ROHINI COLLEGE OF ENGINEERING AND TECHNOLOGY

Change of variables in Double and Triple integrals

Evaluation of double integrals by changing Cartesian to polar co-
ordinates:

Working rule:
Step:1
Check the given order whether it is correct or not.
Step:2
Write the equations by-using given limits.
Step:3
By using the equations sketch the region of integration.
Step:4
Replacement: = put x = rcosé ,y = rsinf , X2+ y> = r? and dxdy = rdrdé
Step:5

Find r limits(draw radial strip inside the region) and 6 limits and evaluate the integral.

Example:
Change into polar co-ordinates and then evaluate f;’f 2+ > dydx
Solution:
“ ?‘/ = O=mn/4
=0
r=209

Given order dxdy is in correct form.
Given limitsarex:y—a,y:0- a
Equationsare x=y,x=a,y=0,y=a
Replacement:
Put x=rcosf , x*+y?=r?,dxdy = rdrdo

Limits: r: O—>— 90—>—
coS

I,

Y x2+y2

rcose

rdrdf

dydx — f fcos@
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= foz[rcose]g"se do
A

= ¢ (5 cos8 —0)do
=a[+do

=a(8)?
=a(;—0)

Example:
Evaluate fya J,i—,,dedy by changing into polar co-ordinates.
Solution:
e O=n/4
AIT;

r =asec

T : . » o-0

Given order dxdy is in correct form.
Given limitsarex:y— a,y:0-a
Equationsare x=y,x=a,y=0,y=a

Replacement:

Put x* =rcos?0, x?+y? =12 =>r=/x2+ y?, dxdy = rdrdd

Limits: r:0 > — ,0:0 > =
cosf 4
2c0s26

o T T2
fO fy —W dXdy = f04 focose T”l"d”)"d@

= fo% [%3 00529];0? de

=Ju( @ 0526 — 0)deé

3cos30

cos?6 do

SE 1
:a_f4-
3 70 cos360
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3 T
— &y 1

3 Y0 cosf

I T
= ?fo‘f sect df

=3 (log(sect + tand)),

3

= —Jlog (sec% + tan%) — log(sec0 + tan0)]

wlg

= £ [log(V2 + 1) — log(1 - 0)]

=L 10g(vZ +1)

Note:
1. x%4+y? =r%c0s?0 + r2sin?0 = r?
I 2 & L 2 _1 T
2. [Zcos?0de = [?sin?0d0 == % -
2 cos — (Z sint =3xlxm
3. JZcos*0de = [2sin*0d® = X x 2

4. |2 cos?Bsin®6d6 = IxixX

4 2 2
Example:

N —x2
By changing into polar co-ordinates and evaluate foza A 2 (%2 4 y2)dydx
Solution:
0=n/2
VN

ar

r=2a cos

the circle.

[Polar form]

Given order dydx is in correct form.
Given limits are y : 0- vV2ax — x2 , x : 0~ 2a
Equationsare y =0,y =v2ax —x2,x=0,x=2a
y? = 2ax — x?
x? 4+ y? — 2ax = 0 is a circle with centre (a,0) and radius ‘a’.

Replacement:

MA8151 ENGINEERING MATHEMATICS |



ROHINI COLLEGE OF ENGINEERING AND TECHNOLOGY

Put x2 +y? =r?,dxdy = rdrdf
Limits: r: 0 - 2acos8 ,0:0 —>§

fOZa fO\/Zax—xZ(xz N yz)dydx _ J.OE fOZacose r2 % rdrdd

— J-OE fOZacose T3d7‘d9

2acosH

_ Ly
=I5 [I]O de
T 2434cos40
- foz(z a ZOS _ O) de
=4a* [2 cos*0 d6

T
3 1 T 51 3 1w
=4t X >x=x = (v [2c0s*0d0 == X=X =)
4 2 2 0 4 2 2

__ 3ma*
4

Example:

f\/ 2x—x2

By changing into polar co-ordinates and evaluatefo2 )

X
Ziy? dxdy

Solution:

he circle.~
0=-n/2

(Polar form)

Given order dxdy is in incorrect form.

V2x—x2

The correct form is dydx = foz J, —— dydx

x2+y?
Given limits are y : 0— v2x — x2 , x : 0— 2
Equationsarey=0,y=v2x —x%2 ,x=0,x=2
y? = 2x — x*?
x? 4+ y? — 2x = 0 s a circle with centre (1,0) and radius ‘1°.
Replacement:

Put x = rcosf, x? + y% =r?, dxdy = rdrd@
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Limits: r: 0 > 2cos@ , 6:0 —>§

o 17 e dyax = iz 2200 <950 ¢ rdrdo
=f§[rcos@](2,c"59 do
= f§(2cosze —0)de
=2 fog cos?0 dé
:2x§x§ (-.-f(?coszedé?:%x%)

