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Surface Integral 

The integral of the normal component of �⃗� is denoted by 
S

�⃗�  ∙  �⃗⃗� 𝑑𝑠 and is called the surface 

integral. 

Evaluation of surface integral 

            Let 𝑅1 be the projection of S on the 𝑥𝑦 − plane, �⃗⃗� is the unit vector normal to the 𝑥𝑦 − 

plane then 𝑑𝑠 =  
𝑑𝑥 𝑑𝑦

|�⃗⃗� ∙ �⃗⃗�|
  

      ∴ 
S

�⃗�  ∙  �⃗⃗� 𝑑𝑠 = 
1R

�⃗�  ∙  �⃗⃗�  
𝑑𝑥 𝑑𝑦

|�⃗⃗� ∙ �⃗⃗�|
   

If 𝑅2 be the projection of s on 𝑦𝑧 − plane 

∴ 
S

�⃗�  ∙  �⃗⃗� 𝑑𝑠 = 
2R

�⃗�  ∙  �⃗⃗�  
𝑑𝑥 𝑑𝑦

|�⃗⃗� ∙ 𝑖|
   

If 𝑅3 be the projection of s on 𝑥𝑧 − plane 

∴ 
S

�⃗�  ∙  �⃗⃗� 𝑑𝑠 = 
3R

�⃗�  ∙  �⃗⃗�  
𝑑𝑥 𝑑𝑦

|�⃗⃗� ∙ 𝑗|
   

Example:  Evaluate 
S

�⃗⃗⃗�  ∙  �⃗⃗⃗� 𝒅𝒔 if �⃗⃗⃗� =  (𝒙 + 𝒚𝟐)𝒊 −  𝟐𝒙𝒋 +  𝟐𝒚𝒛�⃗⃗⃗� and s is the surface of 

the plane 𝟐𝒙 + 𝒚 + 𝟐𝒛 = 𝟔 in the first octant.   

Solution: 

              Given �⃗� =  (𝑥 + 𝑦2)𝑖 −  2𝑥𝑗 +  2𝑦𝑧�⃗⃗� 

Let 𝜑 =  2𝑥 + 𝑦 + 2𝑧 − 6 

Then ∇𝜑 = 𝑖 
𝜕𝜑

𝜕𝑥
+  𝑗  

𝜕𝜑

𝜕𝑦
+  �⃗⃗�  

𝜕𝜑

𝜕𝑧
 

                = 2𝑖 +  1𝑗 +  2�⃗⃗� 

 |∇𝜑| =  √4 + 1 + 4 =  √9 = 3 

n̂  =  
∇𝜑

|∇φ|
=  

2𝑖+ 1𝑗+ 2�⃗⃗�

3
 

 �⃗� ∙ n̂ = [(𝑥 +  𝑦2)𝑖 − 2𝑥𝑗 +  2𝑦𝑧 �⃗⃗�]  ∙  (
2𝑖+ 1𝑗+ 2�⃗⃗�

3
) 

         =  
1

3
 [2(𝑥 +  𝑦2) −  2𝑥 + 4𝑦𝑧]  

         =  
2

3
 [𝑦2 +  2𝑦𝑧] 
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         =  
2

3
 𝑦[𝑦 + 2𝑧] 

         =  
2

3
 𝑦[𝑦 + 6 − 2𝑥 − 𝑦]                                [∵ 2𝑧 = 6 − 2𝑥 − 𝑦] 

         =  
2

3
 𝑦[6 − 2𝑥] 

          =  
4

3
 𝑦[3 − 𝑥]  

Let R be the projection of S on the 𝑥𝑦 − plane 

                        ∴ 𝑑𝑠 =  
𝑑𝑥 𝑑𝑦

| n̂  ∙ k⃗⃗⃗|
 

 n̂  ∙  k⃗⃗ =  (
2𝑖+ 1𝑗+ 2�⃗⃗�

3
)  ∙  k⃗⃗ =  

2

3
 

∴ 
S

�⃗�  ∙  n̂  𝑑𝑠 = 
R

�⃗�  ∙  n̂
𝑑𝑥 𝑑𝑦

| n̂  ∙ k⃗⃗⃗|
  

                           = 
R

4

3
 𝑦(3 − 𝑥) 

𝑑𝑥 𝑑𝑦

(
2

3
)

 

