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DIVERGENCE AND CURL 

Divergence of a vector function 

If  F⃗ (𝑥, 𝑦, 𝑧) is a continuously differentiable vector point function in a given region of 

space, then the divergence of F⃗  is defined by  

∇. F⃗  = div F⃗  = (𝑖 
∂

∂𝑥
+ j 

∂

∂y
+ k⃗ 

∂

∂z
).(F1i + F2j + F3k⃗ ) 

divF⃗   =
𝜕𝐹1

𝜕𝑥
+ 

𝜕𝐹2

𝜕𝑦
+ 

𝜕𝐹3

𝜕𝑧
  where𝐹 =  𝐹1𝑖 + 𝐹2𝑗 + 𝐹3�⃗�  

Note: ∇. F⃗   Is a scalar point function. 

Curl of a vector function 

If F⃗ (𝑥, 𝑦, 𝑧) is a differentiable vector point function defines at each point (𝑥, 𝑦, 𝑧) in some 

region of space, then the curl of F⃗  is defined by 

Curl F⃗  = ∇  ×  F⃗ =  |

𝑖 𝑗 �⃗� 

𝜕

𝜕𝑥

𝜕

𝜕𝑦

𝜕

𝜕𝑧

𝐹1 𝐹2 𝐹3

| 

      = 𝑖  (
𝜕𝐹3

𝜕𝑦
− 

𝜕𝐹2

𝜕𝑧
 ) − 𝑗  (

𝜕𝐹3

𝜕𝑥
− 

𝜕𝐹1

𝜕𝑧
) + �⃗�  (

𝜕𝐹2

𝜕𝑥
− 

𝜕𝐹1

𝜕𝑦
) 

  Where 𝐹 =  𝐹1𝑖 + 𝐹2𝑗 + 𝐹3�⃗�  

Note: ∇ × F⃗   Is a vector point function. 

Example: If 𝐅  = 𝒙𝒚𝟐𝒊 + 𝟐𝒙𝟐𝒚𝒛𝒋 − 𝟑𝒚𝒛𝟐�⃗⃗�   find 𝛁. 𝐅   and 𝛁 × 𝐅   at the point (1,-1, 1). 

Solution: 

Given F⃗  = 𝑥𝑦2𝑖 + 2𝑥2𝑦𝑧𝑗 − 3𝑦𝑧2�⃗�  

         (i) ∇. F⃗  = 
𝜕

𝜕𝑥
(𝑥𝑦2) + 

𝜕

𝜕𝑦
(2𝑥2𝑦𝑧) +

𝜕

𝜕𝑧
(−3𝑦𝑧2) 

                     = y2+2x2z − 6yz 

    ∇. F⃗ (1,−1,1) =  1 + 2 + 6 = 9 

  (ii)        ∇ × r   = |

𝑖 𝑗 �⃗� 

𝜕

𝜕𝑥

𝜕

𝜕𝑦

𝜕

𝜕𝑧

𝑥𝑦2 2𝑥2𝑦𝑧 3𝑦𝑧2

| 

                            = i [
∂(−3yz2)

∂y
−

∂(2x2yz)

∂z
]-j [

∂(−3yz2)

∂x
−

∂(xy2)

∂z
]+k⃗ [

∂(2x2yz)

∂x
−

∂(xy2)

∂y
] 

                           = 𝑖  ⃗(−3𝑧2 − 2𝑥2𝑦) − 𝑗 ⃗⃗ (0) + �⃗� (4𝑥𝑦𝑧 − 2𝑥𝑦) 



ROHINI COLLEGE OF ENGINEERING & TECHNOLOGY 

 

MA8251 ENGINEERING MATHEMATICS II 

     ∇ × F⃗ (1,−1,1)  =  𝑖  ⃗(−3 + 2) + �⃗� (−4 + 2) 

                           = −𝑖  ⃗ −  2�⃗�  

Example:  If 𝐅  = (𝒙 2− 𝒚 2+2 𝒙 𝒛)𝐢 +( 𝒙 z− 𝒙 𝒚 +  𝒚 z)𝐣  ⃗ +(z2+ 𝒙 2)𝐤 , then find 𝛁 ∙ 𝐅   , 𝛁(𝛁 ∙

𝐅 ), 𝛁 × 𝐅 , 𝛁 ∙ (𝛁 × 𝐅 ), and 𝛁 × (𝛁 × 𝐅 ) at the point (1,1,1). 

