ROHINI COLLEGE OF ENGINEERING AND TECHNOLOGY
Two Dimensional Heat Equation

The 2-D heat equation: 5_l2J+8_L21:0
ox

The various possible solution of 2-D heat equation is
1) u(x ,y)= (A cospx + Bsinpx) (Ce ™ + e ™)

i) u(x ,y) = (AeP* + Be —™) (C cospy + sin py)

i) u(x ,y) = (Ax+B) (Cy+D)

1. A square plate is bounded by the lines x=0,x=1,y=0andy =1, its faces are

insulated. The temperature along upper horizontal edge is given by
u=x(I-x)when0 < x < I.while the other three edges are kept at o°C . Find
steady state solution in the plate.

Solution:

The 2-D heat equation is

o’u %
o o ty
u=x(l—x)

. y=l
The Boundary conditions are
_ 0T x=I
i) u(0,y)=0 x=0 0
i) ul,y)=0 =0 o< X

i) u(x,0)=0

MA8451-PROBABILITY AND RANDOM PROCESSES



ROHINI COLLEGE OF ENGINEERING AND TECHNOLOGY
iv) ux,D=f(xX)=x(1-x), 0<x<I
Here the non zero temperature is parallel to x axis then the
Correct solution is
u(x, y) = (Acos px + Bsin px)(Ce” + De ) ————— @)
Apply condition (i) in (1)
u(0,y) = (Acos0+Bsin0)(Ce™ + De ™)
0=A(Ce” +De ™)
Here Ce™ +De™ =0 .. A=0
Sub Ain (1)
u(x, y) = (Bsin px)(Ce” + De ® ) ————- (2)
Apply condition (ii) in (2)
u(l,y) = (Bsin pl)(Ce™ + De ™)
0=(Bsin pl)(Ce™ + De ™)

Here Ce™ +De™ #0,B#0 ..sinpl=0

. . nz
sinpl=sinnz = pl=nzr = p:T

Sub pin(2)
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Nz nzy _nzy
u(x,y) = (Bsml—j Ce'! +De !

Apply condition (iii) in (3)

u(x,0) = (Bsm #j(Ceo +De”)
0= (BSln#](C-ﬁ-D)

Here sin@;&o, B0,

Sub b=—C in (3)

nry _nzy
u(x,y) = (Bsm?}[Ce' —Ce !

nzy nry
u(x,y) = BCsm%[e' —e ! j
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.C+D=0 =D=-C

af _af
u(x,y) = BCsmT(Zsmh n;ryj 2e =sinh @

u(x,y)= blsstmh n7lry

The most general Solution is

u(x,y) = Zb sm—smh n7lry ——

Apply condition (iv) in (4)

let 2BC =b,

MA8451-PROBABILITY AND RANDOM PROCESSES



ROHINI COLLEGE OF ENGINEERING AND TECHNOLOGY

u(x,) = Zb sin X sinhnz

f0=>8 sin@ let B, =b, sinhnz
n=1
This is Fourier sine series in(0,1)
2| nmx
B, =T£f(x)sdex

=—jx(l x)sm@dx

3

=——[cosnm—cos0]

%

b,sinhnm =

b, = ;Iz[( )_1}

n®*r®sinhnx
0 if nis even
b, = 2
# if nis odd
n°w°sinhnx
Sub by in (4)
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> 812 . NzX . . nr
u(x,y) = - sin sinh y
3_3
n-135. N°7°sinhnz I I

1 1V S V4
e sin sinh y
n-135. N°sinhnz I |

N |
N
8

2. A rectangular plate with insulated surface is 20cm wide and so long
compared to its width that it may be considered infinite in length without

introducing appreciable error. The temperature at short edge x=0 is given

1 <y<i
by u :{ 0, 0<y g% and the two long edges as well as the other short

10(20-y), 10<y <20
edges are kept ato°C. Find the steady state temperature distribution in the

plate.
Solution:

The 2-D heat equation is

A y
2 2
20 y=20 0T
ay if(O._\)—{lOJ.' 0<y=<10
10020 - ¥),10 < y < 20
X=00
The Boundary conditions are x=0 0T
=0 >
i) u(x,0)=0 0C X
i) u(x,20)=0
iii) u(oo, y)=0
10y, 0<y<10
V) u(0,y)=1, Y
10(20—y), 10<y<20
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The correct solution is
u(x, y) =(Ae™ +Be ™ )(Ccos py + Dsin py) ————— @)
Apply condition (i) in (1)
u(x,0) =(Ae™ +Be ™ )(C cos0+ Dsin0)
0=(Ae™ +Be ™)C
Here (Ae™ +Be™)=0,
Sub Cin (1)
u(x, y) =(Ae™ +Be ™ )(Dsin py) - ———- (2)
Apply condition (ii) in (2)
u(x, 20) = (Ae™ + Be ™ )(Dsin 20p)
0=(Ae™ +Be ™ )(Dsin20p)

