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UNIT IV  
INITIAL VALUE  PROBLEMS FOR ORDINARY DIFFERENTIAL EQUATIONS 

                      PROBLEMS BASED ON RUNGE KUTTA METHOD  METHOD 

 

𝑹𝒖𝒏𝒈𝒆 − 𝑲𝒖𝒕𝒕𝒂 𝑴𝒆𝒕𝒉𝒐𝒅 

𝒌𝟏 = 𝒉𝒇(𝒙𝒏, 𝒚𝒏) 

𝒌𝟐 = 𝒉𝒇 (𝒙𝒏 +
𝒉

𝟐
, 𝒚𝒏 +

𝒌𝟏

𝟐
) 

𝒌𝟑 = 𝒉𝒇 (𝒙𝒏 +
𝒉

𝟐
, 𝒚𝒏 +

𝒌𝟐

𝟐
) 

𝒌𝟒 = 𝒉𝒇(𝒙𝒏 + 𝒉, 𝒚𝒏 + 𝒌𝟑) 

∆𝒚 =
𝟏

𝟔
[𝒌𝟏 +2𝒌𝟐 + 𝟐𝒌𝟑 + 𝒌𝟒] 

 

 

 

 

𝟏. 𝑼𝒔𝒊𝒏𝒈 𝑹𝒖𝒏𝒈𝒆 − 𝑲𝒖𝒕𝒕𝒂 𝑴𝒆𝒕𝒉𝒐𝒅   𝒇𝒊𝒏𝒅 𝒚 𝒂𝒕 𝒙 = 𝟎. 𝟏  

𝒊𝒇 
𝒅𝒚

𝒅𝒙
= 𝒙 + 𝒚𝟐  𝒘𝒊𝒕𝒉 𝒚(𝟎) = 𝟏 

𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏: 

                 𝑮𝒊𝒗𝒆𝒏 𝒚′ = 𝒇(𝒙, 𝒚) = 𝒙 + 𝒚𝟐   𝒂𝒏𝒅  

 𝒙𝟎 = 𝟎 𝒂𝒏𝒅 𝒚𝟎 = 𝟏 

                                   𝒙𝟏 = 𝟎. 𝟏 𝒂𝒏𝒅 𝒚𝟏 =? 

                                𝒉 =  𝒙𝟏 −  𝒙𝟎 = 𝟎. 𝟏 − 𝟎 = 𝟎. 𝟏 

𝑩𝒚 𝑹𝒖𝒏𝒈𝒆 − 𝑲𝒖𝒕𝒕𝒂 𝑴𝒆𝒕𝒉𝒐𝒅 

𝒚𝟏 = 𝒚𝟎 + ∆𝒚 
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𝒌𝟏 = 𝒉𝒇(𝒙𝒏, 𝒚𝒏) 

𝒌𝟐 = 𝒉𝒇 (𝒙𝒏 +
𝒉

𝟐
, 𝒚𝒏 +

𝒌𝟏

𝟐
) 

𝒌𝟑 = 𝒉𝒇 (𝒙𝒏 +
𝒉

𝟐
, 𝒚𝒏 +

𝒌𝟐

𝟐
) 

𝒌𝟒 = 𝒉𝒇(𝒙𝒏 + 𝒉, 𝒚𝒏 + 𝒌𝟑) 

∆𝒚 =
𝟏

𝟔
[𝒌𝟏 +2𝒌𝟐 + 𝟐𝒌𝟑 + 𝒌𝟒] 

𝒌𝟏 = 𝒉𝒇(𝒙𝟎, 𝒚𝟎) 

= (𝟎. 𝟏)𝒇(𝟎, 𝟏) 

= (𝟎. 𝟏)[𝟎 + 𝟏𝟐 ] = 𝟎. 𝟏 

𝒌𝟐 = 𝒉𝒇 (𝒙𝟎 +
𝒉

𝟐
, 𝒚𝟎 +

𝒌𝟏

𝟐
) 

= (𝟎. 𝟏)𝒇 (𝟎 +
𝟎. 𝟏

𝟐
, 𝟏 +

𝟎. 𝟏

𝟐
) 

= (𝟎. 𝟏)𝒇(𝟎. 𝟎𝟓, 𝟏. 𝟎𝟓) 

= (𝟎. 𝟏)[𝟎. 𝟎𝟓 + (𝟏. 𝟎𝟓)𝟐 ] = 𝟎. 𝟏[𝟎. 𝟎𝟓 + 𝟏. 𝟏𝟎𝟐𝟓] 

= 𝟎. 𝟏[𝟏. 𝟏𝟓𝟐𝟓] 

= 𝟎. 𝟏𝟏𝟓𝟑 

𝒌𝟑 = 𝒉𝒇 (𝒙𝟎 +
𝒉

𝟐
, 𝒚𝟎 +

𝒌𝟐

𝟐
) 

= (𝟎. 𝟏)𝒇 (𝟎 +
𝟎. 𝟏

𝟐
, 𝟏 +

𝟎. 𝟏𝟏𝟓𝟑

𝟐
) 

= (𝟎. 𝟏)𝒇(𝟎. 𝟎𝟓, 𝟏. 𝟎𝟓𝟕𝟕) 

= (𝟎. 𝟏)[𝟎. 𝟎𝟓 + (𝟏. 𝟎𝟓𝟕𝟕)𝟐 ] = 𝟎. 𝟏[𝟎. 𝟎𝟓 + 𝟏. 𝟏𝟏𝟖𝟕] 

= 𝟎. 𝟏[𝟏. 𝟏𝟔𝟖𝟕] 
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= 𝟎. 𝟏𝟏𝟔𝟗 

𝒌𝟒 = 𝒉𝒇(𝒙𝟎 + 𝒉, 𝒚𝟎 + 𝒌𝟑) 

= 𝒉𝒇(𝟎 + 𝟎. 𝟏, 𝟏 + 𝟎. 𝟏𝟏𝟔𝟗) 

= 𝒉𝒇(𝟎. 𝟏, 𝟏. 𝟏𝟏𝟔𝟗) 

= (𝟎. 𝟏)[𝟎. 𝟏 + (𝟏. 𝟏𝟏𝟔𝟗)𝟐 ] = 𝟎. 𝟏[𝟎. 𝟏 + 𝟏. 𝟐𝟒𝟕𝟓] 

= 𝟎. 𝟏[𝟏. 𝟑𝟒𝟕𝟓] 

= 𝟎. 𝟏𝟑𝟒𝟖 

∆𝒚 =
𝟏

𝟔
[𝒌𝟏 +2𝒌𝟐 + 𝟐𝒌𝟑 + 𝒌𝟒] 