Solution: 

         Given F⃗  = (𝑥 2− 𝑦 2+2 𝑥 z)i +( 𝑥 z− 𝑥 𝑦 +yz)j  ⃗ +(z2+ 𝑥 2)k⃗  

          (i) ∇ ∙ F⃗  = 
∂

∂x
(𝑥2 − y2 + 2𝑥z) + 

∂

∂y
( 𝑥 z −  𝑥 𝑦 + 𝑦z) +

∂

∂z
(z2 + 𝑥2) 

                       = (2𝑥 + 2𝑧) + (−𝑥 + 𝑧) + 2𝑧 

                       = 𝑥 + 5𝑧 

    ∴ ∇ ∙ F⃗ (1,1,1) = 6 

(ii) ∇ × F⃗  = |

i j k⃗ 

∂

∂x

∂

∂y

∂

∂z

𝑥2 − y2 + 2𝑥z 𝑥 z −  𝑥 𝑦 + 𝑦z z2 + 𝑥2

| 

      = i [
∂(z2+x2)

∂y
−

∂(xz−xy+yz)

∂z
] − j [

∂(z2+x2)

∂x
−

∂(x2−y2+2xz)

∂z
] + k⃗ [

∂(xz−xy+yz)

∂x
−

∂(x2−y2+2xz)

∂y
] 

       = −(𝑥 + 𝑦)𝑖  ⃗ − (2𝑥 − 2𝑥)𝑗 ⃗⃗ + (𝑦 + 𝑧)�⃗�  

         ∴ ∇ × F⃗ (1,1,1) = −2𝑖  ⃗ + 2�⃗�  

(iii) ∇(∇ ∙ F⃗    )   = i 
∂

∂x
(x + 5z) + j 

∂

∂y
(x + 5z) + k⃗ 

∂

∂z
(x + 5z) 

                          = 𝑖  +  5�⃗�  

 ∴ ∇(∇ ∙ F⃗ )(1,1,1) = 𝑖  +  5�⃗�  

(iv) ∇ ∙ (∇ × F⃗ )      = 
∂

∂x
(−(x + y)) + 

∂

∂y
(0) +

∂

∂z
(y + z) 

                   = −1 + 0 + 1 

   ∇ ∙ (∇ × F⃗ )(1, 1, 1)  = 0 

 (v)  ∇ × (∇ × F⃗ ) = |

i j k⃗ 

∂

∂x

∂

∂y

∂

∂z

−(x + y) 0 y + z

| 

∴∇ × (∇ × F⃗ )(1,1,1)  = 𝑖  +  �⃗�  

Example: Find div 𝐅  and curl 𝐅 , where 𝐅  = grad(𝒙3+𝒚3+𝒛3−3𝒙𝒚𝒛) 
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Solution: 

        Given  F⃗  = grad(𝑥3+𝑦3+𝑧3−3𝑥𝑦𝑧) 

          =  i 
∂

∂x
(x3 + y3 + z3 − 3xyz) + j 

∂

∂y
(x3 + y3 + z3 − 3xyz) + k⃗ 

∂

∂z
(x3 + y3 + z3 −

                3xyz) 

      F⃗ = i (3x2 − 3yz) + j (3y2 − 3xz) + k⃗ (3z2 − 3xy) 

Now div F⃗  = ∇ ∙ F⃗ =
∂

∂x
(3x2 − 3yz) +

∂

∂y
(3y2 − 3xz) +

∂

∂z
(3z2 − 3xy) 

                             = 6𝑥 + 6𝑦 + 6𝑧 

                            = 6(𝑥 + 𝑦 + 𝑧) 

