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Volume integral 

An integral which is evaluated over a volume bounded by a surface is called a volume integral. 

If 𝐹⃗ = 𝐹1𝑖 +  𝐹2 𝑗 +  𝐹3 𝑘⃗⃗ is a vector field in V, then the volume integral is defined by  

 
V

𝐹⃗  𝑑𝑣 

Example:  If  𝑭⃗⃗⃗ =  (𝟐𝒙𝟐 − 𝟑𝒛)𝒊 −  𝟐𝒙𝒚𝒋 − 𝟒𝒙𝒌⃗⃗⃗, evaluate  
V

𝛁 × 𝑭⃗⃗⃗  𝒅𝒗 where v is the 

volume of the region bounded by 𝒙 = 𝟎, 𝒚 = 𝟎, 𝒛 = 𝟎 and 𝟐𝒙 + 𝟐𝒚 + 𝒛 = 𝟒. 

Solution: 

               Given 𝐹⃗ =  (2𝑥2 − 3𝑧)𝑖 −  2𝑥𝑦𝑗 − 4𝑥𝑘⃗⃗ 

                      ∇ × 𝐹⃗ = |

𝑖 𝑗 𝑘⃗⃗
𝜕

𝜕𝑥

𝜕

𝜕𝑦

𝜕

𝜕𝑧

2𝑥2 − 3𝑧 −2𝑥𝑦 −4𝑥

| 

                                =  𝑖(0 − 0) −  𝑗(−4 + 3) +  𝑘⃗⃗(−2𝑦 − 0)  

                                   =   𝑗 −  2𝑦𝑘⃗⃗      

For limits 

Given 𝑥 = 0, 𝑦 = 0, 𝑧 = 0 and 2𝑥 + 2𝑦 + 𝑧 = 4 

 ∴ 𝑧 ∶ 0 → 4 − 2𝑥 − 2𝑦 

Put 𝑧 = 0 ⇒ 2𝑥 + 2𝑦 = 4 (𝑜𝑟) 𝑥 + 𝑦 = 4 

 ∴ 𝑦 ∶ 0 → 2 − 𝑥 

Put 𝑧 = 0, 𝑦 = 0 ⇒ 2𝑥 = 4 (𝑜𝑟) 𝑥 = 2 

 ∴ 𝑥 ∶ 0 → 2 

 ∴ ∫ ∫ ∫  ∇ × 𝐹⃗ 𝑑𝑣 =  ∫ ∫ ∫ (𝑗 −  2𝑦𝑘⃗⃗)𝑑𝑧𝑑𝑦𝑑𝑥
4−2𝑥−2𝑦

0

2−𝑥

0

2

0
 

                              = ∫ ∫ (𝑗 −  2𝑦𝑘⃗⃗ )[𝑧]0
4−2𝑥−2𝑦

 𝑑𝑦𝑑𝑥
2−𝑥

0

2

0
 

                              = ∫ ∫ [(4 − 2𝑥 − 2𝑦)𝑗 −  2𝑦(4 − 2𝑥 − 2𝑦)𝑘⃗⃗] 𝑑𝑦𝑑𝑥
2−𝑥

0

2

0
 

                             = ∫ {[4𝑦 − 2𝑥𝑦 −  
2𝑦2

2
] 𝑗 −  [4𝑦2 −  2𝑥𝑦2 −  

4𝑦

3

3
] 𝑘⃗⃗}

0

2−𝑥
2

0
𝑑𝑥 

                            =  ∫ {[4(2 − 𝑥) −  2𝑥(2 − 𝑥) −  (2 − 𝑥)2] 𝑗 −
2

0
 

                                                            [4(2 − 𝑥)2 −  2𝑥(2 − 𝑥)2 −
4

3
 (2 − 𝑥)3𝑘⃗⃗]} 𝑑𝑥 
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                        = ∫ [8 − 4𝑥 − 4𝑥 + 2𝑥2 −  4 + 4𝑥 −  𝑥2] 𝑗 −
2

0
          

                                [16 − 16𝑥 + 4𝑥2 − 8𝑥 + 8𝑥2 −  2𝑥3 −  
4

3
 (8 − 12𝑥 + 6𝑥2 −  𝑥3) 𝑘⃗⃗]  𝑑𝑥  

                       = ∫ [(4 − 4𝑥 + 𝑥2) 𝑗 −  
𝑘⃗⃗

3
 (16 − 24𝑥 + 12𝑥2 −  2𝑥3)]  𝑑𝑥

2

0
 

                       = [4𝑥 − 2𝑥2 +  
𝑥3

3
]

0

2

𝑗 +  
𝑘⃗⃗

3
 [16𝑥 − 12𝑥2 +  4𝑥3 −

𝑥4

2
]

0

2

 

                       =  (8 − 8 +  
8

3
) 𝑗 −  

𝑘⃗⃗

3
 (32 − 48 + 32 − 8)                     

                       =  
8

3
 (𝑗 −  𝑘⃗⃗)    