T
2
Example:
24,2
Evaluate ff% dxdy over the annular region between the circles x? + y? = a? and

x? + y? = b? (b>a) by transforming into polar co-ordinates.
Solution:

dr do
Replacement:
Put x? = r?cos?6,y? = r?sin?0
x? +y?2 =r?, dxdy = rdrdf
Given the region is between the circles x? + y? = a? and x? + y? = b?
Limits:r:a—»b ,60:0 - 2n

d d _f21rfbrcos erSLnGerrde

2+y r2

_ fZT[ fb rcos 9><sm 0 % drd@

= f02n fab r3cos?0 X sin?0 drd@
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b
= fozn [ﬁ] cos?0 X sin%0 d@
a

4
= ifozn(b“ —a%) cos?0 x sin?0 d6
= L‘:aﬁf;ﬂ cos?0 X sin?6 d6

4__4 u 2
= O 4 x [2cos?0 x sin0.d0 (= 7T =4f2)

= (b* —a*) x [?cos?8 x sin*6 d6
1.1 > i 11
= (b*—a*) x %5 xg (+ J¢ cos®Bsin®6d6 = PRebRe g)

__ m(b*-ah)
o 16

Example:

[a2 _2
Evaluate f; [ " /a? —x% —yZ dydx by transforming into polar co-ordinates.

Solution:

olar

1 the circle.

0=-n/2

Given order dydx is in correct form.
Given limitsarey : 0-» vVa? —x? ,x:0-a
Equationsarey =0,y=+va? —x? ,x=0,x=a
y2 = g2 — x2
x? 4+ y? = a? is a circle with centre (0,0) and radius ‘a’.
Replacement:
Put a? —x? —y? =a? - (x*+y?) =a?—r?,dydx = rdrdf
\/az —x2 _yz = a2 —r2

Limits:r: 0 - a ,0:0—>§

foa Jy N - y2 dydx = foEanVaz —r2rdrdf
= fof(foa\/az —r2rdr)df
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Substitution:
Put a2 —r?=t ifr=0=t=a?
—2rdr=dt ifr=a=>t=0

dt
rdr= ——
2

~t:a2->0

T
2

[2( Va7 =7 rdryde = [2[[% VE(~2)de
= 2 271 do

-1 (500 2
= 7f0 [f; tzdt]de

= S1[p0= @)
= —gf(?— (a®) d6

g L
— ?foz d@

a8 z
=5 (6),

a3 m
5G-0)

a3

6

Change of Variables in Triple Integral

Change of variables from Cartesian co- ordinates to cylindrical co — ordinates.

To convert from Cartesian to cylindrical polar coordinates system we have the following
transformation.

X =1 cos6 y =71 sin6 zZ=2z

] — a(X IYIZ) —
T a8z

fff f(x,y, 7) dzdydx = fff f(r6,2) dzdrde

Hence the integral becomes
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Example:
Find the volume of a solid bounded by the spherical surface x? + y? + z? = 4a? and
the cylinder x2 + y2 — 2ay = 0.

Solution:

2 2 2 2
x“+y*’=y4a

sin @

Cylindrical co — ordinates

X =rcoso
y =rsin@
7Z=7

The equation of the sphere x? + y? +z? = 4a?
r’cos? 0+ r?sin 0 + z2 = 4a®
r’ +z2 = 4a?
And the cylinder x%4+y%— 2ay = 0
x? + y? = 2ay
rcos?® +r?sin?0 = 2arsin®
r?2 = 2arsin 0
r = 2asin 9
Hence, the required volume,
Volume = [ [ [ dx dy dz

= [[[rdedrdz
— 4 fo'rt/z f02asin9 fO\/4a2—r2 rdz drdo

=4 fon/z f:asme rv4a2 —r2 drde
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2asin 6
—4 fon/z [_§(4az _ r2)3/2]0 de

=§ f:/z[—(élaz — 4a%sin? 9)3/2 + 8a3] de
= % foﬁ/z(—8a3 cos3 0 + 8a3) do

=§ 8a3 f;/z(l— cos® 0) do

32 a3 2 . .
2 [E - —] cubic units
3 2 3

Example:
Find the volume of the portion of the cylinder x? + y? = 1 intercepted between the
plane x = 0 and the paraboloid x? + y2 = 4 —z.
Solution:
Cylindrical co — ordinates

X =1rcos@
y=rsinf
Z=2z

Given x2+y? =1

r’cos? 0 +r?sin?0 = 1
2 3%
r= +1

Given x2+y2 = 4—z

rcos?0 +r?sin’0 = 4 —z
r’=4-z
z=4—r?