Curl F⃗  = ∇  ×  F⃗  = |

i j k⃗ 

∂

∂x

∂

∂y

∂

∂z

3x2 − 3yz 3y2 − 3xz 3z2 − 3xy

| 

 = i [−3x + 3x] − j [−3y + 3y] + k⃗  [−3z + 3z] 

 = 0⃗  

Example:  Find div(grad 𝛗) and curl(grad 𝛗) at (1,1,1) for 𝛗 = 𝐱𝟐𝐲𝟑𝐳𝟒 

Solution:  

              Given φ = x2y3z4 

                  grad φ = ∇ φ = i 
∂φ 

∂x
+ j 

∂φ 

∂y
+ k⃗ 

∂φ 

∂z
 

              = i (2xy3z4) + j (x23y2z4) + k⃗ (x2y34z3) 

           Div(grad φ) = ∇ ∙ (grad φ)  

         = 
∂

∂x
(2xy3z4) +

∂

∂y
(x23y2z4) +

∂

∂z
(x2y34z3) 

       = 2𝑦3𝑧4 +6x2yz4+12x2y3z4 

∴Div(grad φ)(1,1,1) = 2 + 6 + 12 = 20 

Curl(grad φ)          =  |

i j k⃗ 

∂

∂x

∂

∂y

∂

∂z

2xy3z4 x23y2z4 x2y34z3

| 

     = i  ⃗(12x2y2z3 − 12x2y2z3) − j  ⃗(8xy3z3 − 8xy3z3)+k⃗ (6xy2z4 − 6xy2z4) 

    = 0⃗  

∴Curl gradφ
(1,1,1)

= 0⃗  



ROHINI COLLEGE OF ENGINEERING & TECHNOLOGY 

 

MA8251 ENGINEERING MATHEMATICS II 

1)If 𝛗 is a scalar point function, 𝐅  is a vector point function, then  

    𝛁. (𝛗 𝐅 ) = 𝛗(𝛁 ∙ 𝐅 ) + 𝐅 ∙ 𝛁𝛗  

      Proof: 

    ∇ ∙ (φ F⃗ ) = (𝑖 
∂

∂𝑥
+ j 

∂

∂y
+ k⃗ 

∂

∂z
) ∙ (φ F⃗ ) 

  = ∑𝑖 ∙
∂

∂𝑥
(φ F⃗ )  

                         = ∑ 𝑖 ∙ (φ
∂F⃗⃗ 

∂𝑥
+ F⃗ 

∂φ

∂𝑥
) 

                         = φ (∑ 𝑖 ∙
∂F⃗⃗ 

∂𝑥
+ F⃗ 

∂φ

∂𝑥
) + F⃗ ∙ (∑ 𝑖 

∂φ

∂𝑥
) 

          ∴∇ ∙ (φ F⃗ ) = φ(∇ ∙ F⃗ ) + F⃗ ∙ ∇φ 

2) If 𝛗 is a scalar point fuction, 𝐅  is a vector point function, then𝛁 × (𝛗 𝐅 ) = 𝛗(𝛁 × 𝐅 ) +

(𝛁𝛗)× 𝐅  

Proof: 

∇ × (φ F⃗ ) = ∑ 𝑖 ×
∂

∂𝑥
(φ F⃗ ) 

                 =∑𝑖 × [φ
∂F⃗⃗ 

∂𝑥
+ F⃗ 

∂φ

∂𝑥
] 

                  =∑ 𝑖 × (
∂φ

∂𝑥
F⃗ +  φ

∂F⃗⃗ 

∂𝑥
) 

                   =(∑ 𝑖 
∂φ

∂𝑥
) × F⃗ + φ [∑ 𝑖 ×

∂F⃗⃗ 

∂𝑥
] 

∴∇ × (φ F⃗ ) = ∇φ× F⃗ + φ(∇ × F⃗ ) 