=
𝟏

𝟔
[𝟎. 𝟏 + 𝟐(𝟎. 𝟏𝟏𝟓𝟑 ) + 𝟐(𝟎. 𝟏𝟏𝟔𝟗) + 𝟎. 𝟏𝟑𝟒𝟖] 

=
𝟏

𝟔
[𝟎. 𝟒𝟔𝟖𝟔] = 𝟎. 𝟎𝟕𝟖𝟏 

𝒚𝟏 = 𝒚𝟎 + ∆𝒚 = 𝟏 + 𝟎. 𝟎𝟕𝟖𝟏 = 𝟏. 𝟎𝟕𝟖𝟏 

 

2.𝑼𝒔𝒊𝒏𝒈 𝑹𝒖𝒏𝒈𝒆 − 𝑲𝒖𝒕𝒕𝒂 𝑴𝒆𝒕𝒉𝒐𝒅   𝒇𝒊𝒏𝒅 𝒚 𝒂𝒕 𝒙 = 𝟎. 𝟐  

𝒊𝒇 
𝒅𝒚

𝒅𝒙
=

𝒚𝟐 − 𝒙𝟐

𝒚𝟐 + 𝒙𝟐   𝒘𝒊𝒕𝒉 𝒚(𝟎) = 𝟏 

𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏: 

                 𝑮𝒊𝒗𝒆𝒏 𝒚′ = 𝒇(𝒙, 𝒚) =
𝒚𝟐 − 𝒙𝟐

𝒚𝟐 + 𝒙𝟐    𝒂𝒏𝒅  

 𝒙𝟎 = 𝟎 𝒂𝒏𝒅 𝒚𝟎 = 𝟏 

                                   𝒙𝟏 = 𝟎. 𝟐 𝒂𝒏𝒅 𝒚𝟏 =? 

                                𝒉 =  𝒙𝟏 −  𝒙𝟎 = 𝟎. 𝟐 − 𝟎 = 𝟎. 𝟐 
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𝑩𝒚 𝑹𝒖𝒏𝒈𝒆 − 𝑲𝒖𝒕𝒕𝒂 𝑴𝒆𝒕𝒉𝒐𝒅 

𝒌𝟏 = 𝒉𝒇(𝒙𝒏, 𝒚𝒏) 

𝒌𝟐 = 𝒉𝒇 (𝒙𝒏 +
𝒉

𝟐
, 𝒚𝒏 +

𝒌𝟏

𝟐
) 

𝒌𝟑 = 𝒉𝒇 (𝒙𝒏 +
𝒉

𝟐
, 𝒚𝒏 +

𝒌𝟐

𝟐
) 

𝒌𝟒 = 𝒉𝒇(𝒙𝒏 + 𝒉, 𝒚𝒏 + 𝒌𝟑) 

∆𝒚 =
𝟏

𝟔
[𝒌𝟏 +2𝒌𝟐 + 𝟐𝒌𝟑 + 𝒌𝟒] 

 

 

𝒌𝟏 = 𝒉𝒇(𝒙𝟎, 𝒚𝟎) 

= (𝟎. 𝟐)𝒇(𝟎, 𝟏) 

= (𝟎. 𝟐) [
𝟏𝟐 − 𝟎𝟐

𝟏𝟐 + 𝟎𝟐 ] = (𝟎. 𝟐) [
𝟏

𝟏
 ] = 𝟎. 𝟐 

𝒌𝟐 = 𝒉𝒇 (𝒙𝟎 +
𝒉

𝟐
, 𝒚𝟎 +

𝒌𝟏

𝟐
) 

= (𝟎. 𝟐)𝒇 (𝟎 +
𝟎. 𝟐

𝟐
, 𝟏 +

𝟎. 𝟐

𝟐
) 

= (𝟎. 𝟐)𝒇(𝟎. 𝟏, 𝟏. 𝟏) 

= (𝟎. 𝟐) [
𝟏. 𝟏𝟐 − 𝟎. 𝟏𝟐

𝟏. 𝟏𝟐 + 𝟎. 𝟏𝟐
 ] = 𝟎. 𝟐 [

𝟏. 𝟐

𝟏. 𝟐𝟐
 ] 

= 𝟎. 𝟐[𝟎. 𝟗𝟖𝟑𝟔] 

= 𝟎. 𝟏𝟗𝟔𝟕 

𝒌𝟑 = 𝒉𝒇 (𝒙𝟎 +
𝒉

𝟐
, 𝒚𝟎 +

𝒌𝟐

𝟐
) 
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= (𝟎. 𝟐)𝒇 (𝟎 +
𝟎. 𝟐

𝟐
, 𝟏 +

𝟎. 𝟏𝟗𝟔𝟕

𝟐
) 

= (𝟎. 𝟐)𝒇(𝟎. 𝟏, 𝟏. 𝟎𝟗𝟖𝟒) 

= (𝟎. 𝟐) [
𝟏. 𝟎𝟗𝟖𝟒𝟐 − 𝟎. 𝟏𝟐

𝟏. 𝟎𝟗𝟖𝟒𝟐 + 𝟎. 𝟏𝟐
 ] = 𝟎. 𝟏𝟗𝟔𝟕 

𝒌𝟒 = 𝒉𝒇(𝒙𝟎 + 𝒉, 𝒚𝟎 + 𝒌𝟑) 

= 𝒉 𝒇(𝟎 + 𝟎. 𝟐, 𝟏 + 𝟎. 𝟏𝟗𝟔𝟕) 

= (𝟎. 𝟐)𝒇(𝟎. 𝟐, 𝟏. 𝟏𝟗𝟔𝟕) 

= (𝟎. 𝟐) [
𝟏. 𝟏𝟗𝟔𝟕𝟐 − 𝟎. 𝟐𝟐

𝟏. 𝟏𝟗𝟔𝟕𝟐 + 𝟎. 𝟐𝟐 ] = 𝟎. 𝟏𝟖𝟗𝟏 

 

∆𝒚 =
𝟏

𝟔
[𝒌𝟏 +2𝒌𝟐 + 𝟐𝒌𝟑 + 𝒌𝟒] 

=
𝟏

𝟔
[𝟎. 𝟐 + 𝟐(𝟎. 𝟏𝟗𝟔𝟕 ) + 𝟐(𝟎. 𝟏𝟗𝟔𝟕) + 𝟎. 𝟏𝟖𝟗𝟏] 

= 𝟎. 𝟏𝟗𝟓𝟗𝟖 

𝒚𝟏 = 𝒚𝟎 + ∆𝒚 

    = 𝟏 + 𝟎. 𝟏𝟗𝟓𝟗𝟖 = 𝟏. 𝟏𝟗𝟓𝟗𝟖 

3. Apply the  fourth order Runge kutta  method to find an approximate value of y 

when x=0.2 and x=0.4 given that 𝒚′ = 𝒙 + 𝒚, 𝒚(𝟎) = 𝟏 𝒘𝒊𝒕𝒉 𝒉 = 𝟎. 𝟐  

 

