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CONVOLUTION THEOREM 

Definition: Convolution of two functions 

 The convolution of two functions 𝑓(𝑡) and 𝑔(𝑡) is denoted by 𝑓(𝑡) ∗ 𝑔(𝑡) and 

defined by 

 𝑓(𝑡) ∗ 𝑔(𝑡) = ∫ 𝑓(𝑢)𝑔(𝑡 − 𝑢)𝑑𝑢.
𝑡

0
 

State and prove Convolution theorem 

Statement: If  𝐿[𝑓(𝑡)] = 𝐹(𝑠)  and   𝐿[𝑔(𝑡)] = 𝐺(𝑠),   then   𝐿[𝑓(𝑡)] ∗ 𝐿[𝑔(𝑡)] = 𝐹(𝑠)𝐺(𝑠)   

Proof: 

        We have 𝑓(𝑡) ∗ 𝑔(𝑡) = ∫ 𝑓(𝑢)𝑔(𝑡 − 𝑢)𝑑𝑢
𝑡

0
    

 𝐿[𝑓(𝑡) ∗ 𝑔(𝑡)] = ∫ [𝑓(𝑡) ∗ 𝑔(𝑡)]
∞

0
𝑒−𝑠𝑡𝑑𝑡 

   = ∫ ∫ 𝑓(𝑢)𝑔(𝑡 − 𝑢)𝑑𝑢𝑒−𝑠𝑡𝑑𝑡
𝑡

0

∞

0
 

   = ∫ ∫ 𝑓(𝑢)𝑔(𝑡 − 𝑢)𝑒−𝑠𝑡𝑑𝑢𝑑𝑡
𝑡

0

∞

0
⋯ (1) 

Now we have no change the order of integration. 

 𝑢 = 0, 𝑢 = 𝑡; 𝑡 = 0, 𝑡 = ∞ 

Change of order is  . Draw horizontal strip PQ 

At P, 𝑡 = 𝑢,  At  A 𝑢 = ∞ 

 𝐿[𝑓(𝑡) ∗ 𝑔(𝑡)] = ∫ ∫ 𝑓(𝑢)𝑔(𝑡 − 𝑢)𝑒−𝑠𝑡𝑑𝑡𝑑𝑢
∞

𝑢

∞

0
 

  = ∫ 𝑓(𝑢)
∞

0
[∫ 𝑔(𝑡 − 𝑢)𝑒−𝑠𝑡𝑑𝑡

∞

𝑢
]𝑑𝑢 ⋯ (2) 

Put  𝑡 − 𝑢 = 𝑥 ⋯ (3) 

 𝑡 = 𝑢 + 𝑥 ⇒ 𝑑𝑡 = 𝑑𝑥 

When 𝑡 = 𝑢; (3) ⇒ 𝑥 = 0 

When  𝑡 = ∞; (3) ⇒ 𝑥 = ∞ 

 (2) ⇒ 𝐿[𝑓(𝑡) ∗ 𝑔(𝑡)] = ∫ 𝑓(𝑢)
∞

0
[∫ 𝑔(𝑥)𝑒−𝑠(𝑢+𝑥)𝑑𝑥

∞

0
]𝑑𝑢 

   = ∫ 𝑓(𝑢)
∞

0
[∫ 𝑔(𝑥)𝑒−𝑠𝑢𝑒−𝑠𝑥𝑑𝑥

∞

0
]𝑑𝑢 

   = ∫ 𝑓(𝑢)𝑒−𝑠𝑢𝑑𝑢 ∫ 𝑔(𝑥)𝑒−𝑠𝑥𝑑𝑥
∞

0

∞

0
 

   = 𝐿[𝑓(𝑢)]𝐿[𝑔(𝑥)] 

∴ 𝐿[𝑓(𝑡) ∗ 𝑔(𝑡)] = 𝐹(𝑠)𝐺(𝑠)   

Note: Convolution theorem is very useful to compute inverse Laplace transform of product 

of two terms 

Convolution theorem is 𝐿[𝑓(𝑡) ∗ 𝑔(𝑡)] = 𝐹(𝑠)𝐺(𝑠) 
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   𝐿−1[𝐹(𝑠)𝐺(𝑠)] = 𝑓(𝑡) ∗ 𝑔(𝑡) 

             𝐿−1[𝐹(𝑠)𝐺(𝑠)] = 𝐿−1[𝐹(𝑠)] ∗ 𝐿−1[𝐺(𝑠)]  

Example:  Find 𝑳−𝟏 [
𝟏

(𝒔+𝒂)(𝒔+𝒃)
] using convolution theorem. 