   3) If  �⃗⃗�  and �⃗⃗�  are vector point functions, then 𝛁 ∙ (�⃗⃗� × �⃗⃗� ) = �⃗⃗� ∙ (𝛁 × �⃗⃗� ) −�⃗⃗� ∙ (𝛁 × �⃗⃗� ) 

     Proof:  

     ∇. (A⃗⃗ × B⃗⃗ ) = ∑ 𝑖 ∙
∂

∂x
(A⃗⃗ × B⃗⃗ ) 

                      =∑ 𝑖 ∙ (A⃗⃗ ×
∂B⃗⃗ 

∂𝑥
+

∂A⃗⃗ 

∂𝑥
× B⃗⃗ ) 

                      =∑ 𝑖 ∙ (A⃗⃗ ×
∂B⃗⃗ 

∂𝑥
) + ∑ 𝑖 ∙ (

∂A⃗⃗ 

∂𝑥
× B⃗⃗ )  

                      = − (∑ 𝑖 ×
∂B⃗⃗ 

∂𝑥
) ∙ A⃗⃗ + (∑ 𝑖 ×

∂A⃗⃗ 

∂𝑥
) . B⃗⃗  

                      = −(∇ × B⃗⃗ ). A⃗⃗ + (∇ × A⃗⃗ ) ∙ B⃗⃗  

             ∴ ∇ ∙ (A⃗⃗ × B⃗⃗ ) = B⃗⃗ ∙ (∇ × A⃗⃗ ) −A⃗⃗ ∙ (∇ × B⃗⃗ )                   [∵ (∇ × A⃗⃗ ) ∙ B⃗⃗ = B⃗⃗ ∙ (∇ × A⃗⃗ )] 
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 (4) If  �⃗⃗�  is a vector point function, then 𝛁 ∙  (𝛁 × �⃗⃗� ) = 𝟎.  

(or) 

Prove that 𝒅𝒊𝒗(𝒄𝒖𝒓𝒍 �⃗⃗� ) = 𝟎. 

Solution: 

              Let 𝐹 =  𝐹1𝑖 + 𝐹2𝑗 + 𝐹3�⃗�  

          ∇ × F⃗ =  |

𝑖 𝑗 �⃗� 

𝜕

𝜕𝑥

𝜕

𝜕𝑦

𝜕

𝜕𝑧

𝐹1 𝐹2 𝐹3

| 

            = 𝑖  (
𝜕𝐹3

𝜕𝑦
− 

𝜕𝐹2

𝜕𝑧
 ) − 𝑗  (

𝜕𝐹3

𝜕𝑥
− 

𝜕𝐹1

𝜕𝑧
) + �⃗�  (

𝜕𝐹2

𝜕𝑥
− 

𝜕𝐹1

𝜕𝑦
) 

 ∇ ∙ (∇  ×  𝐹 ) = (𝑖  
𝜕

𝜕𝑥
+ 𝑗  

𝜕

𝜕𝑦
+ �⃗�  

𝜕

𝜕𝑧
) ∙  

     [𝑖  (
𝜕𝐹3

𝜕𝑦
− 

𝜕𝐹2

𝜕𝑧
 ) − 𝑗  (

𝜕𝐹3

𝜕𝑥
− 

𝜕𝐹1

𝜕𝑧
) + �⃗�  (

𝜕𝐹2

𝜕𝑥
− 

𝜕𝐹1

𝜕𝑦
)] 

                       = 
𝜕2𝐹3

𝜕𝑥𝜕𝑦
− 

𝜕2𝐹2

𝜕𝑥𝜕𝑧
− 

𝜕2𝐹3

𝜕𝑦𝜕𝑥
+ 

𝜕2𝐹1

𝜕𝑦𝜕𝑧
+ 

𝜕2𝐹2

𝜕𝑧𝜕𝑥
− 

𝜕2𝐹1

𝜕𝑧𝜕𝑦
 

            = 0 

(5) If is a vector point function, then 𝛁 ×  (𝛁 × �⃗⃗� ) =  𝛁 (𝛁 ∙  �⃗⃗� ) − 𝛁𝟐�⃗⃗�   

