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Line Integral over a plane curve 

An integral which is evaluated along a curve then it is called line integral. 

Let C be the curve in same region of space described by a vector valued function 

 𝑟 = 𝑥𝑖 +  𝑦 𝑗 +  𝑧 𝑘⃗⃗ of a point (𝑥, 𝑦, 𝑧) and let 𝐹⃗ = 𝐹1𝑖 + 𝐹2 𝑗 +  𝐹3 𝑘⃗⃗ be a continuous vector 

valued function defined along a curve C. Then the line integral 𝐹⃗ over C is denoted by 

 
c

𝐹⃗  ∙ 𝑑𝑟. 

Work done by a Force 

  If 𝐹⃗(𝑥, 𝑦, 𝑧) is a force acting on a particle which moves along a given curve C, then  


c

𝐹⃗  ∙ 𝑑𝑟 gives the total work done by the force 𝐹⃗ in the displacement along C. 

Thus work done by force 𝐹⃗ =  
c

𝐹⃗  ∙ 𝑑𝑟 

Conservative force field 

                  The line integral ∫ 𝐹⃗  ∙ 𝑑𝑟
𝐵

𝐴
 depends not only on the path C but also on the end points 

A and B. 

If the integral depends only on the end points but not on the path C, then 𝐹⃗ is said to be 

conservative vector field. 

If 𝐹⃗ is conservative force field, then it can be expressed as the gradient of some scalar function 

𝜑. 

 (𝑖𝑒) 𝐹⃗ = ∇𝜑 

      𝐹⃗ = ∇𝜑 = (𝑖 
𝜕𝜑

𝜕𝑥
+  𝑗  

𝜕𝜑

𝜕𝑦
+  𝑘⃗⃗  

𝜕𝜑

𝜕𝑧
) 

          𝐹⃗ ∙ 𝑑𝑟 = (𝑖 
𝜕𝜑

𝜕𝑥
+  𝑗 

𝜕𝜑

𝜕𝑦
+  𝑘⃗⃗  

𝜕𝜑

𝜕𝑧
)  ∙   (𝑑𝑥 𝑖 +  𝑑𝑦 𝑗 + 𝑑𝑧 𝑘⃗⃗) 

                     =  
𝜕𝜑

𝜕𝑥
 𝑑𝑥 +  

𝜕𝜑

𝜕𝑦
 𝑑𝑦 +   

𝜕𝜑

𝜕𝑧
 𝑑𝑧 =  𝜕𝜑 

    
c

𝐹⃗  ∙ 𝑑𝑟 =  ∫ 𝜕𝜑
𝐵

𝐴
 

                    =  [𝜑]𝐴
𝐵 

                    =  𝜑[𝐵] −  𝜑[𝐴] 

 ∴ work done by 𝐹⃗  =  𝜑[𝐵] −  𝜑[𝐴] 
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Note: 

If 𝐹⃗ is conservative, then ∇ × 𝐹⃗ =  ∇ × (∇𝜑) =  0⃗⃗ and hence 𝐹⃗ is irrotational. 

Example:  If 𝑭⃗⃗⃗ = 𝟑𝒙𝒚𝒊 − 𝒚𝟐𝒋, evaluate 
c

𝑭⃗⃗⃗  ∙ 𝒅𝒓⃗⃗ where c is the curve 𝒚 = 𝟐𝒙𝟐 from (𝟎, 𝟎) 

to (𝟏, 𝟐). 

Solution: 

               Given 𝐹⃗ = 3𝑥𝑦𝑖 −  𝑦2𝑗 

                         𝑑𝑟 = 𝑑𝑥𝑖 +  𝑑𝑦 𝑗 

 𝐹⃗ ∙ 𝑑𝑟 = 3𝑥𝑦 𝑑𝑥 − 𝑦2𝑑𝑦 

Given C is 𝑦 = 2𝑥2 

                 ∴ 𝑑𝑦 = 4𝑥𝑑𝑥 

Along C,  𝑥 varies from 0 to 1. 


c

𝐹⃗  ∙ 𝑑𝑟 =  ∫ 3𝑥 (2𝑥2)𝑑𝑥 − 4𝑥4(4𝑥𝑑𝑥)
1

0
 

                 =  ∫ 6𝑥3 −  16𝑥5 𝑑𝑥
1

0
   

                = [6
𝑥4

4
−  16 

𝑥6

6
] 

                 =  
6

4
−  

16

6
=  − 

7

6
 units. 