Solution: 

               𝐿−1 [
1

(𝑠+𝑎)(𝑠+𝑏)
] =  𝐿−1 [

1

(𝑠+𝑎)
] ∗ 𝐿−1 [

1

(𝑠+𝑏)
] 

  = 𝑒−𝑎𝑡 ∗ 𝑒−𝑏𝑡 

  = ∫ 𝑒−𝑎𝑢𝑒−𝑏(𝑡−𝑢)𝑡

0
𝑑𝑢 

  = 𝑒−𝑏𝑡 ∫ 𝑒−𝑎𝑢𝑡

0
𝑒𝑏𝑢𝑑𝑢 

  = 𝑒−𝑏𝑡 ∫ 𝑒(𝑏−𝑎)𝑢𝑡

0
𝑑𝑢 

  = 𝑒−𝑏𝑡 [
𝑒(𝑏−𝑎)𝑢

𝑏−𝑎
]

0

𝑡

 

  =
𝑒−𝑏𝑡

𝑏−𝑎
[𝑒(𝑏−𝑎)𝑡 − 1 ] 

  =
𝑒−𝑏𝑡

𝑏−𝑎
[𝑒𝑏𝑡−𝑎𝑡 − 1 ] 

  =
1

𝑏−𝑎
[𝑒−𝑏𝑡+𝑏𝑡−𝑎𝑡 − 𝑒−𝑏𝑡  ] 

 ∴ 𝐿−1 [
1

(𝑠+𝑎)(𝑠+𝑏)
] =

1

𝑏−𝑎
[𝑒−𝑎𝑡 − 𝑒−𝑏𝑡  ] 

Example:  Find the inverse Laplace transform 
𝒔𝟐

(𝒔𝟐+𝒂𝟐)(𝒔𝟐+𝒃𝟐)
 by using convolution 

theorem. 

Solution: 

                  𝐿−1 [
𝑠2

(𝑠2+𝑎2)(𝑠2+𝑏2)
] =  𝐿−1 [

𝑠

(𝑠2+𝑎2)
 

𝑠

(𝑠2+𝑏2)
 ]  

   = 𝐿−1 [
𝑠

(𝑠2+𝑎2)
] ∗ 𝐿−1 [

𝑠

(𝑠2+𝑏2)
] 

   = 𝑐𝑜𝑠𝑎𝑡 ∗ 𝑐𝑜𝑠𝑏𝑡 

   = ∫ 𝑐𝑜𝑠𝑎𝑢 𝑐𝑜𝑠𝑏(𝑡 − 𝑢)𝑑𝑢
𝑡

0
 

  = ∫
cos(𝑎𝑢+𝑏𝑡−𝑏𝑢)+cos (𝑎𝑢−𝑏𝑡+𝑏𝑢)

2

𝑡

0
𝑑𝑢 

  =
1

2
∫ (cos(𝑎𝑢 + 𝑏𝑡 − 𝑏𝑢) + cos (𝑎𝑢 − 𝑏𝑡 + 𝑏𝑢))

𝑡

0
𝑑𝑢 

  =
1

2
∫ [cos(𝑎 − 𝑏) 𝑢 + 𝑏𝑡 + cos(𝑎 + 𝑏) 𝑢 − 𝑏𝑡]𝑑𝑢

𝑡

0
 

  =
1

2
[

𝑠𝑖𝑛[(𝑎−𝑏)𝑢+𝑏𝑡]

𝑎−𝑏
+

𝑠𝑖𝑛[(𝑎+𝑏)𝑢+𝑏𝑡]

𝑎+𝑏
]

0

𝑡

 

  =
1

2
[

sin (𝑎𝑡−𝑏𝑡+𝑏𝑡)

𝑎−𝑏
+

sin (𝑎𝑡−𝑏𝑡+𝑏𝑡)

𝑎+𝑏
−

𝑠𝑖𝑛𝑏𝑡

𝑎−𝑏
+

𝑠𝑖𝑛𝑏𝑡

𝑎+𝑏
] 
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  =
1

2
[

sin 𝑎𝑡

𝑎−𝑏
+

sin 𝑎𝑡

𝑎+𝑏
−

𝑠𝑖𝑛𝑏𝑡

𝑎−𝑏
+

𝑠𝑖𝑛𝑏𝑡

𝑎+𝑏
] 

  =
1

2
[

(𝑎+𝑏)𝑠𝑖𝑛𝑎𝑡+(𝑎−𝑏)𝑠𝑖𝑛𝑎𝑡−(𝑎+𝑏)𝑠𝑖𝑛𝑏𝑡+(𝑎−𝑏)𝑠𝑖𝑛𝑏𝑡

𝑎2−𝑏2
] 

  =
1

2
[

2𝑎𝑠𝑖𝑛𝑎𝑡−2𝑏𝑠𝑖𝑛𝑏𝑡

𝑎2−𝑏2
] 

  =
1

2
[

2(𝑎𝑠𝑖𝑛𝑎𝑡−𝑏𝑠𝑖𝑛𝑏𝑡)

𝑎2−𝑏2
] 

∴ 𝐿−1 [
𝑠2

(𝑠2+𝑎2)(𝑠2+𝑏2)
] =

𝑎𝑠𝑖𝑛𝑎𝑡−𝑏𝑠𝑖𝑛𝑏𝑡

𝑎2−𝑏2   

Example: Find the inverse Laplace transform 
𝟏

(𝒔𝟐+𝒂𝟐)(𝒔𝟐+𝒃𝟐)
 by using convolution 

theorem. 