Hence the required volume
Volume= [ [ [rdzdrd6

= [ rdzdrde
= .[02TI fol r[z] é_rz dr dé
= [7" [ r(4— r?)drde
= [" [ (4r—r®)drde
_r2m [4r? ot

- fo 2 :] do

- [~ 0-0] e
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[2r—0] = % 1t cubic.units
Example:
Find the volume bounded by the paraboloid x? + y? = az, and the cylinder
x% + y% = 2ay and the plane z = 0
Solution:
Cylindrical co — ordinates

X=rcos0
y =rsin0
Z=7z

The equation of the sphere x? + y?+= az

rcos? 0 + r?sin? 0 = az
r’ = az
And the cylinder - x% + y? = 2ay
r?cos? 0 + r?sin? @ = 2arsin®

r? = 2arsin 0
r = 2asin 9

Hence, the required volume,

Volume = [ [ [ dx dy dz

= [[frdedrdz

. rz
=" 2" fardzdrds
2

:fon f02a sin 6 [z]o?rdrde

:fon fOZasine [f] drde

a

:lfon [;]Zasine 46

a

_1 fn 16a*sin*@
==/, ”

de

a
- 3 T[/Z inéd
=4a® x 2 [ /?sin*6d6

3
=4a® x 2227 =32
422 2
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Change of variables from Cartesian Co — ordinates to spherical Polar Co — ordinates
To convert from Cartesian to spherical polar co-ordinates system we have the

following transformation

x = rsinfcose y = rsinBsing Z = rcos0
a0(x,y,z) 2 .
= —== =r*sin
V= 3oy~ 1 S0

Hence the integral becomes

ﬂj f(x,y,z) dzdydx = fﬂ f(r,0,z)r?sin® drdéde

dx dy dz over the region bounded by the sphere

Example:

1
Evaluate [ [ [ =707

x2 +y?+2z2 =1,

Solution:

Let us transform this integral in spherical polar co —ordinates by taking
x = rsin 0 cos ¢
y =rsin 0 sin ¢
Z=rcosB

dxdydz = (r?sin®) dr d6 d¢
Hence ¢ varies from 0 to 2m
¢ varies from 0to m

¢ varies from Oto 1

= fozn fon folﬁ r’sin6drdod ¢
2
5™ dep | [J sin@ de] [ f; == dr]

1 r?
= [(I)] %T[ [—COS 9]}} fO ﬁ dr

= 2n-0)(1+1) f; 2= dr

41‘[_[0\/—(1
Putr = sint ; dr = costdt
r=0= t=0
r=1= t—;
= 4m fn/zx/ﬁcostdt
= 4m f(f/zj’c‘(‘)_t ostdt

MA8151 ENGINEERING MATHEMATICS |



ROHINI COLLEGE OF ENGINEERING AND TECHNOLOGY

/2 sin? t

f ostdt
= f sin? t dt
=4n -1 = 2
2 2
Example:
dz dy dx
Evaluatef f f\/xzﬂ, Iyt 2
Solution:

Given [] varies from 0to 1

y varies from 0 to v1 — x?

z varies from /x? + y2to 1

Let us transform this integral into spherical polar co — ordinates by using
X = rsin 0 cos ¢
y = rsin 0 sin ¢
Z=rcos0
dxdy dz = (r?sin®) dr d6 d¢
Let 2= /X Fy?
= z2=x2+y?
= r? cos?0 = r? sin?0 cos?dp + r? sin?0 sinP
= cos?0 = sin? 0 [ cos?dp + sin?p =1]
o

= 0= -
4

Let z=1

= rcosf=1

= 1=
cos 6@

= r =sech
The region of integration is common to the cone z? = x? 4+ y?2 and the cylinder
x? + y? = 1 bounded by the plane z = 1 in the positive octant.
Limitsofr: r=0 to r=secH

Limitsof6: ©=0 to ezg
Limitsofd: ¢ =0 to ¢=§

fn/z fn/4 fsece Zr2sin0drdedd = f:/z fon/4 fosece rsin 6 dr do d¢
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= 7% f7"* [sin® ;]Oe do do = 777 [0 g dg
= fon/z f:/‘%secetanede do = E f;/z do ] [f;/4sec9tan9d6]
— %[9]3/2 [sece]g/4
- 1= o] (-]
= E (V2 - 1)
Example:

Evaluate [ [ [ (x? + y? + z?)dxdy dz taken over the region bounded by the

volume enclosed by the sphere x? + y? + z2 = 1.

Solution:

Let us convert the given integral into spherical polar co — ordinates.
x=rsinfcos$ = x?=r?sin?0Ocos’P
y =rsin®sind = y? =r?sin®0sin? ¢
Z=rcosf = z2=r%cos?0

dxdy dz = (r?sin®) dr d@ d¢

[ [ [ &+ y?>+ z%)dxdydz = foﬂ fOZR f01 r2 (r?sin @ d6 d¢ dr)

Limitsofr: r=0 to r=1

Limitsof6: 06=0 to 6=m

Limitsofp: =0 to ¢ =2m

[ [ ] &+ y?+ z?)dxdydz = fon fozn fol r? (r?sin 0 do d¢ dr)

= [ [ dr] [/ sin® do] [ LT d¢]
_ [g]i [ cos O] [$]2
= (-0 a+1@r-0

() @an =
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