Solution :      

Given 𝒚′ = 𝒙 + 𝒚, 𝒚(𝟎) = 𝟏 𝒘𝒊𝒕𝒉 𝒉 = 𝟎. 𝟐 

𝒙𝟎 = 𝟎, 𝒚𝟎 = 𝟏 

𝒇(𝒙, 𝒚) = 𝒙 + 𝒚 
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𝑩𝒚 𝑹𝒖𝒏𝒈𝒆 − 𝑲𝒖𝒕𝒕𝒂 𝑴𝒆𝒕𝒉𝒐𝒅 

𝒌𝟏 = 𝒉𝒇(𝒙𝒏, 𝒚𝒏) 

𝒌𝟐 = 𝒉𝒇 (𝒙𝒏 +
𝒉

𝟐
, 𝒚𝒏 +

𝒌𝟏

𝟐
) 

𝒌𝟑 = 𝒉𝒇 (𝒙𝒏 +
𝒉

𝟐
, 𝒚𝒏 +

𝒌𝟐

𝟐
) 

𝒌𝟒 = 𝒉𝒇(𝒙𝒏 + 𝒉, 𝒚𝒏 + 𝒌𝟑) 

∆𝒚 =
𝟏

𝟔
[𝒌𝟏 +2𝒌𝟐 + 𝟐𝒌𝟑 + 𝒌𝟒] 

𝒌𝟏 = 𝒉𝒇(𝒙𝟎, 𝒚𝟎) 

= 𝟎. 𝟐(𝒙𝟎 + 𝒚𝟎) 

= 𝟎. 𝟐(𝟎 + 𝟏) 

= 𝟎. 𝟐 

𝒌𝟐 = 𝒉𝒇 (𝒙𝟎 +
𝒉

𝟐
, 𝒚𝟎 +

𝒌𝟏

𝟐
) 

=0.2 𝒇 (𝟎 +
𝟎.𝟐

𝟐
, 𝟏 +

𝟏

𝟐
(𝟎. 𝟐)) 

=0.2 𝒇(𝟎. 𝟏, 𝟏. 𝟏) 

=0.2 (𝟎. 𝟏 + 𝟏. 𝟏) 

=0.2 (𝟏. 𝟐) 

=0.24 

 

𝒌𝟑 = 𝒉𝒇 (𝒙𝟎 +
𝒉

𝟐
, 𝒚𝟎 +

𝒌𝟐

𝟐
) 

=0.2 𝒇 (𝟎 +
𝟎.𝟐

𝟐
, 𝟏 +

𝟏

𝟐
(𝟎. 𝟐𝟒)) 
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=0.2 𝒇(𝟎. 𝟏, 𝟏. 𝟏𝟐) 

=0.2 (𝟎. 𝟏 + 𝟏. 𝟏𝟐) 

=0.2 (𝟏. 𝟐𝟐) 

=0.244 

𝒌𝟒 = 𝒉𝒇(𝒙𝟎 + 𝒉, 𝒚𝟎 + 𝒌𝟑) 

= 𝟎. 𝟐 𝒇(𝟎 + 𝟎. 𝟐, 𝟏 + 𝟎. 𝟐𝟒𝟒) 

= 𝟎. 𝟐 𝒇(𝟎. 𝟐, 𝟏. 𝟐𝟒𝟒) 

= 𝟎. 𝟐 (𝟎. 𝟐 + 𝟏. 𝟐𝟒𝟒) 

= 𝟎. 𝟐 (𝟏. 𝟒𝟒𝟒) 

= 𝟎. 𝟐𝟖𝟖𝟖 

∆𝒚 =
𝟏

𝟔
[𝒌𝟏 +2𝒌𝟐 + 𝟐𝒌𝟑 + 𝒌𝟒] 

=
𝟏

𝟔
[𝟎. 𝟐 +2(𝟎. 𝟐𝟒) + 𝟐(𝟎. 𝟐𝟒𝟒) + 𝟎. 𝟐𝟖𝟖𝟖] 

=0.2428 

𝒚𝟏 = 𝒚(𝟎. 𝟐) = 𝒚𝟎 + ∆𝒚 

=  1+0.2428 

=1.2428 

Now starting from (𝒙𝟏, 𝒚𝟏) 𝒘𝒆 𝒈𝒆𝒕(𝒙𝟏, 𝒚𝟏)   

Here 𝒙𝟏 = 𝟎. 𝟐, 𝒚𝟏 = 𝟏. 𝟐𝟒𝟐 

𝒌𝟏 = 𝒉𝒇(𝒙𝟏, 𝒚𝟏) 

= 𝟎. 𝟐(𝒙𝟏 + 𝒚𝟏) 

= 𝟎. 𝟐(𝟎. 𝟐 + 𝟏. 𝟐𝟒𝟐𝟖) 

= 𝟎. 𝟐𝟖𝟖𝟓𝟔 
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𝒌𝟐 = 𝒉𝒇 (𝒙𝟏 +
𝒉

𝟐
, 𝒚𝟏 +

𝒌𝟏

𝟐
) 

= 𝟎. 𝟐 𝒇 (𝟎. 𝟐 +
𝟎. 𝟐

𝟐
, 𝟏. 𝟐𝟒𝟐𝟖 +

𝟏

𝟐
(𝟎. 𝟐𝟖𝟖𝟓𝟔) 

= 𝟎. 𝟐 𝒇(𝟎. 𝟑, 𝟏. 𝟑𝟖𝟕𝟎𝟖) 

= 𝟎. 𝟐 (𝟎. 𝟑 + 𝟏. 𝟑𝟖𝟕𝟎𝟖) 

= 𝟎. 𝟑𝟑𝟕𝟒𝟏𝟔 

 

𝒌𝟑 = 𝒉𝒇 (𝒙𝟏 +
𝒉

𝟐
, 𝒚𝟏 +

𝒌𝟐

𝟐
) 

= 𝟎. 𝟐 𝒇 (𝟎. 𝟐 +
𝟎. 𝟐

𝟐
, 𝟏. 𝟐𝟒𝟐𝟖 +

𝟏

𝟐
(𝟎. 𝟑𝟑𝟕𝟒𝟏𝟔) 

= 𝟎. 𝟐 𝒇(𝟎. 𝟑, 𝟏. 𝟒𝟏𝟏𝟓𝟎𝟖) 

= 𝟎. 𝟐 (𝟎. 𝟑 + 𝟏. 𝟒𝟏𝟏𝟓𝟎𝟖) 

𝒌𝟑 = 𝟎. 𝟑𝟒𝟐𝟑 

𝒌𝟒 = 𝒉𝒇(𝒙𝟏 + 𝒉, 𝒚𝟏 + 𝒌𝟑) 

