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DIVERGENCE AND CURL
Divergence of a vector function
If F(x,v,z) is a continuously differentiable vector point function in a given region of
space, then the divergence of F is defined by
V.E=divF= (l—+]ay+ k— ) (F11 + Fyj+ F3k)

6F1 aFZ 0F3

divF =22 4+ + 23 whereF = Fil+ Fo + F3k
Note: V.F Is a scalar point function.
Curl of a vector function
If ﬁ(x, y, z) Is a differentiable vector point function defines at each point (x,y, z) in some

region of space, then the curl of F is defined by

CurlF=V x F =

SR~
GREA
S el

o~
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G- WISE - )
ady 0z dx dz

Where F = Ei+ E,J +Fsk

P& o
dx ay

Note: vV x F Is a vector point function.
Example: If F = xy?i + 2x2yzj — 3yz2k find V.F and V x F at the point (1,-1, 1).
Solution:

Given F = xy27 + 2x2yz] — 3yz2k

N B=29 (1.2 0 (.2 9O (a2
0] V.F—ax(xy )+ ay(Zx yZ) +az( 3yz*?)
= y2+2x%z — 6yz
V.Fy_11y=1+2+6 =9

7 7 k
_| 0 a 3}
(") VXr= 5 5 E
xy? 2x%yz 3yz?
_ > 6(—3yzz) _ O(ZXZyZ) -> 6(—3yz a(xyz) 0(2x yz) 0(Xy2)
_1[ dy 0z ]-][ 0x ] k[ dy

= T(-3z% — 2x%y) —J(0) + E(4xyz —2xy)
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VxFq_11) = U(=3+2) + k(-4 +2)
=-7- 2k
Example: IfF= (x?— y24+2x 2)i +(x z— x y + y 2)J +(Z+ xdk, then find V-F , V(V -
F),VxFE, V- (VxF),andV x (V x F) at the point (1,1,1).
Solution:
Given F = (x 2— y 242 x 2)i +(x 2— x y +Y2)] +(22+ x K
(i)V-ﬁ:%(x2 —y2+ 2xz) + aiy(xz— Xy +yz) +%(z2 + x2)

= 2x+2z)+ (=x+2z)+ 2z

=x+5z
“ V- Faq1) = 6
i i k
(i) VxF= . A 5
ax dy 0z

x2—y?4+2xz xz— xy+yz z?+x?

_ s[0(z?+x%) | a(xz—xy+yz) L[a(z2+x2)  o(x%-y?+2xz) = [d(xz—xy+yz)  0(x*—y?+2xz)
=1 = 10 - +k =
ay 0z 0x 0z ax ady

= —(x+ YU =Q2x—2x)] + v+ Z)E
o V X ﬁ(l,l,l) = _2? + ZE
7 —20 20 i 0
(i) V(V-F ) —1ax(x+52)+]ay(x+52)+kaz(x+52)
=7+ 5k
o V(V " ﬁ)(l,l,l) == ? + SE

W)V (VxF) =G+ + 50 +5 0 +2)

S 1

V- (VxF)a11y=0
i 7 K
(V) VX (VX F) = % % 2%

—-(x+y) 0 y+z
=V x (VX ﬁ)(1,1,1) =T+k

Example: Find div F and curl F, where F = grad(x*+y3+2z3—3xyz)
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Solution:
Given F = grad(x3+y*+2z3—3xyz)
= T%(x3 +y3 + 23 — 3xyz) +Taiy(x3 +y3 + 23 — 3xyz) +E:—2(X3 +y3 423 -
3xyz)
F = 1(3x% — 3yz) +](3y? — 3xz) + k(3z2 — 3xy)

VEF=U.F=29 (3,22 9 (392 _ 9 (2,2 _
Now divF =V F—aX(SX 3yz)+ay(3y 3XZ)+62(32 3xy)

= 6x + 6y + 62
=6(x+y+2z)

i 1 %

CurlF=V x E= % aiy a%

3x? — 3yz - 3y?—3xz 3z%—3xy
=1[—3x + 3x] — J[-3y + 3y] + k [-3z + 37]
=0
Example: Find div(grad ¢) and curl(grad ¢) at (1,1,1) for ¢ = x?y3z*
Solution:
Given ¢ = x%y3z*
grad(p:V(p=TZ—T(+)E o
=1(2xy3z%) + j(x?3y2z%) + k(x2y34z3)
Div(grad ¢) = V- (grad ¢)
= % (2xy3z*) + 6iy (x%3y?z%) + % (x%y34z3)
= 2y3z* +6x%yz* +12x%y° 2"
~Div(grad ¢)q1.y =2+ 6+ 12 =20

i 7 K
a d ]
Curl(grad o) = ~ 3 -~

2xy3z* x?3y?%z* x%y3473
= T(12x%y2z3 — 12x2y?z3) — J'(8xy3z3 — 8xy3z3)+k(6xy2z* — 6xy22*)
=0
~Curl grad(p(lll,l): 0
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1)If @ is a scalar point function, F is a vector point function, then
V.(F)=@(V-F)+ F- Ve

Proof:

“V-(¢F) =(p(V-ﬁ) + F- Vo
2) If @ is a scalar point fuction, F is a vector point function, thenV x (¢ F) = @(V x F) +
(Ve)x F
Proof:
Vx (@B =2Tx—(oF)

99
dx

= \ILl|
—le[(pax+F
5 (20F b o
_le(axF-l- (Pax)
' —)a([) = - 6?
—( la)XF+(p[ZlXa]
~V x (¢ F) =Vo x F + ¢(V x F)
3) IfKandﬁarevectorpointfunctions,thenV-(Kxﬁ):ﬁ-(VxK) —K-(Vxﬁ)
Proof:
V.(AXB)=Xi-—(AxB)
57 (Ax B4 B E
=1 (Axax+axxB)
7 (Ax ) 57 (B
L1 (Axax)+21 (axXB)
_ > 0B\ 7 A
——(lea) A+(le—).B
=—(VxB).A+(VxA)-B

~V-(AxB)=B-(VxA)—A-(VxBE) [+ (VxA)-B=EB-(VxA)]
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(4) If F is a vector point function, thenV - (V x F) = 0.