Solution: 

                  𝐿−1 [
1

(𝑠2+𝑎2)(𝑠2+𝑏2)
] =  𝐿−1 [

1

(𝑠2+𝑎2)
 

1

(𝑠2+𝑏2)
 ]  

   = 𝐿−1 [
1

(𝑠2+𝑎2)
] ∗ 𝐿−1 [

1

(𝑠2+𝑏2)
] 

   =
1

𝑎
𝑠𝑖𝑛𝑎𝑡 ∗

1

𝑏
𝑠𝑖𝑛𝑏𝑡 

   =
1

𝑎𝑏
∫ 𝑠𝑖𝑛𝑎𝑢 𝑠𝑖𝑛𝑏(𝑡 − 𝑢)𝑑𝑢

𝑡

0
 

  =
1

𝑎𝑏
∫

cos(𝑎𝑢−𝑏𝑡+𝑏𝑢)−cos (𝑎𝑢+𝑏𝑡−𝑏𝑢)

2

𝑡

0
𝑑𝑢 

  =
1

2𝑎𝑏
∫ (cos(𝑎𝑢 − 𝑏𝑡 + 𝑏𝑢) − cos (𝑎𝑢 + 𝑏𝑡 − 𝑏𝑢))

𝑡

0
𝑑𝑢 

  =
1

2
∫ [cos[(a + b)u − bt] − cos[(a − b)u + bt]]𝑑𝑢

𝑡

0
 

  =
1

2𝑎𝑏
[

𝑠𝑖𝑛[(𝑎+𝑏)𝑢−𝑏𝑡]

𝑎+𝑏
−

𝑠𝑖𝑛[(𝑎−𝑏)𝑢+𝑏𝑡]

𝑎−𝑏
]

0

𝑡

 

  =
1

2𝑎𝑏
[

sin (𝑎𝑡+𝑏𝑡−𝑏𝑡)

𝑎+𝑏
−

sin (𝑎𝑡−𝑏𝑡+𝑏𝑡)

𝑎−𝑏
+

𝑠𝑖𝑛𝑏𝑡

𝑎+𝑏
+

𝑠𝑖𝑛𝑏𝑡

𝑎−𝑏
] 

  =
1

2𝑎𝑏
[

sin 𝑎𝑡

𝑎+𝑏
−

sin 𝑎𝑡

𝑎−𝑏
−

𝑠𝑖𝑛𝑏𝑡

𝑎+𝑏
+

𝑠𝑖𝑛𝑏𝑡

𝑎−𝑏
] 

  =
1

2𝑎𝑏
[

(𝑎−𝑏)𝑠𝑖𝑛𝑎𝑡−(𝑎+𝑏)𝑠𝑖𝑛𝑎𝑡+(𝑎−𝑏)𝑠𝑖𝑛𝑏𝑡+(𝑎+𝑏)𝑠𝑖𝑛𝑏𝑡

𝑎2−𝑏2
] 

  =
1

2𝑎𝑏
[

−2𝑏𝑠𝑖𝑛𝑎𝑡+2𝑎𝑠𝑖𝑛𝑏𝑡

𝑎2−𝑏2
] 

  =
1

2𝑎𝑏
[

2(𝑎𝑠𝑖𝑛𝑏𝑡−𝑏𝑠𝑖𝑛𝑎𝑡)

𝑎2−𝑏2
] 

∴ 𝐿−1 [
1

(𝑠2+𝑎2)(𝑠2+𝑏2)
] =

𝑎𝑠𝑖𝑛𝑏𝑡−𝑏𝑠𝑖𝑛𝑎𝑡

𝑎𝑏(𝑎2−𝑏2)
   

Example: Find the inverse Laplace transform 
𝒔

(𝒔𝟐+𝟒)(𝒔𝟐+𝟗)
 by using convolution theorem. 