= 𝟎. 𝟐 𝒇(𝟎. 𝟐 + 𝟎. 𝟐, 𝟏. 𝟐𝟒𝟐𝟖 + 𝟎. 𝟑𝟒𝟐𝟑) 

= 𝟎. 𝟐 𝒇(𝟎. 𝟒, 𝟏. 𝟓𝟖𝟓𝟏) 

= 𝟎. 𝟐 (𝟎. 𝟒 + 𝟏. 𝟓𝟖𝟓𝟏) 

= 𝟎. 𝟑𝟗𝟕𝟎𝟐 

∆𝒚 =
𝟏

𝟔
[𝒌𝟏 +2𝒌𝟐 + 𝟐𝒌𝟑 + 𝒌𝟒] 

∆𝒚 =
𝟏

𝟔
[𝟎. 𝟐𝟖𝟖𝟓𝟔 +2(𝟎. 𝟑𝟑𝟕𝟒𝟏𝟔) + 𝟐(𝟎. 𝟑𝟒𝟐𝟑) + 𝟎. 𝟑𝟗𝟕𝟎𝟐] 

=
𝟏

𝟔
[𝟎. 𝟐𝟖𝟖𝟓𝟔 +0.674832+𝟎. 𝟔𝟖𝟒𝟔 + 𝟎. 𝟑𝟗𝟕𝟎𝟐] 



ROHINI COLLEGE OF ENGINEERING & TECHNOLOGY 

 

MA8491 NUMERICAL METHODS  

 

∆𝒚 =0.3408 

𝒚(𝟎. 𝟐) = 𝒚𝟐 = 𝒚𝟏 + ∆𝒚   

= 𝟏. 𝟐𝟒𝟐𝟖 + 𝟎. 𝟑𝟒𝟎𝟖   

𝒚(𝟎. 𝟐) = 𝟏. 𝟓𝟖𝟑𝟔   

4. Apply the  fourth order Runge kutta  method to find an approximate value of y 

when x=0.2 and x=0.4 given that 𝒚′′ + 𝒙𝒚′ + 𝒚 = 𝟎,  

𝒚(𝟎) = 𝟏  𝒚′(𝟎) = 𝟎 𝒘𝒊𝒕𝒉 𝒉 = 𝟎. 𝟐  

Solution :  

𝒚′′ = −𝒙𝒚′ − 𝒚,        𝒚(𝟎) = 𝟏  𝒚′(𝟎) = 𝟎 𝒘𝒊𝒕𝒉 𝒉 = 𝟎. 𝟐  

𝒙𝟎 = 𝟎, 𝒚𝟎 = 𝟏 

Setting   y’=z 

The equation becomes 

𝒚′′ = 𝒛′ =  −𝒙𝒛 − 𝒚, 

𝒅𝒚

𝒅𝒙
= 𝒛 = 𝒇𝟏(𝒙, 𝒚, 𝒛) 

𝒅𝒛

𝒅𝒙
= −𝒙𝒛 − 𝒚 = 𝒇𝟐(𝒙, 𝒚, 𝒛) 

By Algorithm, 

𝒌𝟏 = 𝒉𝒇𝟏(𝒙𝟎, 𝒚𝟎, 𝒛𝟎) = (𝟎. 𝟏)𝒇𝟏(𝟎, 𝟏, 𝟎) = (𝟎. 𝟏)(𝟎) = 𝟎 

𝒍𝟏 = 𝒉𝒇𝟐(𝒙𝟎, 𝒚𝟎, 𝒛𝟎) = (𝟎. 𝟏)𝒇𝟐(𝟎, 𝟏, 𝟎) = (𝟎. 𝟏)(−𝟏) = −𝟎. 𝟏 

𝒌𝟐 = 𝒉𝒇𝟏 (𝒙𝟎 +
𝒉

𝟐
, 𝒚𝟎 +

𝒌𝟏

𝟐
, 𝒛𝟎 +

𝒍𝟏

𝟐
) 

𝒌𝟐 = 𝟎. 𝟏𝒇𝟏 (𝒙𝟎 +
𝒉

𝟐
, 𝒚𝟎 +

𝒌𝟏

𝟐
, 𝒛𝟎 +

𝒍𝟏

𝟐
) 
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= (𝟎. 𝟏)𝒇𝟏(𝟎. 𝟎𝟓, 𝟏, −𝟎. 𝟎𝟓) = (𝟎. 𝟏)(−𝟎. 𝟎𝟓) = −𝟎. 𝟎𝟎𝟓 

𝒍𝟐 = (𝟎. 𝟏)𝒇𝟐(𝟎. 𝟎𝟓, 𝟏 − 𝟎. 𝟎𝟓) = (𝟎. 𝟏)[𝟏 + (𝟎. 𝟎𝟓)(𝟎. 𝟎𝟓) − 𝟏] 

= 𝟎. 𝟎𝟗𝟗𝟕𝟓 

𝒌𝟑 = 𝒉𝒇𝟏 (𝒙𝟎 +
𝒉

𝟐
, 𝒚𝟎 +

𝒌𝟐

𝟐
, 𝒛𝟎 +

𝒍𝟐

𝟐
) 

= (𝟎. 𝟏)𝒇𝟏(𝟎. 𝟎𝟓, 𝟎. 𝟗𝟗𝟕𝟓, −𝟎. 𝟎𝟒𝟗𝟗) = (𝟎. 𝟏)(−𝟎. 𝟎𝟒𝟗𝟗) = −𝟎. 𝟎𝟎𝟒𝟗𝟗 

𝒍𝟑 = (𝟎. 𝟏)𝒇𝟐(𝟎. 𝟎𝟓, 𝟎. 𝟗𝟗𝟕𝟓, −𝟎. 𝟎𝟒𝟗𝟗) 

= (𝟎. 𝟏)(𝟎. 𝟎𝟓 + 𝟎. 𝟗𝟗𝟕𝟓 − 𝟎. 𝟎𝟒𝟗𝟗) 

=-0.09950 

𝒌𝟑 = 𝒉𝒇𝟏(𝒙𝟎 + 𝒉, 𝒚𝟎 + 𝒌𝟑, 𝒛𝟎 + 𝒍𝟑) 

= (𝟎. 𝟏)𝒇𝟏(𝟎. 𝟏, 𝟎. 𝟗𝟗𝟓𝟏𝟏, −𝟎. 𝟎𝟗𝟗𝟓) = (𝟎. 𝟏)(−𝟎. 𝟎𝟗𝟗𝟓) = −𝟎. 𝟎𝟎𝟗𝟗𝟓 

𝒍𝟒 = (𝟎. 𝟏)𝒇𝟐(𝟎. 𝟏, 𝟎. 𝟗𝟗𝟓𝟏𝟏, −𝟎. 𝟎𝟗𝟗𝟓) 