(or)
Prove that div(curl F) =0.
Solution:
T 7k
VxF=[2 92 9o
dx 0y -~ 0z
F, FE, F;
=g (W OB\ o (0F _ ORY L p (R  0R
=t (ay az) J (ax az)+ k (ax 6y)
- 0 - 0 )
Vv (VXF) (la+]5+k£)
w0 OF | fefgigll FOF ) [\ PRGN OF
[l (ay az) J (ax az)+ k (ax ay)]
_ 0°F; 1 0%F, | 0%F; 0%F, 0°F, - 0%F,
N daxdy 0x0z 0yox 0yoz 0z0x 0zay.
=0
(5) If is a vector point function, then V. x (Vx F) = V (V- F) — V2F
(or)
Prove that curl (curl F) = grad (div F) — V2F
Solution:
Let F = Fji+ Foj + Fik
) =7 (U OB\ _ p (s 0B\ | f (%_ R
VX (VXF) (6y az) J (ax az)+ k(ax ay)
AndV - ﬁ—aFl R
0x dy 0z
7 7 k|
5 d G} G}
LHS Vx(V x F) = Py P P
_on I, 0m 2 _on
ady 0z 0x 0z dy
s [aze _0°F  0%F3 azFl] _ [a F, 9°F  0°F 0%F,
=t dydx  dy? azax x2  dxdy  9z9dy = 9z2
7 [ 9%F 0°F,  0%F 0%F,
tk [ ox? + 0x0z dy? 6yaz]

RHS V(V: F)— V2F
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= ((m+T 5+ ks) (B+ 52+ 22)- (Z+ 672+ Z)(FiE + Fyf + Fk)

2?[62F1 0%F, 62F3] _>[62F1 0%F,

+62F3] —>[62F1 0°F, 62F3]
dx? dxdy  0xdz

dydx dy? dydz 0zdx  0zdy 0z2

2 2 2 R
— (5a+ 32+ 33) (Ri+ B+ FK)

?[aze 0%F; 9%F; 62F1] - [62F2 0%F; 0%F; aze] n

dxdy 0x0z dy? 0z2 ax2 0x0y 0zdy 0z2

k* [_ 0%F; ' 0%F; ~ 0°F3 aze]
dx?2 0x0z dy? dydz

LH.S = RH.S
2V x (UxF)= V(V: F)= V?F
6)V: (Vo)= (V- V)@= Vg

Proof:
Vo= 1524750+ kY
v-@o= G560+ 56
Ze, 2o o
Voy - piadiy 2, 2

9? 9% 02
V- (V(p) =(ﬁ+ a_yz+ g)(p: Vz(p

Example: Find (i) V - 7 (i) V x 7

Solution:
Let7 =xT+ yj+ zk
- > _ —)a —)6 ) : - - =
mHv-r= (l£+]£+ k&) (xl+ yj+ Zk)
a ] a
= a(x)‘F 5()’)"‘ 5(2)

1+1+1=3

(i) V x 7 =

=Tl ~
<[~
N Q| =

= U0)+ J(O+ k() =0

Example: Find v - G ?) whereF=xi+ yj+ zk
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Solution:

Fo+x(-5)5

-2 (=)

2
w12 = (2 + y2 + 72)

= 2(a1f+ a2j+ a:;E) = ZC_i
Example: Prove that curl(f(r)¥) = 0

Solution:
Let f(r)7 = f()[xT+ yj+ z E]

=xf()i+ yf(r)yj+ Zf(r)E>

—

7 7 k
V x (f(r)P) = % % %

xf(r) yf() zf(r)
iz ) S~ yF6) &
=3t [zr'@) (%) - vy ()]
=%i[2F@) - 27 )]

= X7(0)
=07+ 0j/+ 0k=0

Example: Prove that curl[@ Vo] = 0
(or)
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Prove that V x [¢ V] = 0

Solution:
Vo = ga[?a—(£+fa—(£+ Eaa—f]
= i(032)+i(03) + E(03)
T 7k
9 9 a

% 00 09
(pax (pay q)az

= 2i[5(050) - (03]

»[ 9%p 09 99 62_<P_0_<P.6_<P]
dyoz ay 0z dzoy dy 0z

= 27(0)
=07+ 0/+0k=0

— >

Example: If w is a constant vector and ¥ = @ X 7, then prove that @ = %(V X V).

Solution:
Let7 =xi+ yj+ zk

o
5=(u1i’+ Cl)zf‘l‘ (1)3k

T ] k
W X T =
w = W W w3
X y oz

ox oz
WyZ — W3y —W1Z+ W3X WY — WX
= (g + w;) — J(—w, — wy) + kK(ws + w3)
= 2w, T+ 2wy] + 2wsk
=2(w T+ w,] + a)ﬁ) =2w

@ = g(wa)
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