                           = 2 ∫ ∫(3 − 𝑥)𝑦 𝑑𝑥𝑑𝑦 

In 𝑅1(2𝑥 + 𝑦 = 6), 𝑥 varies from 0 to 
6−𝑦

2
 

          𝑦 varies from 0 to 6 

                              = 2 ∫ ∫ 𝑦 (3 − 𝑥) 𝑑𝑥𝑑𝑦
6−𝑦

2
0

6

0
 

                              = 2 ∫ 𝑦 [3𝑥 −  
𝑥2

2
]

0

6−𝑦

26

0
 𝑑𝑦 

                              = 2 ∫ 𝑦 [3 (
6−𝑦

2
) −  

1

2
 (

6−𝑦

2
)

2

]
6

0
𝑑𝑦 

                               = 2 ∫
1

2
(18𝑦 − 3𝑦2) −  

1

8
(6 − 𝑦)2 𝑑𝑦

6

0
 

                               =  
2

2
 [18 

𝑦2

2
−

3𝑦3

3
−  

1

8

(6−𝑦)3

3(−1)
] 

                                =  [9(6)2 −  (6)3 +  
1

12
(0)] −  [0 − 0 + 

1

12
 (6)3] 

                                 = 81  units 

Example:  Show that  
S

(𝒚𝒛 𝒊 +  𝒛𝒙 𝒋 +  𝒙𝒚 �⃗⃗⃗�)  ∙ n̂  𝒅𝒔 =  
𝟑

𝟖
 where s is the surface of the 

sphere 𝒙𝟐 + 𝒚𝟐 +  𝒛𝟐 = 𝟏 in the first octant. 

Solution: 
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               Given �⃗� = 𝑦𝑧 𝑖 +  𝑧𝑥 𝑗 +  𝑥𝑦 �⃗⃗� 

                        Let 𝜑 = 𝑥2 + 𝑦2 +  𝑧2 − 1   

                            ∇𝜑 = 𝑖 
𝜕𝜑

𝜕𝑥
+  𝑗  

𝜕𝜑

𝜕𝑦
+ �⃗⃗�  

𝜕𝜑

𝜕𝑧
  

                                  = 2𝑥𝑖 +  2𝑦𝑗 +  2𝑧�⃗⃗� 

                         |∇𝜑| =  √4𝑥2 + 4𝑦2 + 4𝑧2 =  2(1)    

 ∴ The unit outward normal is n̂  =  
∇𝜑

|∇φ|
=  

2(𝑥𝑖+ 𝑦𝑗+ 𝑧�⃗⃗�)

2
 

�⃗� ∙ n̂ = [𝑦𝑧𝑖 + 𝑧𝑥𝑗 + 𝑥𝑦 �⃗⃗�]  ∙  (𝑥𝑖 +  𝑦𝑗 +  𝑧�⃗⃗�) 

        = 3𝑥𝑦𝑧 

Let R be the projection of S on 𝑥𝑦 −plane 

                              ∴ 𝑑𝑠 =  
𝑑𝑥 𝑑𝑦

| n̂  ∙ k⃗⃗⃗|
         

 | n̂  ∙  k⃗⃗| = (𝑥𝑖 +  𝑦𝑗 +  𝑧�⃗⃗�)  ∙  �⃗⃗�     = 𝑧  

 ∴ 
S

�⃗�  ∙  n̂  𝑑𝑠 = 
R

�⃗�  ∙  n̂
𝑑𝑥 𝑑𝑦

| n̂  ∙ k⃗⃗⃗|
 

                            =  ∫ ∫ 3𝑥𝑦𝑧  
𝑑𝑥𝑑𝑦

𝑧
 

                            =  ∫ ∫ 3𝑥𝑦  𝑑𝑥𝑑𝑦  

In 𝑅1(𝑥2 + 𝑦2 = 1), 𝑥 varies from 0 to √1 −  𝑦2 

          𝑦 varies from 0 to 1 

                              =  ∫ ∫ 3𝑥𝑦 𝑑𝑥𝑑𝑦
√1− 𝑦2

0

1

0
 

                              = 3 ∫  [𝑦 
𝑥2

2
]

0

√1− 𝑦2
6

0
 𝑑𝑦 

                              =  
3

2
∫ 𝑦(1 −  𝑦2)𝑑𝑦

1

0
 

                              =  
3

2
∫ 𝑦 −  𝑦3𝑑𝑦

1

0
     

                              =  
3

2
[

𝑦2

2
−

𝑦4

4
]

0

1

 

                              =  
3

2
(

1

2
−  

1

4
) =  

3

8
 

 


