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4.2 GENERAL WAVE BEHAVIOUR ALONG UNIFORM GUIDING
STRUCTURES (or) APPLICATION OD MAXWELL’S EQUATIONS TO
THE RECTANGULAR WAVEGUIDE:

In rectangular waveguide, the propagation of energy takes place in the Z-
direction, with the length of the guide infinite in the Z-direction.

The field components of electric field and magnetic field are obtained by solving
Maxwell’s equation -and wave equations applying appropriate boundary

conditions.

The general equations for field components is determined from Maxwell’s curl

equations.
VxH=jweE ... (1)
VXE=-jouH L )

Expanding equation (1),

VXxH-= =jw e[Ex X+ E, ¥+ E, 2|

Q
T Sl

x
0
ox
H,

Equating X, y, z components,

0H, OHy _ .

5 5, “lwe E, ... (3a)
OHy _ 0H, _

=, oL Clwe E, .. (3b)
0Hy,  OH, _

E_E_]wSEZ .......... (3¢)
Similarly

Expanding equation (2),
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x y Z

- |2 2 9

VXE= dx ady dy

E, E, E,
Equating'x, y, z components,

aEz aEy —

= 1w u Hxa—>+Hy a—>+HZ -
X y z

3y =-jou H, ... (3d)

0E,  0E, _

" ox Jou Hy L (3e)

0Ey 0By _

E - E - —Jw U HZ .......... (3f)

The wave equations are written as,

For non conducting in medium
VPE=—w?ueE ... 4)
VEH=—-w?pneH ... (5)

It can be written as,

0?H _0°H  0”H _

7z ayz Py, =—w?ueH - ... (6)

0’E  0°E  0°E

7z T ayz Py =—w?ueE .. (7)

, H,=Hjye* ... (8)

Diff w.r.to ‘z’

aHy — 1Jo ,—VYZ
- = Hy e "7 (-y)

aHy - 0 ,-VZ
5~V Hy e

OHy _
= -vH, 9)

M~ _y H, 10
5 yH, (10)

And also let,

E,=Eye™ .. (11)

Diff w.r.to ‘z’
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9By _ po p-vz (_

9Ey _ . po ,-yz

5 YEye

% - _yE 12

5 - vE (12)

OBx _

E_ )/Ex .......... (13)

Sub the equ (9), (10), (12), (13) in-equ (3),

0H, .

3y + yvyH,=jwe Ex L (14a)

OH, _ .

-y H, — ™ =Jw e E,
OH, . .

y H, + ™ =-jJwek, L (14b)

dH OHy _ .

a_xy_ g =jwekE, . (140)

dE,

2y +yE, =-jopu Hy ol (144d)
0E; _

yE, + o Jou 2y LI (14e)

0Ey OEy _

E_E_ ]a),uHZ .......... (14f)

The wave equations (6) and (7) can also be written as,

0%H, 0°%H, _
e T oy TV H=mwineH,
0°E, , 0%E, -
ot Ty TV B =m0 e B (15)
Solving Equations (14a) and (14d),
From (14d),
OE, .
oy + vE, =-Jopn Hy
_ 1 OE,
Hy C—jwu [ay + yEy]

Sub the H, value in equ (14b),

From (14b),
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0H,
dx

Yy H, + =-jw ¢E,

v (—iivu [Ei‘)iz-'_ VEYD+ % =-jweky

0E, VZ°E,  0H .
Y oz 2+ —2 =-jw ¢ E,
—jou dy jop 0x

0H, vy E)EZ_E [yz
y

-——= — jw e
ox jou dy jo J ]

Multiply throughout by jw W,

0H, _y 0E, |
ox ady

jo Eyly? + w’nel

Y2+ wine=h?

0H, 0E, _
ox ¥ B

ay

jo p E, h?