= (𝟎. 𝟏)(−(𝟎. 𝟏 − 𝟎. 𝟎𝟗𝟗𝟓 + 𝟎. 𝟗𝟗𝟓𝟏𝟏) 

=-0.0985 

𝒚𝟏 = 𝒚(𝟎. 𝟏) = 𝒚𝟎 + ∆𝒚=𝟏 +
𝟏

𝟔
[𝟎 + 𝟐(−𝟎. 𝟎𝟎𝟓) + 𝟐(−𝟎. 𝟎𝟎𝟒𝟗𝟗) − 𝟎. 𝟎𝟎𝟗𝟗𝟓] 

=0.9950 
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.5.  𝑪𝒐𝒔𝒊𝒅𝒆𝒓 𝒕𝒉𝒆 𝒊𝒏𝒊𝒕𝒊𝒂𝒍 𝒗𝒂𝒍𝒖𝒆 𝒑𝒓𝒐𝒃𝒍𝒆𝒎  
𝒅𝒚

𝒅𝒙
= 𝒚 − 𝒙𝟐 + 𝟏 

𝒘𝒊𝒕𝒉 𝒚(𝟎) = 𝟎. 𝟓 

(𝒊)𝑼𝒔𝒊𝒏𝒈 𝒕𝒉𝒆  modified Euler method ,find y(0.2) 

(𝒊𝒊)𝑼𝒔𝒊𝒏𝒈 𝒕𝒉𝒆 𝟒𝒕𝒉   order Runge kutta  method ,find y(0.4) and y(0.6) 

  

Solution : 

 (i) (𝒙, 𝒚) = 𝒚 − 𝒙𝟐 + 𝟏 , 𝒙𝟎 = 𝟎          𝒚𝟎 = 𝟎. 𝟓  ,  h=0.2  𝒙𝟏 = 𝟎. 𝟐      

     𝑴𝒐𝒅𝒊𝒇𝒊𝒆𝒅 𝑬𝒖𝒍𝒆𝒓 𝑴𝒆𝒕𝒉𝒐𝒅 

𝒚𝒏+𝟏 = 𝒚𝟎 + 𝒉 [𝒇 (𝒙𝒏 +
𝒉

𝟐
, 𝒚𝒏 +

𝒉

𝟐
𝒇(𝒙𝒏, 𝒚𝒏))] 

𝒚𝟏 = 𝒚𝟎 + 𝒉 [𝒇 (𝒙𝟎 +
𝒉

𝟐
, 𝒚𝟎 +

𝒉

𝟐
𝒇(𝒙𝟎, 𝒚𝟎))] 

 

𝒚𝟏 = 𝟎. 𝟓 + 𝟎. 𝟐 [𝒇 (𝟎 +
𝟎. 𝟐

𝟐
, 𝟎. 𝟓 +

𝟎. 𝟐

𝟐
𝒇(𝟎, 𝟎. 𝟓))] 

𝒚𝟏 = 𝟎. 𝟓 + 𝟎. 𝟐[𝒇(𝟎. 𝟏, 𝟎. 𝟓 + (𝟎. 𝟏)(𝟎. 𝟓 + 𝟏))] 

𝒚𝟏 = 𝟎. 𝟓 + 𝟎. 𝟐[𝒇(𝟎. 𝟏, 𝟎. 𝟔𝟓)] 

𝒚𝟏 = 𝟎. 𝟓 + 𝟎. 𝟐[𝟎. 𝟔𝟓 − (𝟎. 𝟏)𝟐 + 𝟏 ] 

𝒚𝟏 = 𝟎. 𝟓 + 𝟎. 𝟑𝟐𝟖 

𝒚𝟏 = 𝟎. 𝟖𝟐𝟖 

(ii) (𝒙, 𝒚) = 𝒚 − 𝒙𝟐 + 𝟏 , 𝒙𝟎 = 𝟎          𝒚𝟎 = 𝟎. 𝟓  ,  h=0.2  𝒙𝟏 = 𝟎. 𝟐   

   𝒚𝟏 = 𝟎. 𝟖𝟐𝟖,     𝒙𝟐 = 𝟎. 𝟒   

To find    𝒚𝟐 = 𝒚(𝟎. 𝟒)       
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 By Runge Kutta 4th order method  

 

𝑹𝒖𝒏𝒈𝒆 − 𝑲𝒖𝒕𝒕𝒂 𝑴𝒆𝒕𝒉𝒐𝒅 

𝒌𝟏 = 𝒉𝒇(𝒙𝒏, 𝒚𝒏) 

𝒌𝟐 = 𝒉𝒇 (𝒙𝒏 +
𝒉

𝟐
, 𝒚𝒏 +

𝒌𝟏

𝟐
) 

𝒌𝟑 = 𝒉𝒇 (𝒙𝒏 +
𝒉

𝟐
, 𝒚𝒏 +

𝒌𝟐

𝟐
) 

𝒌𝟒 = 𝒉𝒇(𝒙𝒏 + 𝒉, 𝒚𝒏 + 𝒌𝟑) 

∆𝒚 =
𝟏

𝟔
[𝒌𝟏 +2𝒌𝟐 + 𝟐𝒌𝟑 + 𝒌𝟒] 

 

 

 

𝒌𝟏 = 𝒉𝒇(𝒙𝟏, 𝒚𝟏) 

=(0.2)[𝑦1 − 𝑥1
2 + 1] 

=(0.2)[0.828 − (0.2)2 + 1] 

=0.3576 

𝒌𝟐 = 𝒉𝒇 (𝒙𝟏 +
𝒉

𝟐
, 𝒚𝟏 +

𝒌𝟏

𝟐
) 

= (0.2)𝒇 ((0.2) +
(0.2)

𝟐
, 𝟎. 𝟖𝟐𝟖 +

0.3576

𝟐
) 

= (0.2)𝒇(0.3, 𝟏. 𝟎𝟎𝟔𝟖) 

=(0.2)[1.0068 − (0.3)2 + 1] 

𝒚𝟏 = 𝒚𝟎 + ∆𝒚 
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=(0.2)[1.9168] 

=0.3834 

𝒌𝟑 = 𝒉𝒇 (𝒙𝟏 +
𝒉

𝟐
, 𝒚𝟏 +

𝒌𝟐

𝟐
) 

= (0.2)𝒇 ((0.2) +
(0.2)

𝟐
, 𝟎. 𝟖𝟐𝟖 +

0.3834

𝟐
) 

= (0.2)𝒇(0.3, 𝟏. 𝟎𝟏𝟗𝟕) 

 