(or) 

Prove that 𝒄𝒖𝒓𝒍 (𝒄𝒖𝒓𝒍 �⃗⃗� ) = 𝒈𝒓𝒂𝒅 (𝒅𝒊𝒗 �⃗⃗� ) − 𝛁𝟐�⃗⃗�  

Solution: 

               Let 𝐹 =  𝐹1𝑖 + 𝐹2𝑗 + 𝐹3�⃗�  

 ∇ ×  (∇ × 𝐹 ) = 𝑖  (
𝜕𝐹3

𝜕𝑦
− 

𝜕𝐹2

𝜕𝑧
 ) − 𝑗  (

𝜕𝐹3

𝜕𝑥
− 

𝜕𝐹1

𝜕𝑧
) + �⃗�  (

𝜕𝐹2

𝜕𝑥
− 

𝜕𝐹1

𝜕𝑦
) 

     And ∇ ∙ 𝐹 =
𝜕𝐹1

𝜕𝑥
+ 

𝜕𝐹2

𝜕𝑦
+ 

𝜕𝐹3

𝜕𝑧
 

L.H.S    ∇ × (∇ × F⃗ ) =  |
|

𝑖 𝑗 �⃗� 

𝜕

𝜕𝑥

𝜕

𝜕𝑦

𝜕

𝜕𝑧

𝜕𝐹3

𝜕𝑦
−

𝜕𝐹2

𝜕𝑧
−

𝜕𝐹3

𝜕𝑥
+

𝜕𝐹1

𝜕𝑧
 
𝜕𝐹2

𝜕𝑥
−

𝜕𝐹1

𝜕𝑦

|
| 

                                 = 𝑖  [
𝜕2𝐹2

𝜕𝑦𝜕𝑥
− 

𝜕2𝐹1

𝜕𝑦2 − 
𝜕2𝐹3

𝜕𝑧𝜕𝑥
+ 

𝜕2𝐹1

𝜕𝑧2
] − 𝑗  [

𝜕2𝐹2

𝜕𝑥2 − 
𝜕2𝐹1

𝜕𝑥𝜕𝑦
− 

𝜕2𝐹3

𝜕𝑧𝜕𝑦
+ 

𝜕2𝐹2

𝜕𝑧2
] 

      +�⃗�  [−
𝜕2𝐹3

𝜕𝑥2 + 
𝜕2𝐹1

𝜕𝑥𝜕𝑧
− 

𝜕2𝐹3

𝜕𝑦2 + 
𝜕2𝐹2

𝜕𝑦𝜕𝑧
]  

R.H.S   ∇ (∇ ∙  𝐹 ) − ∇2𝐹  
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 = (𝑖  
𝜕

𝜕𝑥
+ 𝑗  

𝜕

𝜕𝑦
+ �⃗�  

𝜕

𝜕𝑧
) (

𝜕𝐹1

𝜕𝑥
+ 

𝜕𝐹2

𝜕𝑦
+ 

𝜕𝐹3

𝜕𝑧
) − ( 

𝜕2

𝜕𝑥2 +  
𝜕2

𝜕𝑦2 +  
𝜕2

𝜕𝑧2) (𝐹1𝑖 + 𝐹2𝑗 + 𝐹3�⃗� ) 

 = 𝑖 [
𝜕2𝐹1

𝜕𝑥2 +
𝜕2𝐹2

𝜕𝑥𝜕𝑦
+

𝜕2𝐹3

𝜕𝑥𝜕𝑧
] + 𝑗  [

𝜕2𝐹1

𝜕𝑦𝜕𝑥
+

𝜕2𝐹2

𝜕𝑦2 +
𝜕2𝐹3

𝜕𝑦𝜕𝑧
] + �⃗�  [

𝜕2𝐹1

𝜕𝑧𝜕𝑥
+

𝜕2𝐹2

𝜕𝑧𝜕𝑦
+

𝜕2𝐹3

𝜕𝑧2
] 