By = lio 05 = 5

Similarly,

0H j 0E
H, = — X Mz joe OF,
h2 ox h2 0y

From equ (14a),

0H, .

oy + YH,=)w e Ey
_ 1 [0H,

Ex_ jws[ay + )/Hy]

Sub the E,, value in equ (14e),

0

E,
y Ex + dx

= jou H,
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14 (jal)s [aaljzz_'_ VHJ/D + a;;z = jou Hy

y 0H,  v?
+ H, +
jw e 0y jwe Y

E; _

dx

jou Hy,

0E, y 0H, ( y 2 )
+ - g (jou —
0x jw e 0y y J@H jw &

Multiply throughout by jw &

. BEZ ]/BHZ 2 2
+ =-H
jwe TSt y ¥ “t+wpe)
. BEZ ]/BHZ 2
+ =~
jwe Tt 53 Hy, h

Similarly,

E. =— L R 1 OHE
X h2 dx h2 dy

The above equations are in terms of E, and H,,.

For wave propagation either E, of H, should exits.

If both E, and H, are zero, all the fields within guide will vanish.

Wave propagation within the guide is divided into two sets, TE waves and with

E, =0 and TM waves with H, = 0 shown in Fig 4.2.1.
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Fig: 4.2.1 Rectangular waveguide
FIELD COMPONENTS OF TRANSVERSE MAGNETIC WAVES IN
RECTANGULAR WAVEGUIDE:

For TM waves, H, = 0 and E, is to be solved from eave equtions.

Wave equation for E, is given by,

0%E,  0°E, , 0%E, _ 2

ez T 3y to S ueE (1)
0%E, , 0°E, 2 2

6x2+6_y2+y E,=—w*peE ... (2)

The wave equation is a partial differential equation that can be solved by the
usual technique of assuming a product solution.

E, (% Y,2) =E,° (x,y) e7"*

Let us assume a solution,

EL°XY)=XxX)Yy ... (3)

Where X is the function of x alone.

Y is the function y alone.

Sub equ (3) inequ (2)
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2
y% x_+y2XY——a) peXY n(4)
Yﬂ x_+[y2+a)2,u£]XY:0

dx? dy?
14 +a)2y€=h2

2
YQZ(+X—+h2XY=0

dx
Dividing by XY,
lﬁz(+1dY h?=0
X dx Y dy?
1 d*X 2_ _ L1ax
}ﬁ-'-h = Y@ e (5)

This expression equates a function of x alone to a function of y alone and the only
way for the above equation to be true is to have each of these functions equal to

some constant AZ.

1 d?X

de2+h2 v (D L (6)
i e
X dx?
B2=h2_ A2
1 d*X
X dx? +B%2=0% T ... (7)
1 d?*Y 2
e = A, R (8)

A solution of equation(7) is of the form
X = (, cos Bx + C, sin Bx
Where B2 = h 2 — A?

The solution of equation (8) is of the form

Y = Cg Ccos Ay + C4, Sin Ay ...... (9)
Wkt,
E,° (x,y) = XY

E,° = (C; cos Bx + C, sin Bx) (C3 cos Ay + C, sin Ay)
E,° = C, cos Bx C5 cos Ay

EC8651 TRANSMISSION LINES AND RF SYSTEMS



ROHINI COLLEGE OF ENGINEERING & TECHNOLOGY

E,°=C, C3sinBxcos Ay + C, C, sin BxsinAy ... (12)
Sub y=0 in equ (8)

E,° =C, C3 sin Bxcos Ay =0

x and B # 0, either C, or C5 has to zero. If C, = 0 ,then the equ (12)
become zero.

