ROHINI COLLEGE OF ENGINEERNG AND TECHNOLOGY

1.1 GENERAL THEORY OF TRANSMISSION LINES:

; = ds 52 } s

A ATAY

Fig: 1.1.1 A long line, with the elements of one of the infinitesimal

sections shown.

From the Fig 1.1.1 consider an infinite length transmission line also an small
element ds which located at a distance of s from the receiving end (Zg). The
sending end voltage and current are Eg and Is. The receiving end voltage and

current are Ex and I. The current and voltage at any point is E and |

The voltage in the length ds is dE.

dE =1 zds
dE _
=1z 4. (1)

The current in the length ds is

diI=EYds
di _
e 2 )

Diff equ (1) and (2)
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2
From equ(1)...... —Zsf =7 %
d?1 dE
From equ(2)...... - Y

dl dE .
Sub the values of = and - in above equ

PE _ ey

ds?

Pl _v 7

ds?

d’E 4

2L ZEY=003)
dz1 .
Lviz=o @

These are the differential equations of transmission line.
From equ(3),
d? K
(E -ZY)E=0
(m?-ZY)E=0
(Mm?-Z2Y)=0
m>=ZY
m=+vZY
The general solution can be writtenas E = A eVZ¥s + Be~VZ¥s .. ()
From equ(4),
d? ¥
(ﬁ -ZY)1=0
(M?-2Z2Y)1=0
(Mm?-Z2Y)=0
m>=zY
m=tvZY
The general solution can be written as

| = C eVZrs 4+ De~VZYs
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where A, B, C, D are arbitrary constants

We need to find the values of A, B, C, D

By using the condition s=0

I =1r

E=Er

Use this condition in equ (5) and (6) From equ (5),
Er=A V2O + B ¢VZY0)

ErR =A+B

Fromequ (6), IR =C+D ....... (7)

Diff equ (5) and (6) with.r.to 's’

From equ(5)
2 = AVZY VP + B (VZY) e VETS

[using this formula, e = a €]

Z—’j = AVZYeVZ¥s . B \[ZY eVZYs

dE
ds

1Z = AVZYeV?Ys - B/ZY e V25

AVZY ems —B+VZY e‘ms

=1Z, sub in above equ

Z
I= A \Eems-B\Ee—mS .......... (8)

Z= ]

From equ (6),
%= CVZYeV?Ys + DVZY e V2¥s

E Y= CVZYeV?Ys + D ZY e VZYs

ar
(= =EY)
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E= CVZY eVZ¥s — D VZY e V27

Y
E=C \/%ems-D\/%e‘ms .......... (9)

VZY Z
G =\f;)
At,s=0,E=Erand | = Ig

sub this values in (8) and (9)

from equ (8),

IR=A\/§—B\E ......... (10)

from equ (9),

Er=C \/%—D\/% ........ (11)

from equ (7),
B=Er-A
To find the value of A sub B value in equ (10)

Y Y

R=A E-(ER-A)\/;

- Y. i e

|R—A\/; ER\/;'FA\/;
|R+ER\/§=2A\/§

il v
2A \/; —|R+ER\/;
B IR+ER\/g

A=
Y

2z
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Y
Er |=
A= B 4 Y2
2z Az
VA
I
= Y + E—
2
Z
( v =Z,)
A= IRZO + E_R
2 2
- IrR2% i Er
2 2
By using this formula, V = IR
E=1Z
|=2
VA
|n= ER
R—ZR

sub Ig value in A,

A= Er Zo _|_E_R
Zp 2 2
“ERr4 2
A=2[1+ 2] S (12)

sub equ (12) in (7),

Ep = E7R[1+Zi;’]+8

—p. _ Er Zo
B=Ep— [1+°]
B:ER_E_R_E.E_R
2 ZR 2
B = E_R_é_E_R
2 ZR 2
—ErRp_%
B=Sp-2] L (13)

from equ (7),
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IR=C+D
D:|R-C

sub the above value in (11),

I A
E Ry
C: RZ + ZY
2y 2|y
E I
C=—="= + —
2;
E I
C=2 + =
27, 2
(ER=IRZR)
sub Eg value in C,
IrZ I
C= 2% ¢ 2
27, 2
2 Zo
D=|R-C
Ir ZR
= - — + —
D=Ir 2[1 Zo]
IR Ig Z
D=lg-2-R2ZK
2 2 Zp
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D:Il_IlZ_R
2 2 Zp
- R 2r
D= 2[-2] (15)

sub the A, B, C,D values in (5) and (6),

fromequ (5), E=AeV?'s+B e V2rs
E:E_R[1+é]emS+E_R[1_é]e—\/ﬁs (16)
2 ZR

> ——.. (' N

E =E_R[ZR+ZO ] e\[Z_YS +E_R[ Zp—Z, ] e—\/Z_YS
2 Zp 2 Zp

_E_R Zpt+ Z, \[Z_YS Zp—Z, Zp _\/ﬁs
E_z[ 2 ][e +1 Zr ][ZR+ZO]e ]

