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Cauchy’s integral formula

Statement: If f(z) is analytic inside and on a simple closed curve C of a simply
connected region R

and if ‘a’ is any point interior to C, then

1 f (Z)
f(a) = 2_m 7 — a
(OR)

f 1 4 2 omif(o),
. =l

the integration around C being taken in the positive direction.
Cauchy’s Integral formula for derivatives
Statement: If f(z) is analytic inside and on a simple closed curve C of a simply
connected Region R

and if ‘a’ is any point interior to C, then

f ﬂdz = 2mif (a)

(z =a)?

f —f(z) dz = 2mif "(a)

(z—a)3

In general, |, f(z) —dz = 2mif "V (a)

Solution:

Given |
Dr=0 =2z*4+1=0 =z=+i
Given C is |z| ==

>zl =il = 1>+

~Clearly both the points z = +i lies outside C.

= By Cauchy’s Integral Theorem, f
Example: Using Cauchy’s integral formula Evaluate f mdz where Cis |z| =
2
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Solution:

. z+1
Given fc de

Dr=0=2z=3,1
GivenCis|z| =2
~Clearly z = 1 lies inside C and z = 3 lies outside C

z+1 _ (z+1)/(z-3
o emen® =L oy

~ By Cauchy’s Integral Theorem

Z+1

[, 2D a7 = amif (1) Where f(z) =<2 = f(1) = 2

= 2mi(—1) = —2mi

: 2 2
Example: Using Cauchy’s integral formula, evaluate [ %dz where C is the

circle
|z| = 4.

Solution:

. sinm z2+cosm z2
Given ). e

Dr=0 =2z=2,3
Given Cis |z| = 4
~Clearly z = 2 and 3 lies inside C.

— 1 . S
(z—=2)(z-3) T z-2 | z=3

=1=A4(z-3)+B(Z =2)
Putz=-3 =>1=8B

Consider,

Putz=2 = —-1=4

. 1 - =
" (z-2)(z-3) | z-2 ' z=3
sin mz2+cos nz2 sinmz%+cos wz? sinmz?+cos wz?
fc z-2)(z=3) 7 - z-2 dz + | z-3 dz
= —2mif (2) + 2mi f(3) Where f(z) = sin(nz?) + cos nz?
= —2mi(1) + 2wi(—1) f(2) =sin4m + cos4n =1
= —4mi f(3) =sin9r+cos9r —1 =

-1

Example: Evaluate fc 2% \Where C is the circle MDlz+1+il=20D|z+1—1i]| =

z242z+45

2
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(iii) |z| =1
Solution:
Given/, 2+2 —
Dr=0=>2z>+2z+5=0
N —2i\2/4—20
>z=-1+4+2i
. f _f (z+4) dz
e z2+2z+5 ¢ [z=(=1420)[z=(=1—2D)]

(i) |z+ 1+ i| =2isthecircle
Whenz = -1 +2i,|-1+2i +1 +i| = |3i| > 2 lies outside C.
When z = =1 —2i,|—1 —=2i + 1 + i| = |—i| < 2 lies inside C.
~ By Cauchy’s Integral formula

[(z+1)/(z—(—1+20)] _ Lo 4 o zZ+4
fc o1 10] dz =2mif (—1 — 2i) Where f(z) = oLl
3-2i . —1-2i+4
T ] f-1=20) = 1zit1-2i
372t
—4i
=~(2i—-3)
(ii) |z + 1 — i| = 2 is the circle
Whenz = -1+ 2i,|-1+2i+1—i| =|i] <2 liesinside C
Whenz = -1 —2i,|-1=2i +1 —i| = |-3i| > 2 lies outside C
~ By Cauchy’s Integral formula
(z+1)/[z=(=1-2D)] 244
J. o T dz = 2mi f(—1+ 2i) Where f(2) = ==
| . [3+21] _ N —1+2i+4
= 2 40 f(=1+20 = —1+2i+1+2i
3+2i
4i
=23 +20)

(iii)]z] = 1 is the circle
When z = —1 4 2i,1 — 1 + 2i| = /5 > 1 lies outside C
When z = —1 — 2i,1 — 1 — 2i| = /5 > 1 lies outside C
=~ By Cauchy’s Integral theorem

f Z+4 dZ -0

C z242z+45
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Example: Using Cauchy’s integral formula, evaluate f = dz where C is the

+2z+4
circle
lz+1+i|=2
Solution:
Given f 2+2z+4
Dr=0=2z24+2z+4=0
N —Zi\2/4—16
z=-1+iV3
. f z+1 W f (z+1 )dz
"o 2242744 ¢ [z-(-1+iv3)][z=(-1-iv3]

GivenCis|z+1+i|l =2
When z = -1 —iv/3,|-1 — iv3 + 1 +i| = |(1 = V/3i)| < 2 lies inside C.
When z = —1 4 iV3,|-1 + ivV3 + 1+ i| = |i + V3i| > 2 lies outside C.