Since C;=0 ... (13)

Sub equ (13) inequ (12)

E,°=C, C,sinBxsinAy ... (14)

If x=a, E,° =0, = subin (14)

E,°=C, C,sinBasin Ay=0

Since A+ 0

sinBa=0

Ba=mn

B= % wherem=1,23,....... . = ... (15)
Sub equ (15) inequ (14)

E,=Cy Cysin (Z5)xsinAy ... (16)
Ify=a, E,”=0, subin(16)

E,°=C, C,sin ( )x sinAb=0

sin Ab=0

Ab =nm

Az% wheren=123,....... ... (17)

Sub equ (17) in equ (16)

E,°=C, C4SII’]( )xsm(bn)y ...... (18)
c=¢,C,
E"-Csm( )xsm(bn)y ...... (19)
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The general field components with H, =0 and y = jg is given by,

_ __ JB 9E,

E,= ;l SSE (20a)
_jwe 0E,

He=5r 32 (20b)
— _ B 9,

E, = hiay e (20c)
_ —jwe OE,

Hy==2222 (20d)

Using equ (19) and equ (20a), 20b, 20¢, 20d,

JB 9E,
h?2 ox

E %= — ’B C( )cos(a)xsm(b”)y

jwe OE
Hx0=] Z

E’=—

h? 9y
"= O () sin (55 weos ()
EO0=_ JB 9E;
y h2 dy
B =55 C(5)sin (5 cos (5)
1= 22 o (s (885 ()5
WKkt,

A=— &B=-—
E,=E,° e7"*
E,=E,° e7iF?
From equ (19)
E, = C sin Bx sin Ay e iF?
E,=E,° e7iF?
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E,.=— ;lﬁz BC cos Bx sin Ay e™18Z

Ey=— ;lﬁz AC sin Bx cos Ay e 18Z

H, = ]:f AC sin Bx cos Ay e 18Z

H, = ]:f AC cos Bx sin Ay e 18z

CHARACTERISTICS OF TE AND TM WAVES IN RECTANGULAR
WAVEGUIDE:

A2+B2%2=h?2

A="" &B==-
h?2=y?+w?ne
a = width of guide along x
b = width of guide along y
m, n = integers
i) PROPAGATION CONSTANT AND CUT OFF FREQUENCY:
h?2=y?+w?ne =A%+B"*
y=+vh%2— wlpe

y=+J(@A2 + B2 — wlue

r= )7 + (F)im e

This is the equation of propagation constant in a rectangular waveguide for TE

and TM waves. Foe small frequencies y = a , y is real and there is no wave
propagation.

As frequency increases and reaches a particular value f. , y becomes zero.

Then for all values of f greater than f, y is imaginary, y = jB, wave propagation
takes place.

Atf=f.,y=0

wlue =h?
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(or)

0= g2 [(5)2 + ()7

wc_

= [ ()]

The frequency f. below which there is no wave propagation (or) thefrequency

above which the wave propagation exits is called cut off frequency. The

propagation constant can be given by,

y=vh2— w?ue

w3y e
y=h/1— =
. _ wipe
y-h/l .
2
)/:h’].—ffz

=i ()

i) ATTENUATION CONSTANT:

2
When (fi) <l(ie)f<f. y=real,y =a No wave propagation

y—a=nfi- (L)

y=a:\/h2— w?u &

iii) PHASE SHIFT:
y=y-(wne— h?
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y = jB=jy (WPue— h?)

y =jy w?ue— (A2 + B?)

=i o [0+ B
o= fowe ()" + )1
Yy =B

v = (We— h?)

y =iy (@ne—wlue)

y = jovEEl- ()

Wc

Yy = joviue l— (fi)z

iv)  CUT- OFF WAVELENGTH:
It is the wavelength at cut — off frequency
Ac

v

“fe

1 = velocity
c - cut—off frequency
_ v

- (CRCE

1. = v2mJu e

c - nm mm
I+ (57

V= ——

- VHE

1. = 21

c - nm mm
)7+ (7]

/Ic — 21
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()2 +(2)7]

v)  GUIDED WAVELENGTH (4,):

c

_v_ozn
Ag = f B
1 = 2m
g - nm 2 mrm 2
Jorue-|(50) 2+ (2)2]
(or)
A
/19 = =
1= (H)

_w
Up E
v, = =
T e[+ (2]
At w = w,
v, = e
p N
WANHE 1—(3)
v
Vp = ——

vii) GROUP VELOCITY:

dw
Ug:ﬁ
i1 (7)

N prpre:

vy=v 1- (L)
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