Example:  Find the work done, when a force 𝑭⃗⃗⃗ =  (𝒙𝟐 −  𝒚𝟐 +  𝒙)𝒊 −  (𝟐𝒙𝒚 + 𝒚)𝒋 moves a 

particle from the origin to the point (𝟏, 𝟏) along 𝒚𝟐 = 𝒙. 

Solution: 

               Given 𝐹⃗ =  (𝑥2 −  𝑦2 +  𝑥)𝑖 −  (2𝑥𝑦 + 𝑦)𝑗 

                          𝑑𝑟 = 𝑑𝑥𝑖 +  𝑑𝑦𝑗 

 𝐹⃗ ∙ 𝑑𝑟 = (𝑥2 −  𝑦2 +  𝑥)𝑑𝑥 −  (2𝑥𝑦 + 𝑦)𝑑𝑦 

Given 𝑦2 = 𝑥   ⇒ 2𝑦𝑑𝑦 = 𝑑𝑥  

Along the curve C, 𝑦 varies from 0 to 1. 


c

𝐹⃗  ∙ 𝑑𝑟 =  ∫ ((𝑦2)2 −  𝑦2 + 𝑦2) 2𝑦𝑑𝑦 − (2(𝑦2)𝑦 + 𝑦)𝑑𝑦
1

0
 

                 =  ∫ (2𝑦5 − 2𝑦3 + 2𝑦3 −  2𝑦3 −  𝑦)
1

0
 𝑑𝑦 

                 = ∫ (2𝑦5 − 2𝑦3 −  𝑦) 𝑑𝑦
1

0
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                 =  [2
𝑦6

6
−  2

𝑦4

4
−  

𝑦2

2
]

0

1

 

                 =
2

6
−  

2

4
−  

1

2
=  − 

2

3
   

Example:  Find the work done in moving a particle in the force field 

 𝑭⃗⃗⃗ =  𝟑𝒙𝟐𝒊 +  (𝟐𝒙𝒛 − 𝒚)𝒋 − 𝒛𝒌⃗⃗⃗ from 𝒕 = 𝟎 to 𝒕 = 𝟏  along the curve 𝒙 = 𝟐𝒕𝟐 , 𝒚 = 𝒕, 𝒛 = 𝟒𝒕𝟑. 

Solution: 

              Given 𝐹⃗ =  3𝑥2𝑖 +  (2𝑥𝑧 − 𝑦)𝑗 − 𝑧𝑘⃗⃗ 

                        𝑑𝑟 = 𝑑𝑥𝑖 +  𝑑𝑦𝑗 +  𝑑𝑧𝑘⃗⃗ 

 𝐹⃗ ∙ 𝑑𝑟 = 3𝑥2𝑑𝑥 +  (2𝑥𝑧 − 𝑦)𝑑𝑦 − 𝑧𝑑𝑧 

Given 𝑥 = 2𝑡2 ,      𝑦 = 𝑡,      𝑧 = 4𝑡3 

          𝑑𝑥 = 4𝑡𝑑𝑡 ,     𝑑𝑦 = 𝑑𝑡,      𝑑𝑧 = 12𝑡2𝑑𝑡 


c

𝐹⃗  ∙ 𝑑𝑟 =  ∫ 48𝑡5𝑑𝑡 +  (16𝑡5 −  𝑡)𝑑𝑡 − 48𝑡5 𝑑𝑡
1

0
 

                 =  ∫ (16𝑡5 −  𝑡)𝑑𝑡
1

0
 

                  =  [
16 𝑡6

6
−  

𝑡2

2
]

0

1

=  
16

6
−  

1

2
=  

13

6
 

Example: If 𝑭⃗⃗⃗ = (𝟑𝒙𝟐 +  𝟔𝒚)𝒊 +  𝟏𝟒𝒚𝒛𝒋 +  𝟐𝟎𝒙𝒛𝟐𝒌⃗⃗⃗, evaluate 
c

𝑭⃗⃗⃗  ∙ 𝒅𝒓⃗⃗ from (𝟎, 𝟎, 𝟎) to 

(𝟏, 𝟏, 𝟏) along the curve 𝒙 = 𝒕, 𝒚 =  𝒕𝟐, 𝒛 =  𝒕𝟑. 

