in the finite element analysis and it reduces the memory requirements.

[P - o~ -

Il
o

Step 3:
Selection of a displacement function or a Interpolation function:-
It involves choosing a displacement function within each element. Polynomial of linear,

quadratic and cubic form are frequently used as displacement Function because they are simple to

work within finite element formulation. d(x).

I

0(x)

A
Exact solution

i ¢(x)=ag+aqx

S~
~~
-
-~
-
-~
Se
S

S~

Y
P

Y
x

|e——— Element — |e——— Element ———]
(a) Linear approximation ~ (b) Quadratic approximation
The polynomial type of interpolation functions are mostly used due to the following

reasons.
1. Itis easy to formulate and computerize the finite element equations.
2. ltis easy to perform differentiation or Intigration.
3. The accuracy of the result can be improved by increasing the order of the polynomial.

18
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Step — 4:-

Define the material behavior by using strain — Displacemnt and stress. Strain
relationship:

Strain — displacement and stress — strain relationship and necessary for deriving the equatins
for each finite element.

In case of the dimensional deformation, the strain — displacement relationship is given by,

__du
T dx

Where, u — displacement field variable x direction e — strain.

Step-5
Deviation of equation is in matrix form as
1) /kn; kiz, kiz ... kin U S
f2 ka1, kaz Koz oo ko Uz
< f3 > k31, ksz, K3z ... kap Uz ) \
Ja kn1, ka2, kaz .. kan Uy
./ N _  J
In compact matrix form as.
Where,

e is a element, {F} is the vector of element modal forces, [k] is the element stiffness

matrix and the equation can be derived by any one of the following methods.
(i) Direct equilibrium method.
(i) Variational method.
(i)  Weighted Residual method.

Step (6):-

Assemble the element equations to obtain the global or total equations.

The individual element equations obtained in step s are added together by using a
method of super position i.e. direction stiffness method. The final assembled or global equation
which is in the form of

{r} = [kl{u}
Where, [F] — Global Force Vector
[K] — Global Stiffness matrix
{u} — Global displacement vector.
Step (7):-
Applying boundary conditions:
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The global stiffness matrix [k] is a singular matrix because its determinant is equal
to zero. In order to remove the singularity problem certain boundary conditions are applied so that
the structure remains in place instead of moving as a rigid body.

Step (8):-
Solution for the unknown displacement formed in step (6) simultaneous algebraic
equations matrix form as follows.

Deviation of equation is in matrix form as

fi ki1, kiz, kiz .. kip 251
f2 ko1, kaz, koz .. ko Uz
f3 k31, ksz, k33 ... ks Uz
f3 ka1, kaz, kaz .. kg Uy
J4 kni, kaz kaz . Kap Uy

These equation can be solved and unknown displacement {u} calculated by using

Gauss elimination.

Step (9):-
Computation of the element strains and stresses from the modal displacements {u}:

In structural stress analysis problem. Stress and strain are important factors from the
solution of displacement vector {u}, stress and strain value can be calculated. In case of 1D the
strain displacement can strain.

d
°=3
SU— U
Where, u; and u, are displacement at model 1 and 2

x1 — x, = Actual length of the element from that we can find the strain value,

By knowing the strain, stress value can be calculated by using the relation.

Stress 0 = Ee
Where, E = young’s modulus

e — strain

Step - 10

Interpret the result (Post processing)
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Analysis and Evaluation of the solution result is referred to as post-processing. Post processor

computer programs help the user to interpret the results by displaying them in graphical form.

6) Explain in detail about Boundary value, Initial Value problems.

The objective of most analysis is to determine unknown functions called dependent
variables, that are governed by a set of differential equations posed in a given domain. Q and some
conditions on the boundary I" of the domain. Often, a domin not including its boundary is called an
open domain. A domain boundary is called an open domain. A domain Q with its boundary T is
called a closed domain.

Boundary value problems:- Steady state heat transfer : In a fin and axial deformation of a bar

shown in fig. Find u(x) that satisfies the second — order differential equation and boundary

conditions.
—d du
E(aa)+ cu=f for 0<x<L
d
u(o) = uy, (a ﬁ)x# = qp
i) Bending of elastic beams under Transverse load : find u(x) that satisfies the fourth order

differential equation and boundary conditions.

CZC_Zz (3271;)4_ cu=F for0<x < —L
du
) = () _, =
(5], =mo- [(b5)] =0
x=0 Q= (o,L) L

Initial value problems:-
) A general first order equation:-
Find u(t) that satisfies the first-order differential equation and initial condition.
Equation and initial condition:-
a%+ cu=Ffor0<t <T
u(0) = uy.
i) A general second order equation:-

Find u(t) that satisfies the second — order differential equation and initial conditions:-
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2
ad—u+bd—z+ cu=F for0<t<T
dt dt

u(o) = uy, [b Z—I;]t:() =,

Eigen value problems:-
Q) Axial vibration of a bar:

Find u(x) and [ that satisfy the differential equation and boundary conditions.