_E_R Zrt Z, VZYS Zr— Zo —\ZYS
£ =2t |7 4222 e F ol e (17)

2 Zrt Z,
from equ (6), | = C eVZ¥s + De~V2Ts
=By g S f (18)

2 Zo

| =R [Zo*ZR) (VZVs 4 IR [ Zo=ZRy ,—VEVs
2 Zo 2 Zo

|:I%[ZOZ;ZR] [e\/ﬁs 1+ I% [ZOZ_ZR] [ZZ-:?Z ]e—\/ﬁS]

0 0] ot 4R

_IR rZo+Zry [ ,vZ¥s _ IR [ ZrR—Z0q ,—VZVS

== [ Zo ] [6 . [—ZR+ZO]e ] ________ (19)

equ (17) and (19) are the first form of voltage and current.
equ (16) may be rearranged as

_E_R-[l_l_%]e\/ﬁs_'_[l_%]e_\/ﬁ.s:l
B R R

EzE_R'e\/ﬁS_I_ﬁe\/ﬁs n e—\/ﬁs_ﬁe—\/ﬁs]

ZR ZR

ZR
for example,

ef+ef
2

cosh @ =
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ef— 0

2
sub in above equ,

sinh 8 =

E= ETR [ 2coshvZYS +

Z'ZZO sinh\/ZYS]

R

E = EgcoshvZYS + 2% sinhyZV'S

ZR

Er
ZR - —
Ig

sub the Zr value in above equ,

E = EgcoshvZYS + 22 sinhyZYS

IR

E = EgcoshVZY'S + 2% sinhyZYS

R

E = EgcoshvZYS + I Z, sinhv/ZYS ... (21)
The same procedure will be followed for the current equ,

equ (18) will be,

| = IgcoshvVZY'S + 5—2 SINNZYS — /.. S4 (22)

equ (21) and (22) are the second form of voltage and current at any point on a

transmission line.

PHYSICAL SIGNIFICANCE OF TRANSMISSION LINE (or) INFINITE
LINE (or) THE TWO STANDARD FORM FOR INPUT IMPEDANCE
OF THE TRANSMISSION LINE TERMINATED BY AN IMPEDANCE
ZRr.

From the Fig 1.1.2 the equation for the current and voltage may be written for

the sending end current 'ls' of a line of length 'I' is,
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Is

S
Zds F—% 5=0

Es @ g 1/ds

gzn

A

Fig: 1.1.2 A length | taken from an infinite line

The sending current equation is given by,
ls = IgcoshVZY. [ + - sinhvZY. 1

o
Sub ER value in above equ,

ls = IgcoshvVZY. 1 + 22 sinhyZY. 1

Zo

Is = I [coshvZY.1 + & sinhvZY. L]
(0]

The sending voltage equation is given by,
Es = EgcoshvZY.l + Ix ZysinhvZY.l
[Er = Ir Zg]

Sub Iy value in above equ,

Es = EgcoshvZY.l + EI;isinh\/ZY.l
R

Es = Egr [cosh\/ZY.l + %sinh\/ZY. l]
R

[Er = Igr Zg]
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Since, We know that,

Propagation Constant y = VZY

Characteristic Impedance Z, = \/%

Sub y value in equ (1) and (2),
Fromequ (1),
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Z ’
Is = Ix [cosh vyl + Z—R sinh yl] ....... (3)
0
From equ (2),
Z ]
Es = Eg [cosh yl + Z—osmh yl] ....... (4)
R
E
Input Impedance Z; = I—S [E=1Z]
S
ZO .
ER[cosh yi+ gsmh yl]
ZS = Z
I [ h yl+-& sinh z]
R | cOShyiSE sinh
Zprcosh yl+ Zpsinh yl
— ZR
ZS - ZR Zgcosh yl+Zp sinh yl
Zo
Er = IrZR
Er
g = I
_ Zrcosh yl+ Zysinh yl Zo
Zs = Zg .
Zg Zocosh yl+Zg sinh yl
_ Zrcosh yl+ Zgsinh yl ]
Zs = Zo [Zocosh Yi+Zp sinhyid /-~ . ... L2 ()

This is the first standard form of input impedance of the transmission line.