Solution: 

              Given 𝐹⃗ = (3𝑥2 +  6𝑦)𝑖 +  14𝑦𝑧𝑗 +  20𝑥𝑧2𝑘⃗⃗ 

                         𝑑𝑟 = 𝑑𝑥𝑖 +  𝑑𝑦𝑗 +  𝑑𝑧𝑘⃗⃗ 

 𝐹⃗ ∙ 𝑑𝑟 = (3𝑥2 +  6𝑦)𝑑𝑥 +  14𝑦𝑧𝑑𝑦 +  20𝑥𝑧2𝑑𝑧 

Given 𝑥 = 𝑡 ,      𝑦 = 𝑡2,      𝑧 = 𝑡3 

          𝑑𝑥 = 𝑑𝑡 ,     𝑑 𝑦 = 2𝑡𝑑𝑡,      𝑑𝑧 = 3𝑡2𝑑𝑡 

The point (0, 0, 0) to (1, 1,1) on the curve correspond to 𝑡 =  0 and 𝑡 =  1. 


c

𝐹⃗  ∙ 𝑑𝑟 =  ∫ (3𝑡2 +  6𝑡2)𝑑𝑡 +  14𝑡5(2𝑡 𝑑𝑡) +  20𝑡7(3𝑡2)𝑑𝑡
1

0
 

                 =  ∫ (9𝑡2 +  28 𝑡6 +  60𝑡9) 𝑑𝑡
1

0
 

                 =  [9
𝑡3

3
+ 28

𝑡7

7
+  60 

𝑡9

9
 ]

0

1
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                 =  
9

3
+  

28

7
+  

60

10
= 3 + 4 +  6 = 13units. 

Example:  Find 
c

𝑭⃗⃗⃗  ∙ 𝒅𝒓⃗⃗ where c is the circle 𝒙𝟐 + 𝒚𝟐 = 𝟒 in the 𝒙𝒚 plane where 

 𝑭⃗⃗⃗ =  (𝟐𝒙𝒚 + 𝒛𝟑)𝒊 + 𝒙𝟐𝒋 +  𝟑𝒙𝒛𝟐𝒌⃗⃗⃗. 

Solution:  