—d du

— a—]—lu=0f0r0<x<L
dx dx

du
=0,|la— =0
u(o) [a D).,
(i) Transverse vibration of a membrane:-

Find u (x,y) and A that satisfy the partial differential equation and

boundary condition.
d du d du .
- E[alg] +E[GZE] —Au=0inQ

u=0onTly
The values of A are called cigen values and the associated functions u are called cigen functions.

b) A simple pendulum consists of a bob of mass m(kg)attached to one end of a rod of

length I(m) and the other end is pivoted to fixed point 0.

Soln:-
_ 4 _
F = = (mv) = ma
S
Fx =m. %
g = lsz
mgsing =ml — 7
or
’Q g .
W-I_ TSIHQ:O
d’Q s
ez T e=0
dqQ
P (0) = U,
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Q(t) = AsinAt + BcosAt.

Where,

A= ﬁ and A and B are constant to be determined using the initial condition we

obtain.

A— =B = 6

the solution to be linear problem is
o(t) = VA—O Sin At+0.Cos At

for zero initial velocity and non zero initial position 8, , we have.
0(t) = 6, cos At.

7) A simply supported beam subjected to uniformly distributed load over entire span and
it is subject to a point load at the centre of the span. Calculate the bending moment

and deflection at imdspan by using Rayleish — Ritz method. (Nov/Dec 2008).

Given data:-
et w }bt\ik(ung“c\
T N NN
2\
|« A S|
I =D )g'z.)\ .
To Find:

1. Deflection and Bending moment at mid span.

2. Compare with exact solutions.
Formula used

m = strain energy — work done

Solution:

We know that,

. , .3
Deflection, y = a; smﬂl—X + a, sm? ----------------------- @
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Total potential energy of the beam is given by,
n=U—H
Where, U — Strain Energy.
H — Work done by external force.

The strain energy, U of the beam due to bending is given by,

T (3)

by _ aq COoS = X (n) + a, cos 3 X (3T[)
ax 1 1 1 2 1 1
dy _ apmx X + ax3mx 3mx

dx 1 1 1 1

d? am X i az3m 3mx 3m
ay —_ — 1_5 X = — 2 X =
dx 1 1 1 1 1 1
d2y am

2
_ . TX azn i 3‘]‘[X
dx2 12 sin 1 9 L @

2
Substituting jx—ﬁ value in equation (3),

2

El (I ajm? . mx apm? ., 3mx

U= — (— sin— — 9 sm—) dx
270 12 1 12 1

2
El (I faym? . mx a;m? . 3mx
= —f(llz sin— + 92 sm—) dx

270 1 12 1
= EZI 1:4 f [al sin? = + 81a3 sin? — “+2a smT 9a, sm—] dx
[ (@a+Db)? = a? + b? + 2ab]
EI TE 1 2
U= ST [al sin? = + 81a3 sin? —+ 18 a;a; smT sm—] dx
fiatsin?@dx = af 11 (1 - cosZ) dx [+ sin? x = 1222
= a%%f (1 —cosznTX)dX

[l 1 2mx
= a71[f0d><— Jo cos% dx]
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af - I sin 27 l
=3 (x)o — —2m
| L 0

=2 :l—O— %(sinzlﬂ— sinO)]

2r 2
= 4f;- %(0—0)]= 9l sin2m = 0; sin0 = 0]

2l 2
fola%sm2$dx=% ______________________ @
Similarly,
810 ot 22 = 128 12(1 - cos ) ax [ s x= 2]

1 .l 6mx
= 81a3+ [, (1 — cos T) dx

_ 813%-1 l 6TTx
= T_fodx_ focosT dx]
81 2- sin% :
= a4 (X)%)_ < 6nl>
2 i T 0
= 84— L(sin®— s
2 _l 0 6n(sml smO)]
=%_l—i(0—0)]=ﬂ [+ sin6m = 0; sin0 = 0]
2 L 6m 2 ’

3mx 81a3 1

l
81a} sin? dx =
fo I T e — @

l . MX . 3mXx Il ., mx ., 3mx
J, 1812, sin— .sin=—dx = 18a,a, Jo sin— .sin——dx

I . 3mx . TX
= 1822, [, sin== .sin—dx

1 27X 4mx
=18aja; 3 (cosT — cos T) dx

cos (A—B)—cos (A+B)
2

[ sinAsinB =

_ 18ajap [ (! 27X l 4mtx ]
= = [focos —dx — [ cos— dx
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2\ 4\
_ 18ajay sin— _ sin—
2 2 i