=(0.2)[𝟏. 𝟎𝟏𝟗𝟕 − (0.3)2 + 1] 

 

=(0.2)[1.9297] 

=0.3859 

𝒌𝟒 = 𝒉𝒇(𝒙𝟏 + 𝒉, 𝒚𝟏 + 𝒌𝟑) 

𝒌𝟒 = (𝟎. 𝟐)𝒇(𝟎. 𝟐 + 𝟎. 𝟐, 𝟎. 𝟖𝟐𝟖 + 𝟎. 𝟑𝟖𝟓𝟗) 

= (𝟎. 𝟐)𝒇(𝟎. 𝟒, 𝟏. 𝟐𝟏𝟑𝟗) 

= (0.2)[𝟏. 𝟐𝟏𝟑𝟗 − (0.4)2 + 1] 

= (0.2)[𝟐. 𝟎𝟓𝟑𝟗] 

=0.4108 

∆𝒚 =
𝟏

𝟔
[𝒌𝟏 +2𝒌𝟐 + 𝟐𝒌𝟑 + 𝒌𝟒] 

=
𝟏

𝟔
[0.3576 +2(0.3834) + 𝟐(0.3859) + 0.4108] 

=0.3845 

𝒚(𝟎. 𝟒)  = 𝒚𝟏 +∆𝒚   
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= 𝟎. 𝟖𝟐𝟖 +0.3845  

𝒚(𝟎. 𝟒)  =  𝒚𝟐 = 𝟏. 𝟐𝟏𝟐𝟓 

 

 

To find    𝒚𝟑 = 𝒚(𝟎. 𝟔)       

By Runge Kutta 4th order method 

𝒌𝟏 = 𝒉𝒇(𝒙𝟐, 𝒚𝟐) 

= (𝟎. 𝟐)𝒇(𝟎. 𝟒, 𝟏. 𝟐𝟏𝟐𝟓) 

= (0.2)[𝟏. 𝟐𝟏𝟐𝟓 − (0.4)2 + 1] = 0.4105 

 

𝒌𝟐 = 𝒉𝒇 (𝒙𝟐 +
𝒉

𝟐
, 𝒚𝟐 +

𝒌𝟏

𝟐
) 

 

𝒌𝟐 = (𝟎. 𝟐)𝒇 (𝟎. 𝟒 +
𝟎. 𝟐

𝟐
, 𝟏. 𝟐𝟏𝟐𝟓 +

𝟎. 𝟒𝟏𝟎𝟓

𝟐
) 

 

 

𝒌𝟐 = (𝟎. 𝟐)𝒇(𝟎. 𝟓, 𝟏. 𝟒𝟏𝟕𝟕𝟓) 

 

= (0.2)[𝟏. 𝟒𝟏𝟕𝟕𝟓 − (0.5)2 + 1] = 0.4336 
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𝒌𝟑 = 𝒉𝒇 (𝒙𝟑 +
𝒉

𝟐
, 𝒚𝟑 +

𝒌𝟐

𝟐
) 

 

= (𝟎. 𝟐)𝒇 (𝟎. 𝟒 +
𝟎. 𝟐

𝟐
, 𝟏. 𝟐𝟏𝟐𝟓 +

𝟎. 𝟒𝟑𝟑𝟔

𝟐
) 

 

= (𝟎. 𝟐)𝒇(𝟎. 𝟓, 𝟏. 𝟒𝟐𝟗𝟑) 

 

= (0.2)[𝟏. 𝟒𝟐𝟗𝟑 − (0.5)2 + 1] = 0.4359 

 

𝒌𝟒 = 𝒉𝒇(𝒙𝟐 + 𝒉, 𝒚𝟐 + 𝒌𝟑) 

 

𝒌𝟒 = (𝟎. 𝟐)𝒇(𝟎. 𝟒 + 𝟎. 𝟐, 𝟏. 𝟐𝟏𝟐𝟓 + 𝟎. 𝟒𝟑𝟓𝟗) 

 

𝒌𝟒 = (𝟎. 𝟐)𝒇(𝟎. 𝟔, 𝟏. 𝟔𝟒𝟖𝟒) 

 

𝒌𝟒 =(0.2)[𝟏. 𝟔𝟒𝟖𝟒 − (0.6)2 + 1] = 0.4577 

∆𝒚 =
𝟏

𝟔
[0.4105 +2(0.4336) + 𝟐(0.4359) + 0.4577] 

 

= 0.4345 

𝒚(𝟎. 𝟔)  =  𝒚𝟑 = 𝒚𝟐 + ∆𝒚 =  𝟏. 𝟐𝟏𝟐𝟓 + 0.4345 = 1.647 
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6. 𝑼𝒔𝒊𝒏𝒈 𝑹𝒖𝒏𝒈𝒆 − 𝑲𝒖𝒕𝒕𝒂  𝒇𝒐𝒖𝒓𝒕𝒉 𝒐𝒓𝒅𝒆𝒓 𝑴𝒆𝒕𝒉𝒐𝒅 

𝒇𝒊𝒏𝒅 𝒚 𝒂𝒕 𝒙 = 𝟎. 𝟏, 𝟎. 𝟐, 𝟎. 𝟑 𝒊𝒇 
𝒅𝒚

𝒅𝒙
= 𝒙𝒚 + 𝒚𝟐  𝒘𝒊𝒕𝒉 𝒚(𝟎) = 𝟏and alsofind the 

solution at 𝒙 = 𝟎. 𝟒 using Milne’s method - 

𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏: 

𝑮𝒊𝒗𝒆𝒏 𝒚′ = 𝒇(𝒙, 𝒚) = 𝒙𝒚 + 𝒚𝟐   𝒂𝒏𝒅 

 𝒙𝟎 = 𝟎 𝒂𝒏𝒅 𝒚𝟎 = 𝟏 

 

𝒉 =  𝒙𝟏 −  𝒙𝟎 = 𝟎. 𝟏 − 𝟎 = 𝟎. 

