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Line Integral over a plane curve

An integral which is evaluated along a curve then it is called line integral.
Let C be the curve in same region of space described by a vector valued function

?=2xT+ y]+ zk ofapoint (x,y,z) and let F = F,i+ F, ]+ F k be a continuous vector
valued function defined along a curve C. Then the line integral F over C is denoted by

jﬁ-d?.

Work done by a Force
If F(x, y,z) is a force acting on a particle which moves along a given curve C, then

j F -d gives the total work done by the force F inthe displacement along C.

c

Thus work done by force F = j F -d7

Conservative force field
The line integral ff F -dr depends not only on the path C but also on the end points
A and B.

If the integral depends only on the end points but not on the path C, then F is said to be

conservative vector field.

If F is conservative force field, then it can be expressed as the gradient of some scalar function

o

= ¢[B] - ¢lA]
~workdone by F = ¢[B] — ¢[A]

MA8251 ENGINEERING MATHEMATICS II



ROHINI COLLEGE OF ENGINEERING & TECHNOLOGY

Note:
If F is conservative, then V x F=Vx (Vo) = 0 and hence F is irrotational.

Example: If F = 3xyi — y?j, evaluate I F - d7 where c is the curve y = 2x2 from (0, 0)

to (1,2).
Solution:

Given F = 3xyi — y?%j

dr = dxi+ dyJ
F-d# = 3xy dx — y2dy
Given Cis y = 2x?
s~ dy = 4xdx

Along C, x varies from 0 to 1.

I F-dif= fol 3x (2x2)dx — 4x*(4xdx)

= fol 6x3 — 16x° dx

Example: Find the work done, whena force F = (x2— y2 + x) — (2xy + y)j moves a
particle from the origin to the point (1, 1) along y? = x.

Solution:
GivenF = (x2 — y2 4 x)i— (2xy + y)j
dr =dxi + dyj
F-dif = (x?= y? + x)dx — (2xy + y)dy
Given y? =x = 2ydy = dx

Along the curve C, y varies from 0 to 1.

[ Fodi= [[(&D? - y2 + y») 2ydy - Q(yD)y +y)dy

1
= [,@y>=2y*+2y* - 2y®— y) dy

= [ 2y —2y* - y) dy
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Example: Find the work done in moving a particle in the force field
F = 3x%i+ (2xz—y)j —zk fromt = 0tot = 1 along the curve x = 2t%,y = t,z = 4¢3,
Solution:
Given F = 3x2T+ (2xz—y)j - zk
dit = dxi4 dyj+ dzk
F-d# =3x%dx + 2xz—y)dy —zdz
Given x = 2t?, y=t, z=4t3
dx = 4tdt, dy =dt, dz =12t%dt
[ F-di = [ a8t5dt + (16t° - £)dt — 48t5 dt

= [J(16t° — t)dt

1

_ 1. 13
2 6

6 21g

[16 t® t2 16
6

Example: If F = (3x2 + 6y)i + 14yzj + 20xz%k, evaluate I F - d7 from (0,0,0) to

(1,1,1) alongthecurvex =t, y = t?, z = t3.
Solution:
Given F = (3x2 + 6y)I+ 14yzj + 20xz2k
dit = dxi+ dyj+ dzk
F-d# = (3x% 4+ 6y)dx + 14yzdy + 20xz%dz
Givenx=t, y=t? z=t3
dx =dt, dy=2tdt, dz=3t%dt
The point (0,0, 0) to (1,1,1) on the curve correspondtot = Oandt = 1.
j F-di = [(3t2+ 6t2)dt + 14t5(2t dt) + 20t7(3t?)dt

_ fol(91:2 + 28t°+ 60t dt
1

= [9X +285 + 60 %]o

MA8251 ENGINEERING MATHEMATICS II



ROHINI COLLEGE OF ENGINEERING & TECHNOLOGY

=24 28,89 _ 3444 6=13units.
3 7 10

Example: Find j F - d7 where c is the circle x2 + y% = 4 in the xy plane where

F = (2xy+ z3)i + x%] + 3x2’k.
Solution:
Given F = (2xy + z3)7T + x%] + 3xz2k
Inxyplanez=0 =dz =0
d7 = dxi+ dyj + dzk
F - d# = 2xydx + x%dy
Given Cis x2 + y% =4
The parametric form of circle is
x =2cos0, y = 2sin6
dx = —2sinf6d6, dy = 2cosfdf

And 8 varies from 0 to 27

I F-di= fozn[Z(Z cos 0)(2sinB)] (—2sin 8dO) + (2cosB)?2 cosB db

= fozn —16 cosOsin?6 + 8cos® 6 db
= fozn —16 cos0(1 — cos?6) + 8cos30do
= fozn —16cos6 + 16 cos*6 + 8cos® 6 do

= —16 fozn cos 0 d6 + 24 fozn cos® 6 do

= —16 fOZH cos O df + 24 [7T3030+c0s30 4y

0 4

sin39]2”
3 1o

= 16 [sin8]3™ + %[3 sin@ +
=0 [+ sinnm = 0,sin0 = 0]
Example: State the physical interpretation of the line integral fff - d7.
Solution:
Physically ff F - d7 denotes the total work done by the force F, displacing a particle
from A to B along the curve C.

Example: If F = (4xy — 3x%22)i + 2x2] — 2x%zk, check whether the integral
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j F - d¥ is independent of the path C.

c

Solution:
Given F = (4xy — 3x2z2)T + 2x2] — 2x2%zk

d# = dxi+ dyj + dzk
F-d# = (4xy — 3x%z2)dx + 2x%dy — 2x2zdz
Then I F - d7 is independent of path C if V x F = 0

7 7 k

= a a 0
UXF = p/ —
dx dy 0z

dxy — 3x%z% 2x? —2x3z

1(0 — 0) — Jj(=6x?%z+ 6x2z) + k(4x — 4x)
=0
Hence the line integral is independent of path.
Example: Showthat F = x27 + y%j + z2k is a conservative vector field.

Solution:
If F is conservative, then VX F = 0.
I7 ok
Now, V X F= LA A
0x dy 0z
xZ y2 ZZ

= %0 —0)— j(0—0)+ k(0 —0)
=0

~ F is a conservative vector field.
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