Here (Aepx +Be’px)¢0, D=0

..8in20p=0=sin20p=sinnz = 20p=nzr = p:r;_z(;
Sub pin (2)
(2) = u(x, Y)=[Ae2° +Be_2°j(Dsinn2L0yj ————— 3)

Apply condition (iii) in (3)
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u(eo, y) =(Ae°° + Bew)(Dsin%j

0=(Ae°°)(Dsian

20

temperature e”¢0,D¢O,sin%¢O,
sub A'in (3)

e in 7Y
(3) = u(x, y)_[Be j(Dsm 5 J

u(x,y) =§bn sin %e_ wnf FEEERY\ W (4)
Apply condition (iv) in (4)
u0,y) =3, sin 7V e

nzy

f(y)=S"b sin
(y) Zl 2

This is half range sine series in (0,20)

|
b, =%jf(y)ssin@dy
0
2 % . nry
=—| f(y)sin—=d
20! (y)sin==dy

1%, nwy % . nry
== [10ysin™Y gy + [10(20- y)sin ZY g
10! ysin= =y 110 (20— y)sin = =dy
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o't . nzy 2 . Nnry
=— sin—=dy + | (20— y)sin—=d
0 ! ysin= =y 110( y)sin= =y

10 20

nry . Ny nry . Nry

—COSZ—O —sz—0 _COSTO _SmTO

=1 (y) 7 ~O —= = + (20-y) Thr (D ==
20 400 o 20 400 -

i L 20
= ——( )co n;zy 42002 sin Y |+ 2 50— yycos Y 42002 sin 2
n“z 20 nz 20 n°zx 20 |,

20 nz 400 . nx 20 nz 400 . nrx
=|| ——(10)cos— + ——sin— |— (0 0)-| —(10)cos — — ——sin—
K n;r( ) 2 " n’z? I 2 j ( )}{( ) ( nir( ) 2 n’r’ I 2 ﬂ

200 nz 400 . nz 200 nz 400 . nrx
=——C0S— +ﬁsm— +—C0S— + ﬁsm—
nrz 2 n°r 2 nrz 2 nrz 2

Sub by in (4)

800 . nz . nzy - 800& 1 nry -
ulx,y)=> ——sin—sin—=e © |u(x,y)=—» — n—sm g 10
(x.y) nzzlz n’z? 2 20 (x.3) pia=tn 2 20

3. An infinitely long rectangular plate is of width 10cm. The temperature

.. 20X, 0<x<5
along the short edge y=0 is given by u= {20 e . If all the other
a0-4 y 0
edges are kept at zero temperature. Find the sthperature at
any point on it. 0C
x=10

Solution: x=0 0T

y=0 >
The 2-D heat equation is { X

u(x,0) = 4207, 0<y<s
20010 - x),5 < y <10
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2 2
ou au=0

oy

The Boundary conditions are

i) u(0,y)=0

i) u(0,y)=0

i) u(x,0)=0

) u(x,O):{ZOX' 0<x<5
20(10-x), 5<x<10

Here the non zero boundary condition is parallel to x axis then
The correct solution is

u(x, y) = (Acos px+Bsin px)(Ce™ + De ® ) -———- @)

Apply condition (i) in (1)

u(0,y) =(Acos0+ Bsin0)(Ce” + De ™)
0=A(Ce™ +De ™)
Here (Ce” +De™)=0, .[A=0

Sub Cin (1)

u(x, y) = (Bsin px)(Ce™ + De ™ ) - ———- (2)

Apply condition (ii) in (2)

MA8451-PROBABILITY AND RANDOM PROCESSES



ROHINI COLLEGE OF ENGINEERING AND TECHNOLOGY

u(10,y) =(Bsin10p)(Ce” + De ™)
0=(Bsin10p)(Ce™ +De ™)

Here B#0,(Ce™ +De ™ )0 .sinl0p=0

=.8in10p=0=sinl0p=sinnr =10p=nzr = p:Z—g

Sub pin(2)

. NxX = o —
u(x,y):(Bsmﬁj(Ce + De j 3)
Apply condition (iii) in (3)

. NzX =5 -
u(x,oo):(Bsm%](Ce +De”)
Oz(BsinmJ(Ce"WDem)

10
HereB;ﬁo,e%o,sin%;to ~.C=0

sub C in (3)