                                        − (
𝜕2

𝜕𝑥2 +  
𝜕2

𝜕𝑦2 +  
𝜕2

𝜕𝑧2) (𝐹1𝑖 + 𝐹2𝑗 + 𝐹3�⃗� ) 

 = 𝑖  [
𝜕2𝐹2

𝜕𝑥𝜕𝑦
+ 

𝜕2𝐹3

𝜕𝑥𝜕𝑧
− 

𝜕2𝐹1

𝜕𝑦2  −  
𝜕2𝐹1

𝜕𝑧2
] −  �⃗⃗�  [

𝜕2𝐹2

𝜕𝑥2  −  
𝜕2𝐹1

𝜕𝑥𝜕𝑦
 −  

𝜕2𝐹3

𝜕𝑧𝜕𝑦
 +  

𝜕2𝐹2

𝜕𝑧2
] + 

                                                          �⃗� [−
𝜕2𝐹3

𝜕𝑥2  +
𝜕2𝐹1

𝜕𝑥𝜕𝑧
− 

𝜕2𝐹3

𝜕𝑦2 + 
𝜕2𝐹2

𝜕𝑦𝜕𝑧
] 

                 L.H.S  =  R.H.S 

  ∴ ∇ ×  (∇ × 𝐹 ) =  ∇ (∇ ∙  𝐹 ) − ∇2𝐹  

(6) 𝛁 ∙  (𝛁𝝋) =  (𝛁 ∙  𝛁) 𝝋 =  𝛁𝟐𝝋 

Proof:  

         ∇𝜑 = 𝑖 
𝜕𝜑

𝜕𝑥
+ 𝑗 

𝜕𝜑

𝜕𝑦
+ �⃗� 

𝜕𝜑

𝜕𝑧
 

 ∴  ∇ ∙  (∇𝜑) =  
𝜕

𝜕𝑥
(
𝜕𝜑

𝜕𝑥
) +

𝜕

𝜕𝑦
(
𝜕𝜑

𝜕𝑦
) + 

𝜕

𝜕𝑧
(
𝜕𝜑

𝜕𝑧
) 

          =
𝜕2𝜑

𝜕𝑥2 + 
𝜕2𝜑

𝜕𝑦2 + 
𝜕2𝜑

𝜕𝑧2  

          ∇ ∙  ∇    =  ∇2=
𝜕2

𝜕𝑥2 +  
𝜕2

𝜕𝑦2 +  
𝜕2

𝜕𝑧2  

             ∇  ∙  (∇𝜑)    = (
𝜕2

𝜕𝑥2 +  
𝜕2

𝜕𝑦2 +  
𝜕2

𝜕𝑧2)  𝜑 =  ∇2𝜑  

Example:  Find (i) 𝛁 ∙  �⃗�   (ii) 𝛁 × �⃗�  

Solution: 

     Let 𝑟 = 𝑥 𝑖 +  𝑦 𝑗 +  𝑧 �⃗�  

(i) ∇ ∙  𝑟 =  (𝑖  
𝜕

𝜕𝑥
+ 𝑗  

𝜕

𝜕𝑦
+ �⃗�  

𝜕

𝜕𝑧
)  ∙   (𝑥 𝑖 +  𝑦 𝑗 +  𝑧 �⃗� ) 

              = 
𝜕

𝜕𝑥
 (𝑥) + 

𝜕

𝜕𝑦
 (𝑦) + 

𝜕

𝜕𝑧
(𝑧) 

   = 1 + 1 + 1 = 3 

(ii) ∇ ×  𝑟 =  |

𝑖 𝑗 �⃗� 

𝜕

𝜕𝑥

𝜕

𝜕𝑦

𝜕

𝜕𝑧

𝑥 𝑦 𝑧

|  

      = 𝑖 (0) + 𝑗  (0) + �⃗�  (0) =  0⃗  

Example: Find 𝛁 ∙  (
𝟏

𝒓
 �⃗� ) where �⃗� = 𝒙 𝒊 +  𝒚 𝒋 +  𝒛 �⃗⃗�  
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Solution:  