=~ By Cauchy’s Integral Formula

(z+1)/[z=(=1+iV3)] | R z+1
J, Py dz = 2mi f(—1=iV/3) Where f(z) = =177
1 (1 . d _ —1-iv3+1
= 2ni () = i fE1-08) =5 =
Vi1
-2iv3 2

zZ+1 s
) dz = mi
C z242z+4

1| =10D]z+ 1| =

1(iid)|z—i| =1
Solution:

z +1 _f z2+41
C (z+1)(z—-1)

Given J -

Dr=0=>=>2z=1,-1
(i) (z—1) = 1isthecircle
Whenz =1,]1—-1| =0 < 1 lies inside C
When z = —1,|—-1 — 1] = 2 > 1 lies outside C
=~ By Cauchy’s Integral formula

z2+1 (z +1)/z+1
fc (z+1)(z—1) - fc (z-1) dz
= 2mif (1) where f(z) = =>f(1)=1
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= 2mi(1)
= 2mi
(iD|z + 1| = 1 is the circle
Whenz =1,|1+ 1] = 2 > 1 lies outside C
Whenz = —1,|—-1+ 1| = 0 < 1 lies inside C
=~ By Cauchy’s Integral formula

z%+41

[, Ei#gfilidz——znlf( 1) where f(z) ==

f(=1)=-
= 2mwi(—1) = —2mi
(iii) |z — i| = 1 is the circle
When z = 1,|1 = i| = V2 > 1 lies outside C
When z = —1,|—1 — i| = /2 > 1 lies outside C

=~ By Cauchy’s Integral Formula
(z%2+1) Fa
fc (z+1)(z—1) dz =0

zdz
Example: Using Cauchy’s Integral formula evaluate [ ;_1);—2)2 where C is the circle

lz-2|=3
2
Solution:
zdz
Given fc = .

Dr =0 = z = lisapoleoforder 1,z = 2 is a pole of order 2.

GivenCis|z—2| ==
Whenz=1,|1-2|=1> % lies outside C.
Whenz=2,[12—-2|=0< % lies inside C.

=~ By Cauchy’s Integral formula

. (ZZ/_ZZ_)lz dz = 2mi f'(2) Where f(z) = ﬁ
= 2mi(=1) fl2) =% 1)11;(1) = f'(2) =
-1
= —2mi

sm z

=dz where C isthecircle [z| =1

Example: Evaluate |

75
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Solution:

sin?
T
T

d
5 47

Given [~
Dr=0=z =§isapo|e of order 3.

Give Cis |z| = 1.

Clearly z = % lies inside the circle |z| = 1

=~ By Cauchy’s Integral formula

J, Sesdz=2t f'(x/6) Where f(z) = sin?z
c !
= 22_71'1'(1) f'(z) = 2sinzcosz = sin 2z
1 . n (T
sl f (z) =cos2z(2) = f (g) =

2 cos (2?7:)

=2cos§=2(§)=1

z

Example: Evaluate [ dz where Cis the circle |z| = 2, using Cauchy’s Integral

¢ (z-1)3
formula
Solution:
. VA
Given | ¥

Dr =0 = z = 1isapole of order 3.
GivenCis |z| = 2.
Clearly z = 1 lies inside the circle C

= By Cauchy’s Integral formula

f, 22dz =2 (1) Where f(2) =z = f () = 1
_ zz_n!i(o) =>f'(2)=0=f'(1)=0
=0

Example: Evaluatefc % dz where Cisthecircle |z| =1

2z-1)2
Solution:

- Z2

Given [ o

[ Z— )2

Dr=0:>22=0:>z=%isapoleoforder2.
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GivenCis |z| = 1.
Clearly z = % lies inside the circle C

=~ By Cauchy’s Integral formula

J. z dz=%fc _Z_dz

(=3)

20,_12
2%(z 2)

Where f(z) = z? = f'(z) = 2z
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