𝑩𝒚 𝑹𝒖𝒏𝒈𝒆 − 𝑲𝒖𝒕𝒕𝒂 𝑴𝒆𝒕𝒉𝒐𝒅 

𝒌𝟏 = 𝒉𝒇(𝒙𝒏, 𝒚𝒏) 

𝒌𝟐 = 𝒉𝒇 (𝒙𝒏 +
𝒉

𝟐
, 𝒚𝒏 +

𝒌𝟏

𝟐
) 

𝒌𝟑 = 𝒉𝒇 (𝒙𝒏 +
𝒉

𝟐
, 𝒚𝒏 +

𝒌𝟐

𝟐
) 

𝒌𝟒 = 𝒉𝒇(𝒙𝒏 + 𝒉, 𝒚𝒏 + 𝒌𝟑) 

∆𝒚 =
𝟏

𝟔
[𝒌𝟏 +2𝒌𝟐 + 𝟐𝒌𝟑 + 𝒌𝟒] 

𝒌𝟏 = 𝒉𝒇(𝒙𝟎, 𝒚𝟎) 

= (𝟎. 𝟏)𝒇(𝟎, 𝟏) 

= (𝟎. 𝟏)[𝟎 + 𝟏𝟐 ] = 𝟎. 𝟏 

𝒌𝟐 = 𝒉𝒇 (𝒙𝟎 +
𝒉

𝟐
, 𝒚𝟎 +

𝒌𝟏

𝟐
) 

= (𝟎. 𝟏)𝒇 (𝟎 +
𝟎. 𝟏

𝟐
, 𝟏 +

𝟎. 𝟏

𝟐
) 

= (𝟎. 𝟏)𝒇(𝟎. 𝟎𝟓, 𝟏. 𝟎𝟓) 

= (𝟎. 𝟏)[(𝟎. 𝟎𝟓)(𝟏. 𝟎𝟓) + (𝟏. 𝟎𝟓)𝟐 ] = 𝟎. 𝟏[𝟎. 𝟎𝟓𝟐𝟓 + 𝟏. 𝟏𝟎𝟐𝟓] 
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= 𝟎. 𝟏[𝟏. 𝟏𝟓𝟓] 

= 𝟎. 𝟏𝟏𝟓𝟓 

𝒌𝟑 = 𝒉𝒇 (𝒙𝟎 +
𝒉

𝟐
, 𝒚𝟎 +

𝒌𝟐

𝟐
) 

= (𝟎. 𝟏)𝒇 (𝟎 +
𝟎. 𝟏

𝟐
, 𝟏 +

𝟎. 𝟏𝟏𝟓𝟓

𝟐
) 

= (𝟎. 𝟏)𝒇(𝟎. 𝟎𝟓, 𝟏. 𝟎𝟓𝟕𝟕𝟓) 

= (𝟎. 𝟏)[(𝟎. 𝟎𝟓)(𝟏. 𝟎𝟓𝟕𝟕𝟓) + (𝟏. 𝟎𝟓𝟕𝟕𝟓)𝟐 ] = 𝟎. 𝟏[𝟎. 𝟎𝟓𝟐𝟖𝟖𝟕𝟓 + 𝟏. 𝟏𝟏𝟖𝟖𝟑𝟓] 

= 𝟎. 𝟏[𝟏. 𝟏𝟕𝟏𝟕𝟐𝟐𝟓] 

= 𝟎. 𝟏𝟏𝟕𝟏𝟕 

𝒌𝟒 = 𝒉𝒇(𝒙𝟎 + 𝒉, 𝒚𝟎 + 𝒌𝟑) 

= 𝟎. 𝟏𝒇(𝟎 + 𝟎. 𝟏, 𝟏 + 𝟎. 𝟏𝟏𝟕𝟏𝟕) 

= 𝒉𝒇(𝟎. 𝟏, 𝟏. 𝟏𝟏𝟕𝟏𝟕) 

= (𝟎. 𝟏)[(𝟎. 𝟏)(𝟏. 𝟏𝟏𝟕𝟏𝟕) + (𝟏. 𝟏𝟏𝟕𝟏𝟕)𝟐 ] = 𝟎. 𝟏[𝟎. 𝟏𝟏𝟏𝟕𝟏𝟕 + 𝟏. 𝟐𝟒𝟖𝟎𝟕] 

= 𝟎. 𝟏𝟑𝟓𝟗𝟖 

∆𝒚 =
𝟏

𝟔
[𝒌𝟏 +2𝒌𝟐 + 𝟐𝒌𝟑 + 𝒌𝟒] 

=
𝟏

𝟔
[𝟎. 𝟏 + 𝟐(𝟎. 𝟏𝟏𝟓𝟓 ) + 𝟐(𝟎. 𝟏𝟏𝟕𝟏𝟕) + 𝟎. 𝟏𝟑𝟓𝟗𝟖] 

=
𝟏

𝟔
[𝟎. 𝟕𝟎𝟏𝟑𝟐] = 𝟎. 𝟏𝟏𝟔𝟖𝟗 

𝒚𝟏 = 𝒚𝟎 + ∆𝒚 = 𝟏 + 𝟎. 𝟏𝟏𝟔𝟖𝟗 = 𝟏. 𝟏𝟏𝟔𝟖𝟗 

To find 𝒚(𝟎. 𝟐) 

𝒙𝟏 = 𝟎. 𝟏       𝒚𝟏 = 𝟏. 𝟏𝟏𝟔𝟖𝟗 
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𝒌𝟏 = 𝒉𝒇(𝒙𝟏, 𝒚𝟏) =  (𝟎. 𝟏)𝒇(𝟎. 𝟏, 𝟏. 𝟏𝟏𝟔𝟖𝟗) 

= (𝟎. 𝟏)[(𝟎. 𝟏)(𝟏. 𝟏𝟏𝟔𝟖𝟗) + (𝟏. 𝟏𝟏𝟔𝟖𝟗)𝟐] 

= (𝟎. 𝟏)[𝟎. 𝟏𝟏𝟏𝟔𝟖𝟗 + 𝟏. 𝟐𝟒𝟕𝟒𝟒] 

=0.1359 

 

𝒌𝟐 = 𝒉𝒇 (𝒙𝟏 +
𝒉

𝟐
, 𝒚𝟏 +

𝒌𝟏

𝟐
) 

 

= (𝟎. 𝟏)𝒇 (𝟎. 𝟏 +
𝟎. 𝟏

𝟐
, 𝟏. 𝟏𝟏𝟔𝟖𝟗 +

𝟎. 𝟏𝟑𝟓𝟗

𝟐
) 

 

 

= (𝟎. 𝟏)𝒇(𝟎. 𝟏𝟓, 𝟏. 𝟏𝟖𝟒𝟖𝟒) 

= (𝟎. 𝟏)[(𝟎. 𝟏𝟓)(𝟏. 𝟏𝟖𝟒𝟖𝟒) + (𝟏. 𝟏𝟖𝟒𝟖𝟒)𝟐] 

= (𝟎. 𝟏)[𝟎. 𝟏𝟕𝟕𝟕𝟐𝟔 + 𝟏. 𝟒𝟎𝟑𝟖𝟒𝟔] 

=0.1582 

 

𝒌𝟑 = 𝒉𝒇 (𝒙𝟏 +
𝒉

𝟐
, 𝒚𝟏 +

𝒌𝟐

𝟐
) 

= 𝟎. 𝟏𝒇 (𝟎. 𝟏 +
𝟎. 𝟏

𝟐
, 𝟏. 𝟏𝟔𝟖𝟗 +

𝟎. 𝟏𝟓𝟖𝟐

𝟐
) 