! 0 ! 0

= 9a;a,[0—-0]=0 [+~ sin2m = 0;sin4m = 0; sin0 = 0]

! . X | 3mX
f 18alazsmT.sdex =0
PO T T

Substitute (6), (7) and (8) in equation (5),

U=gﬁ[a§l+81a%l
2 1412 2

+0]

El 41
U=——4
4 1

_ Eln* ,
Strain Energy, U = oER [af +81a5]  F--oomo

Work done by external forces,

l
H:fowydx'l'Wymax ——————————————————————
l
2wl a;
dx = — — ) s
Joa)y x /s (a1+ 3) @

[a? + 81a3]

: .3
We know that, y=a sm% + a, sm%
L . 1
In the span, deflection is maximum at x = 3
T X 31r><l
— - 2 .
Ymax = QpSIn—= + a,sin
. T . 3m . T . 3m
= a151n5+ a, sin— [..smg—l, sm;-—l]

Ymax = @41 — QA2 . @

Substitute (11) and (12) values in equation (8),

20
H=%(a1+ ‘13—2)+W(a1—a2) ----------------------- @
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Substituting U and H values in equation (2), we get

El?* 2wl a

= [a? + 81a3] — T(al + ?2) + W (a; — az)]
Elr?* 2wl a

T = F[a% + 81a3] _T(al + ?2) - W (a; — ay)

For stationary value of m, the following conditions must be satisfied.

on on
a = Oanda =0
o Eln? 2wl
da; 413 2a) -——-W=0
Eln* 2wl
o T W=
Eln? 2wl
2l3 aq —+ W
B 203 (Zwl ) ________________
Y7 B\ o
on EI”4(162 )2 ( ) W =0
da, | 43 oo -
Similarly,
EIm* 2wl

F(162a1)—T+W= 0

Eln* 2wl

-(162a;) === - W

213 2wl
az ( W) -------------

T 81EIT*\ 31

From equation (12), we know that,

Maximum deflection, y,,., = a1 — a

213 (2wl 213 (2wl
Ymax = g (T + W) "~ B1EIn* (? - W)
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4]t TR 4l* AR

Ymax = Frs ™ g 243EInS = 81Elm*

wl4 Wl3
Vax = 00130 25 40,0207 T ~--ommmoe oo @

We know that, simply supported beam subjected to uniformly distributed load, maximum deflection

. 5 wlt
IS, Ymax = EF
Simply supported beam subjected to point load at centre, maximum deflection is,

_ wl3
Ymax = 48E]

5 wl* wl3

So, total deflection, Ymax = 5075 T Tem

4 3

00130 2% 1 0.0208 V!
Ymax = T El El | s

From equations (17) and (18), we know that, exact solution and solution obtained by using

Rayleigh-Ritz method are same.
Bending Moment at Mid span

We know that,

. _ dzy
Bending moment, M = EI 7 e @

From equation (9), we know that,

dzy: _[a1n2 . E_I_ a; 9m? . 3nx]

7 sin— 7 sin—

Substitute a; and a, values from equation (15) and (16),

d2%y [ 213 (Zwl n? . mx 213 (2wl 9n? . 3mux
— = - —+W)><—sm—+ (——W)x—sm—
dx?2 ElIn*\ & 12 l 81EIn* \ 3w

: . !
Maximum bending occurs at x = 3

1 1
213 2wl n? X5 2B 2wl gz  3mXxy
= )

+ W) X — si + -
Eln® 23 T T 81EI \3n

T
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213 2wl 2 213 2wl 9772
S (T+W)><l—2(1)+—( W)x—lz (—1)

Elr* 81EIT*\ 3
N PR 3_71__
[-. sin- = 1; sin = 1]
_ 21 (Za)l+W) 21 <2wl W)]
R ITAN 9EIn? \ 31
_ [4«)12 A 2wl ]
- EIn3 ' Eln? 27EIx3 ' 9EIm?

_ [3.8518wl2 z.zzzwz]
N Eln3 Eln?

Ty _fo124%5 4 0205
dx2 |7 EI YT OEI

2
Substitute jx—i value in bending moment equation,

2 2
Meenwre = EISS = —EI[0.124%- +0.225 =

Menre = —(0.124 @I2 +0.225 W)~ ~===========ssssooooooy
(+-Negative sign indicates downward deflection)

We know that, simply supported beam subjected to uniformly distributed load,
maximum bending moment is,

12
Mcentre = w?
Simply supported beam subjected to point load at centre, maximum bending moment
is,
wi
Mcentre = =+
2
Total bending moment, M epire = % + WTZ

Meenre = 0125 w2+ 025 W1 T @

From equation (20) and (21), we know that, exact solution and solution obtained by
using Rayleigh-Ritz method are almost same. In order to get accurate results, more terms in Fourier

series should be taken.
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