Solution: 

             𝐿−1 [
𝑠

(𝑠2+4)(𝑠2+9)
] =  𝐿−1 [

1

(𝑠2+4)
 

𝑠

(𝑠2+9)
 ]  
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   = 𝐿−1 [
1

(𝑠2+4)
] ∗ 𝐿−1 [

𝑠

(𝑠2+9)
] 

   =
1

2
𝑠𝑖𝑛2𝑡 ∗ 𝑐𝑜𝑠3𝑡 

   =
1

2
∫ 𝑠𝑖𝑛2𝑢 𝑐𝑜𝑠3(𝑡 − 𝑢)𝑑𝑢

𝑡

0
 

   =
1

2
∫

sin(2𝑢+3𝑡−3𝑢)+sin (2𝑢−3𝑡+3𝑢)

2

𝑡

0
𝑑𝑢 

   =
1

4
∫ [sin (3t − 𝑢) + sin (5u − 3t)]𝑑𝑢

𝑡

0
 

   =
1

4
[

−cos (3𝑡−𝑢)

−1
−

cos (5𝑢−3𝑡)

5
]

0

𝑡

 

   =
1

4
[

cos (3t−t)

1
−

cos (5t−3𝑡)

5
−

𝑐𝑜𝑠3𝑡

1
+

𝑐𝑜𝑠3𝑡

5
] 

   =
1

4
[𝑐𝑜𝑠2𝑡 −

cos2𝑡

5
− 𝑐𝑜𝑠3𝑡 +

𝑐𝑜𝑠3𝑡

5
] 

   =
1

4
[

5𝑐𝑜𝑠2𝑡−𝑐𝑜𝑠2𝑡−5𝑐𝑜𝑠3𝑡+𝑐𝑜𝑠3𝑡

5
] 

  =
1

20
[4𝑐𝑜𝑠2𝑡 − 4𝑐𝑜𝑠3𝑡] 

 ∴ 𝐿−1 [
𝑠

(𝑠2+4)(𝑠2+9)
] =

𝑐𝑜𝑠2𝑡−𝑐𝑜𝑠3𝑡

5
 

Example: Find 𝑳−𝟏 [
𝒔

(𝒔𝟐+𝒂𝟐)
𝟐] by using convolution theorem. 

Solution: 

             𝐿−1 [
𝑠

(𝑠2+𝑎2)2
] = 𝐿−1 [

1

(𝑠2+𝑎2)
 

𝑠

(𝑠2+𝑎2)
 ] 

  = 𝐿−1 [
1

(𝑠2+𝑎2)
] ∗ 𝐿−1 [

𝑠

(𝑠2+𝑎2)
] 

  =
1

𝑎
𝑠𝑖𝑛𝑎𝑡 ∗ 𝑐𝑜𝑠𝑎𝑡 

  =
1

𝑎
∫ 𝑠𝑖𝑛𝑎𝑢 𝑐𝑜𝑠𝑎(𝑡 − 𝑢)𝑑𝑢

𝑡

0
 

  =
1

𝑎
∫

sin(𝑎𝑢+𝑎𝑡−𝑎𝑢)+sin (𝑎𝑢−𝑎𝑡+𝑎𝑢)

2

𝑡

0
𝑑𝑢 

  =
1

2𝑎
∫ [𝑠𝑖𝑛𝑎𝑡 + sin (2𝑎𝑢 − 𝑎𝑡)]𝑑𝑢

𝑡

0
 

  =
1

2𝑎
[∫ 𝑠𝑖𝑛𝑎𝑡𝑑𝑢

𝑡

0
+ ∫ sin (2𝑎𝑢 − 𝑎𝑡)

𝑡

0
𝑑𝑢] 

  =
1

2𝑎
[𝑠𝑖𝑛𝑎𝑡 ∫ 𝑑𝑢

𝑡

0
+ ∫ sin (2𝑎𝑢 − 𝑎𝑡)

𝑡

0
𝑑𝑢] 

  =
1

2𝑎
[𝑠𝑖𝑛𝑎𝑡(𝑢)0

𝑡 − (
cos(2𝑎𝑢−𝑎𝑡)

2𝑎
)

0

𝑡

] 

  =
1

2𝑎
[𝑡𝑠𝑖𝑛𝑎𝑡 −

cos (2𝑎𝑡−𝑎𝑡)

2𝑎
+

𝑐𝑜𝑠𝑎𝑡

2𝑎
] 

  =
1

2𝑎
[𝑡𝑠𝑖𝑛𝑎𝑡 −

cos 𝑎𝑡

2𝑎
+

𝑐𝑜𝑠𝑎𝑡

2𝑎
] 
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  =
1

2𝑎
 𝑡𝑠𝑖𝑛𝑎𝑡 

∴ 𝐿−1 [
𝑠

(𝑠2+𝑎2)2
] =

𝑡𝑠𝑖𝑛𝑎𝑡

2𝑎
  