. NzX -y
,Y)=| Bsin—— || De 0
u(x,y) ( sin 10 j[ e j

u(x, y)=ansin%e 0o (4)
n=1

Apply condition (iv) in (4)
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= . nzX
u(x,0) =Y b,sin Fe’o

n=1

TX

f(x)= Zb sin 72X
10
This is half range sine series in (0,10)
=—jf( )sm—dx

2 . nzX
=—| f(x)sin——dx
10-[ ) 10

0

5 10
_1 jzoxsin@dmjzo(lo—x)sin@dx
10| 5 20 4 20

Dxm nﬂde-f-j(lO x)sm—dx:l

5 0
=241 (%) 0 @ zﬂ%O +| (10—x) 10 (-1 nzﬂzo
10 100 /], 10 100 JJ

10 nzx 100 . nzx] [ 10 nzx 100 . nzx |
——(x)cos iy sin +| —— (10— x)cos ———sin
nz 10 n°z 10 |, nrz 10 nz 10

10 nz 100 . nx nz 100 . nz
=7 K—n—(S)cos7 nZ;TQSIn?j_(O)} {(0) (——(5)cos7—n2—ﬂzsm7ﬂ}

[ 50 nz 100 . nz 50 nz 100 . n7l':|
=2| ———C0S— + i + +——sin—
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Sub by in (4)

400 . nzo . nax 400& 1 . nr . nmx —*
u(x,y)=> — el = o= U Y)=—F Y i
n=1 T

4. An infinite long rectangular plate with insulated surfaces is 10 cm wide.

The two long edges and one short edge are kept at 0°C, while the other

20y, 0<y<5h

. Find the
20(10-y), 5<y<10

short edge x = 0 is kept at temperatureu ={

steady state temperature distribution in the plate.
Solution:
The 2-D heat equation is

o’u o4
v

The Boundary conditions are

i) u(x,0)=0

i) u(x,10)=0

iii) (oo, y) =0

- B 20y, 0<y<5
|V) U(O, y) - {20(10 _ y), 5« y <10

The correct solution is

u(x,y) =(Ae"X + Be’px)(C cos py + Dsin py) ————— @)
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Apply condition (i) in (1)
u(x,0) =(Ae™ +Be ™ )(Ccos0+ Dsin0)
0=(Ae™ +Be ™)C
Here (Ae™ +Be ™)#0, .C=0
Sub Cin (1)
u(x, y) =(Ae™ +Be ™ )(Dsin py) ————- (2)
Apply condition (ii) in (2)

u(x,10) = (Ae™ + Be ™ )(Dsin10p)
0=(Ae™ +Be ™ )(Dsin10p)

Here (Aepx +Be’px)¢0, D=0

~.8in10p=0 =sinl0p=0sinnz =10p=nx :pzz_g
Subpin(2)
(2) =u(x, y):(Ae10 +Be_mJ(Dsin%) _____ 3)

Apply condition (iii) in (3)

u(eo, y) =(Ae°o + Bew)(Dsin %j
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O:(Ae*)[Dsmlioyj
Ty

temperature e” =0,D =0 ,sinnl—o;to, -~ A=0

sub A'in (3)

e in =Y
) = u(x, y)—(Be J[Dsm G j

u(x, y) = Zb sin Oye 0 e (4)
Apply condition (iv) in (4)

u(0,y) = Zb sin 7;y

- . nzy
f(y)=) b, sin—=
nz:;‘ 10

Which is half range sine series in (0,10)

2 Ty
=—|f ssm d
b, =T f(y)ssin==dy

0
2 2 . nry
b =—| f(y)ssin—=d
; 10{ (y)ssin= > dy
2% nzy ¥ . nry
=—||20ysin—=dy + | 20(10 — y)sin——d
10@)/ 103/!( y)sin= = dy

b40

) 1O{[ysm ydy+'|'(10 y)sin ydy}
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5 10

20 —cos% —sinw —cos% —sinw
=—] — - ()| —— 10-xX)| ———— |- (-])| —————
= || Y T @ o +| (10—x) = (-1) o
10 100 0 10 100 s

—+5—sin— —+——sin—

-50 nz 100 . nz 50 nz 100 . nx
b, =4|——cos +—CO0S
nz 2 nrz 2 nr 2 nr 2

, _ 800 . nz
" n*x? 2
Sub by in (4)
u(x, y)=2%sinn—” sin Y o 10

1 N7 2 10

800 &1 . nz . nmy =
u(x,y)=—>» —sin— sin——e 1°
( y) 72'2 n=1 n2 2 10
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