              Given 𝐹⃗ =  (2𝑥𝑦 + 𝑧3)𝑖 + 𝑥2𝑗 +  3𝑥𝑧2𝑘⃗⃗ 

                     In 𝑥𝑦 plane 𝑧 = 0 ⇒ 𝑑𝑧 = 0 

                         𝑑𝑟 = 𝑑𝑥𝑖 +  𝑑𝑦𝑗 +  𝑑𝑧𝑘⃗⃗ 

  𝐹⃗ ∙ 𝑑𝑟 = 2𝑥𝑦𝑑𝑥 +  𝑥2𝑑𝑦 

Given C is 𝑥2 + 𝑦2 = 4 

The parametric form of circle is 

           𝑥 = 2 cos 𝜃 ,                  𝑦 = 2 sin 𝜃 

       𝑑𝑥 =  −2 sin 𝜃𝑑𝜃,     𝑑𝑦 = 2 cos 𝜃𝑑𝜃 

And 𝜃 varies from 0 to 2𝜋 


c

𝐹⃗  ∙ 𝑑𝑟 = ∫ [2(2 cos 𝜃)(2 sin 𝜃)] (−2 sin 𝜃𝑑𝜃) +  (2 cos 𝜃)22 cos 𝜃 𝑑𝜃
2𝜋

0
 

                 = ∫ −16 cos 𝜃𝑠𝑖𝑛2𝜃 +  8 cos3 𝜃 𝑑𝜃
2𝜋

0
 

                 = ∫ −16 cos 𝜃(1 −  𝑐𝑜𝑠2𝜃) +  8 cos3 𝜃 𝑑𝜃
2𝜋

0
 

                 = ∫ −16 cos 𝜃 + 16 𝑐𝑜𝑠3𝜃 +  8 cos3 𝜃 𝑑𝜃
2𝜋

0
 

                 =  −16 ∫ cos 𝜃 𝑑𝜃 + 24 ∫ cos3 𝜃 𝑑𝜃
2𝜋

0
 

2𝜋

0
        

                 =  −16 ∫ cos 𝜃 𝑑𝜃 + 24 ∫
3 cos 𝜃+cos 3𝜃

4
𝑑𝜃

2𝜋

0
 

2𝜋

0
 

                = 16 [sin 𝜃]0
2𝜋 +  

24

4
[3 sin 𝜃 +

𝑠𝑖𝑛3𝜃

3
]

0

2𝜋

 

                 = 0                            [∵ sin 𝑛𝜋 =  0, 𝑠𝑖𝑛0 = 0] 

Example:  State the physical interpretation of the line integral ∫ 𝑭⃗⃗⃗  ∙ 𝒅𝒓⃗⃗
𝑩

𝑨
. 

Solution:  

               Physically ∫ 𝐹⃗  ∙ 𝑑𝑟
𝐵

𝐴
 denotes the total work done by the force 𝐹⃗, displacing a particle 

from A to B along the curve C. 

Example:  If 𝑭⃗⃗⃗ =  (𝟒𝒙𝒚 − 𝟑𝒙𝟐𝒛𝟐)𝒊 + 𝟐𝒙𝟐𝒋 −  𝟐𝒙𝟐𝒛𝒌⃗⃗⃗, check whether the integral  
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
c

𝑭⃗⃗⃗  ∙ 𝒅𝒓⃗⃗ is independent of the path C. 

Solution: 

                Given 𝐹⃗ =  (4𝑥𝑦 − 3𝑥2𝑧2)𝑖 + 2𝑥2𝑗 −  2𝑥2𝑧𝑘⃗⃗ 

                          𝑑𝑟 = 𝑑𝑥𝑖 +  𝑑𝑦𝑗 +  𝑑𝑧𝑘⃗⃗ 

  𝐹⃗ ∙ 𝑑𝑟 =  (4𝑥𝑦 − 3𝑥2𝑧2)𝑑𝑥 + 2𝑥2𝑑𝑦 −  2𝑥2𝑧𝑑𝑧 

Then 
c

𝐹⃗  ∙ 𝑑𝑟 is independent of path C if ∇ × 𝐹⃗ = 0 

                   ∇ × 𝐹⃗ = |

𝑖 𝑗 𝑘⃗⃗
𝜕

𝜕𝑥

𝜕

𝜕𝑦

𝜕

𝜕𝑧

4𝑥𝑦 − 3𝑥2𝑧2 2𝑥2 −2𝑥3𝑧

| 

                                =  𝑖(0 − 0) −  𝑗(−6𝑥2𝑧 + 6𝑥2𝑧) +  𝑘⃗⃗(4𝑥 − 4𝑥)  

                                 = 0⃗⃗ 

Hence the line integral is independent of path. 

Example:  Show that  𝑭⃗⃗⃗ =  𝒙𝟐𝒊 +  𝒚𝟐𝒋 +  𝒛𝟐𝒌⃗⃗⃗ is a conservative vector field. 

Solution: 

               If 𝐹⃗ is conservative, then ∇ × 𝐹⃗ =  0⃗⃗. 

 Now, ∇ × 𝐹⃗ = |

𝑖 𝑗 𝑘⃗⃗
𝜕

𝜕𝑥

𝜕

𝜕𝑦

𝜕

𝜕𝑧

𝑥2 𝑦2 𝑧2

| 

                         =  𝑖(0 − 0) −  𝑗(0 − 0) +  𝑘⃗⃗(0 − 0)  

                         = 0⃗⃗ 

 ∴  𝐹⃗ is a conservative vector field. 

 