= 𝟎. 𝟏𝒇(𝟎. 𝟏𝟓, 𝟏. 𝟏𝟗𝟓𝟗𝟗) 

=(𝟎. 𝟏)[(𝟎. 𝟏𝟓)(𝟏. 𝟏𝟗𝟓𝟗𝟗) + (𝟏. 𝟏𝟗𝟓𝟗𝟗)𝟐] 

= (𝟎. 𝟏)[𝟎. 𝟏𝟕𝟗𝟑𝟗𝟖𝟓 + 𝟏. 𝟒𝟑𝟎𝟑𝟗𝟐𝟎𝟖] 
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=0.16098 

𝒌𝟒 = 𝒉𝒇(𝒙𝟏 + 𝒉, 𝒚𝟏 + 𝒌𝟑) 

= 𝟎. 𝟏𝒇(𝟎. 𝟏 + 𝟎. 𝟏, 𝟏. 𝟏𝟏𝟔𝟖𝟗 + 𝟎. 𝟏𝟔𝟎𝟗𝟖) 

= 𝟎. 𝟏𝒇(𝟎. 𝟐, 𝟏. 𝟐𝟕𝟕𝟖𝟕) 

=(𝟎. 𝟏)[(𝟎. 𝟐)(𝟏. 𝟐𝟕𝟕𝟖𝟕) + (𝟏. 𝟐𝟕𝟕𝟖𝟕)𝟐] 

=(𝟎. 𝟏)[𝟎. 𝟐𝟓𝟓𝟓𝟕𝟒 + 𝟏. 𝟔𝟑𝟐𝟗𝟓] 

=0.1889 

∆𝒚 =
𝟏

𝟔
[𝒌𝟏 +2𝒌𝟐 + 𝟐𝒌𝟑 + 𝒌𝟒] 

=
𝟏

𝟔
[𝟎. 𝟏𝟑𝟓𝟗 +2(𝟎. 𝟏𝟓𝟖𝟐) + 𝟐(𝟎. 𝟏𝟔𝟎𝟗𝟖) + 𝟎. 𝟏𝟖𝟖𝟗] 

= 0.16053 

𝒚𝟐 = 𝒚(𝟎. 𝟐) = 𝒚𝟏 + ∆𝒚 = 𝟏. 𝟏𝟏𝟔𝟖𝟗 + 𝟎. 𝟏𝟔𝟎𝟓𝟑 = 𝟏. 𝟐𝟕𝟕𝟒 

 

 

To find 𝒚(𝟎. 𝟑) 

 

𝒙𝟐 = 𝟎. 𝟐       𝒚𝟐 = 𝟏. 𝟐𝟕𝟕𝟒 

 

𝒌𝟏 = 𝒉𝒇(𝒙𝟐, 𝒚𝟐) = (𝟎. 𝟏)𝒇(𝟎. 𝟐, 𝟏. 𝟐𝟕𝟕𝟒) 

 

= (𝟎. 𝟏)[(𝟎. 𝟐)(𝟏. 𝟐𝟕𝟕𝟒) + (𝟏. 𝟐𝟕𝟕𝟒)𝟐] 

= (𝟎. 𝟏)[(𝟎. 𝟐𝟓𝟓𝟒𝟖) + (𝟏. 𝟔𝟑𝟏𝟕𝟓)] 

= 0.1887 
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𝒌𝟐 = 𝒉𝒇 (𝒙𝟐 +
𝒉

𝟐
, 𝒚𝟐 +

𝒌𝟏

𝟐
) 

 

= (𝟎. 𝟏)𝒇 (𝟎. 𝟐 +
𝟎. 𝟏

𝟐
, 𝟏. 𝟐𝟕𝟕𝟒 +

𝟎. 𝟏𝟖𝟖𝟕

𝟐
) 

= (𝟎. 𝟏)𝒇(𝟎. 𝟐𝟓, 𝟏. 𝟑𝟕𝟏𝟕𝟓) 

= (𝟎. 𝟏)[(𝟎. 𝟐𝟓)(𝟏. 𝟑𝟕𝟏𝟕𝟓) + (𝟏. 𝟑𝟕𝟏𝟕𝟓)𝟐] 

=(𝟎. 𝟏)[(𝟎. 𝟑𝟒𝟐𝟗𝟑𝟕𝟓) + (𝟏. 𝟖𝟖𝟏𝟔𝟗𝟖)𝟐] 

=0.22246 

𝒌𝟑 = 𝒉𝒇 (𝒙𝟐 +
𝒉

𝟐
, 𝒚𝟐 +

𝒌𝟐

𝟐
) 

= (𝟎. 𝟏)𝒇 (𝟎. 𝟐 +
𝟎. 𝟏

𝟐
, 𝟏. 𝟐𝟕𝟕𝟒 +

𝟎. 𝟐𝟐𝟐𝟒𝟔

𝟐
) 

 

= (𝟎. 𝟏)𝒇(𝟎. 𝟐𝟓, 𝟏. 𝟑𝟖𝟖𝟔𝟑) 

= (𝟎. 𝟏)[(𝟎. 𝟐𝟓)(𝟏. 𝟑𝟖𝟖𝟔𝟑) + (𝟏. 𝟑𝟖𝟖𝟔𝟑)𝟐] 

= 𝟎. 𝟐𝟐𝟕𝟓 

𝒌𝟒 = 𝒉𝒇(𝒙𝟐 + 𝒉, 𝒚𝟐 + 𝒌𝟑) 

= 𝟎. 𝟏𝒇(𝟎. 𝟐 + 𝟎. 𝟏, 𝟏. 𝟐𝟕𝟕𝟒 + 𝟎. 𝟐𝟐𝟕𝟓) 

= 𝟎. 𝟏𝒇(𝟎. 𝟑, 𝟏. 𝟓𝟎𝟒𝟗) 

=(𝟎. 𝟏)[(𝟎. 𝟑)(𝟏. 𝟓𝟎𝟒𝟗) + (𝟏. 𝟓𝟎𝟒𝟗)𝟐] 

=0.2716 
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∆𝒚 =
𝟏

𝟔
[𝒌𝟏 +2𝒌𝟐 + 𝟐𝒌𝟑 + 𝒌𝟒] 

=
𝟏

𝟔
[𝟎. 𝟏𝟖𝟖𝟕 +2(𝟎. 𝟐𝟐𝟐𝟒𝟔) + 𝟐(𝟎. 𝟐𝟐𝟕𝟓) + 𝟎. 𝟐𝟕𝟏𝟔] 

=0.2267 

𝒚(𝟎. 𝟑) = 𝒚𝟐 + ∆𝒚 

=1.2774+0.2267 

= 1.5041 

 


