ROHINI COLLEGE OF ENGINEERING & TECHNOLOGY

INITIAL AND FINAL VALUE THEOREMS
Initial value theorem
Statement: IfL[f(t)] = F(s), then lim f () = lim sF(s)
Proof:
We know that L[f'(£)] = s LIf ()] — £(0)
= sF(s) — f(0)
= sF(s) = LIf"(©)] + £(0)
= Jy e Stf'(Ddt +£(0)
Taking limit as s — oo on both sides, we have
limsF(s) = lim[f,"e=f (dt + £(0)]
= lim[f;” e f'(©dt] + £(0)
= J, lim[e™f! (©)]de + £(0)
=0+ £(0) ce='= 0
= £(0)
= limf ()
Sli_)rgsF(s) = limf(¢)
Final value theorem
Statement: If the Laplace transforms of f(t) and f’(t) exist and L[f(t)] = F(s),then
f (©) = gsF )
Proof:
We know that L[f'(t)] = s L[f(t)] — f(0)
= sF(s) — f(0)
= sF(s) = LIf'(®)] + f(0)
= Jo e f'®dt + £(0)
Taking limit as s — 0 on both sides, we have
limsF(s) = lim[[" e~ £ (¢)dt + £(0)]
= lim[[" e~ f'(O)dt] + £(0)
= [, lim[e~*f'(®)]dt + £(0)

= [” f'(t)dt + £(0)
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=[f®I§ + f(0)
= f(e) = £(0) + £(0)
= f (o)
= lim/©
th_)rg f) = Li_r)%sF (s)
Example: Verify the initial value theorem for the function f(t) = ae "t
Solution:
Given f(t) = ae™?¢
F(s) = LIf ()]
= L[ae~P¢]

1
= q —
S+b

sF(s) = %

Initial value theorem is ltirr01f(t) = limsF(s)
- S— 00

limf(t) = lim ae bt
t—>0f( ) t—0

S P (1)
: _ 1in [ as
limsF(s) = lim [

= lim —Eb— == lim L,,

S§—00 S(1+;) §—00 (1+;)
== Qe e e (2)

From (1) and (2), ltg% f(t) = ;Lr?o sF(s)

=~ Initial value theorem is verified
Example: Verify the initial value theorem and Final value theorem for the function
f(®) =1+ e [sint + cost].
Solution:
Given f(t) =1+ e Y[sint + cost]
F(s) = LIf(©)]
= L[l + e~ tsint + cost]]

L[1] + L[e‘t[sint + cost]]
L

[1] + L[sint + cost]s 41

1 s ]
s2+1  s?+1lg 541

.
S
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1 1 s+1

s (s+1)2+1  (s+1)?%+1

1 s+1
$2+25+2  S2+42s+2

F(s) =§+

s s2+s
$24+25+2  s242s+2

sF(s) =1+

Initial value theorem is ltin(}f(t) = limsF(s)
— S—00
ltin(}f(t) = ltin&[l + e ¢[sint + cost]]

=1404+1=2ceeeee (1)

s s%+s ]
$2425+2  s2+2s+2

limsF(s) = lim [1 +

S—00 S—00

=Hﬁml§2+($”
S—00 S(1+E+S_2) (1+E+S_2)

=140+ 1 =2 cceereen (2)
From (1) and (2), lt‘_%lf (t) = 31_{2 sF(s)

~ Initial value theaorem is verified

Final value theorem is }imf(t) = lin&sF(s)
—00 S—

tlimf(t) = tlim(l + e ‘[sint + cost])

. . s s2+s
_lql_{%SF(s) o _lql_%l [1 + S2+25+2 sz+25+2]
= 1 + 0 + 0 = 1 ......... (4)
From (3) and (4), tlim f(t) = lirr(}sF(s)
—00 S>>
-~ Final value theorem is verified.

Example: Verify the initial value theorem and Final value theorem for the function

fO =1 2]

s(s+2)2

Solution:

1

Given f(t) = L1 [s(s+2)2] (1)

=y 1t [ de = [y et [ 5] e

(s+2)2 52
_ (t -2t
= [, e ?*tdt
_ (ts, -2t
= [, te7? dt

- [e(5)- %7,
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1 te—Zt e—2t
fO=-=77

From (1), F(s) = s(s-|1-2)2

1
SF(S) =m

Initial value theorem is ltin(}f(t) = limsF(s)
— S—00

limf(6) = 0 (2)

limsF(s) = lim —==

~ limsF(s) =0-:-(3)

S—00
From (2) and (3), ltirrolf(t) = limsF(s)
- S— 00
~ Initial value theorem is verified

Final value theorem is }imf(t) = lirr&sF(s)
—00 S>>

) o 1 te 2t e‘Zt]
limf(6) = lim |3 -

limsF(s) = lim [<s+12)2]
= i (5)
From (4) and (5), thlg f() = £i£r(}sF(s)
= Final value theorem is verified
Example: Verify the initial value theorem and Final value theorem for the function
f© =e*(t+2)?
Solution:
Given f(t) = e t(t+ 2)?
=e t(t? +4t+4)
F(s) = L[f(®)]
=Lle ' (t? + 4t + 4)]
=L[t? + 4t + 4] 541
= [L(t?) + 4L(t) + 4L(1)]so541

MA8251 ENGINEERING MATHEMATICS I



ROHINI COLLEGE OF ENGINEERING & TECHNOLOGY

=[5+a5+a]]

s-s+1
2 1 1
T (s+1)3 (s+1)2 s+1
2s 4s 4s
sF(s) = —

(s+1)3 + (s+1)2 = s+1

Initial value theorem is ltin(}f(t) = limsF(s)
— S—00

. _— . _t 2
ltl_I)I(}f(t) = ltl_r)%[e (t?+ 4t +4)]

. . 28 4s 4s
SILTOSF(S) - ;1—{2) [(s+1)3 - (s+1)? | s+1

ERT 2s 4s 4s
= log Ls(1+§)3 2 Sz(1+1)2 + s(1+1)l

= lim [—— 4+ —2— + & l
Lz@%f (1) ()
=0+0+4
=4... (2)
From (1) and (2), ltingf (t) = limsF(s)
- S— 00
~ Initial value theorem is verified

Final value theorem is tlimf(t) = lirr&sF(s)
—00 S=

tlimf(t) = tlim [e t(t?2 + 4t +4)]

=0:-- (3)
q s 2s 4s 4_5
?5%5”(5) B !51_13 (s+1)3 i (s+1)2 + s+1]

=0--(4)
From (3) and (4), tILrg f(t) = £ilrgsF(s)

-~ Final value theoremis verified.
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