ef+ef

Cosh@ =

39— 6_0

Sinh6 =

Sub the above formula in equ (5),
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Yl o=Vl Yl_ -Vl
ZR(e +e )+Zo(e e )
7.= 7 2 2
S 0] 2 (eyl+e—yl) 2 (eyl_e—yl)
0 > + Zg >
7. = 2% Zr(eYl+ e YD)+ zp (V- e~ V)
S 2 |zo(eY+ e Y1)+ zg(eY!- e~ Y1)
Z _ Z [ZReVl+ZRe_Vl+ZoeVl—Zoe_Vl]
S 0 ZoeYl+Zoe‘Yl+ZReY1—ZRe‘V1
7.= 7 [eyl [Zg + Zol+e™ "' [Zg — Zo]
s O Levi[zg + Zpl—e~"! [2Zg - Zo]
Zp—2Z
eyl+ e—yl[ R 0]
7 [Zr + Zo] Zp+Zg
S 0 [Zr + Zo] | g¥i— o-71 ZR_ZO]
,ZR+ZO
Zp—2Zp |-
eyl_l_ e—yl[ R 0]
_ Zr+Zg
Zs = Zo |[—— m]| (6)
e¥l—e-vl |28 -0
ZR+ZO 1l

This is the second standard form of input impedance of the transmission line.
WAVELENGTH AND VELOCITY OF PROPAGATION
WAVELENGTH:

‘ | 2 %
x///jﬁm\\k 270 360

0 '901"' |

Fig: 1.1.3 Propagation of current from sending and towards

receiving end
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The distance with which the wave changes its phase by 2w radians is known as
wavelength.

In Fig 1.1.3 the distance from the sending end to point 8 is thus one wavelength.
The distance the wave travels along the line where the phase angle is changing to

2n radians is known as wavelength.

It is denoted by A,
2T
=— A . 1
. (1)
and also we know,
r=2
7
v=Af
v- velocity
f- frequency
L
V= 5 - f
=&
V=2 2)
el
=2
[0 =2nf]

VELOCITY OF PROPAGATION:

The velocity of propagation along the line depends on the change in the phase

along the line. Therefore, this velocity is called phase velocity or wave velocity.
—n(2) =In(2

Y=In (VZ) =1In (12)

In general,

Y = otjp

y=vzZY¥ (1)
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where,

Z =R+joL

Y =GHoC ... (2)
Sub equ (2) inequ (1)

y=J(R +jwL)(G + jwC)

y=JRG + joRC + jwLG — w?LC

atjf =y RG — w2LC + j(wRC + wLG)
Squaring on both sides,

(0 +jB)? =RG — w?LC + j(wRC + wLG)

o? + B2 = 2jaPp = RG — w?LC + j(wRC + wLG)

Equating real and imaginary parts,

o> +B%2=RC — w’LG ... (3)
20f = wRC + wlLG

2ap=w(RC +LG) . (4)
From equ (3),

a?=RG — w’LC+B%* .. (5)

Squaring equ (4),

40?B? =w? (RC+LG)? ... (6)
Sub equ (5) inequ (6)

4(RG — w?LC + B?)P? = w? (RC + LG)?
4(RGPB% — w?LC B* + BY) = w? (RC + LG)?

2
RGB% — w?LC B2 + B*= “’T (RC + LG)?

w?

RGBR? — w?LC B? + B*- — (RC+ LG)?=0

B* + B2(RG — w’LC)- 2 (RC+LE*=0 ... )
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The above equation os of the form of ax*+bx2+c =0

2= —b+Vb2—-4ac

2a

2
a=1,b=RG — w?LC ,c=- “’T (RC + LG)?

—(RG— wZLC)i\/(RG— »2LC)2—4 (—‘*’TZ (RC+LG)2>

B= .

Neglect the negative value,

5_ (w?LC—RG)++y/(RG— w2LC)2+ (w2(RC+LG)?)

P 2

B= \/(mZLc—RG)+J(RG— ®2LC)2+(w2(RC+LG)2)
2

Sub B2 value in equ (5),

(w%LC—RG)++/ (RG— wZLC)2+(u)2(RC+LG)2))

o? :RG—u)ZLC+< =

o2 =2 (RG-02LC)+ (0?LC—RG)+y/(RG— 0?LC)%+(w?(RC+LG)?)
2

o2 = (RG—w?LC)+/(RG— w2LC)2+(w2(RC+LG)?)
2

\/ (RG—w2LC)+/(RG— w2LC)2+(w2(RC+LG)?)
2

In a perfectly matched line R=0 and G=0,
Sub the above condition in f3.

From equ (8),
B _ \/(wZLC)h/(— w?LC)?

2

B=w+LC
The velocity of propagation of a ideal line is,
v= 2

B
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w
V=
w VLC
V= 1
VLC

The velocity of propagation is constant for a given L and C.
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