               ∇  ∙  (
1

𝑟
 𝑟 ) =  ∇  ∙  [

1

𝑟
 (𝑥 𝑖 +  𝑦 𝑗 +  𝑧 �⃗� )] 

         = (𝑖  
𝜕

𝜕𝑥
+ 𝑗 

𝜕

𝜕𝑦
+ �⃗�  

𝜕

𝜕𝑧
)  ∙  (

𝑥

𝑟
 𝑖 +

𝑦

𝑟
 𝑗 +

𝑧

𝑟
 �⃗� ) 

        = ∑
𝜕

𝜕𝑥
(
𝑥

𝑟
) 

        = ∑ [
1

𝑟
(1) + 𝑥 (−

1

𝑟2)
𝜕𝑟

𝜕𝑥
] 

       = ∑ [
1

𝑟
−

𝑥

𝑟2 (
𝑥

𝑟
)]            (∵

𝜕𝑟

𝜕𝑥
=  

𝑥

𝑟
) 

 `     = ∑ [
1

𝑟
−

𝑥2

𝑟3
] 

     = 
3

𝑟
− 

1

𝑟3  (𝑥
2 + 𝑦2 + 𝑧2) 

    = 
3

𝑟
− 

𝑟2

𝑟3                                  ∵ 𝑟2 = (𝑥2 + 𝑦2 + 𝑧2)              

               = 
3

𝑟
− 

1

𝑟
= 

2

𝑟
 

   = 2(𝑎1𝑖 + 𝑎2𝑗 + 𝑎3�⃗� ) = 2𝑎  

Example: Prove that 𝒄𝒖𝒓𝒍(𝒇(𝒓)�⃗� ) =  �⃗⃗�  

Solution: 

              Let 𝑓(𝑟)𝑟 = 𝑓(𝑟)[𝑥 𝑖 +  𝑦 𝑗 +  𝑧 �⃗� ] 

        = 𝑥𝑓(𝑟)𝑖 +  𝑦𝑓(𝑟)𝑗 +  𝑧𝑓(𝑟)�⃗�  

 ∇ × (𝑓(𝑟)𝑟 ) = |

𝑖 𝑗 �⃗� 

𝜕

𝜕𝑥

𝜕

𝜕𝑦

𝜕

𝜕𝑧

𝑥𝑓(𝑟) 𝑦𝑓(𝑟) 𝑧𝑓(𝑟)

| 

           = ∑ 𝑖  [𝑧𝑓′(𝑟) 
𝜕𝑟

𝜕𝑦
−  𝑦𝑓′(𝑟) 

𝜕𝑟

𝜕𝑧
] 

          = ∑ 𝑖  [𝑧𝑓′(𝑟) (
𝑦

𝑟
) −  𝑦𝑓′(𝑟) (

𝑧

𝑟
)]  

         = ∑ 𝑖  [
𝑧𝑦

𝑟
𝑓′(𝑟)  − 

𝑧𝑦

𝑟
𝑓′(𝑟)]  

        = ∑ 𝑖  (0) 

        = 0 𝑖 +  0 𝑗 +  0 �⃗� =  0⃗  

Example:  Prove that 𝒄𝒖𝒓𝒍[𝝋 𝛁𝝋] =  �⃗⃗�  

(or) 
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Prove that  𝛁 × [𝝋 𝛁𝝋] =  �⃗⃗�  

Solution: 

              𝜑∇𝜑 =  𝜑 [𝑖 
𝜕𝜑

𝜕𝑥
+ 𝑗 

𝜕𝜑

𝜕𝑦
+ �⃗� 

𝜕𝜑

𝜕𝑧
] 

  = 𝑖 (𝜑
𝜕𝜑

𝜕𝑥
) + 𝑗 (𝜑

𝜕𝜑

𝜕𝑦
) + �⃗� (𝜑

𝜕𝜑

𝜕𝑧
) 

   ∇ ×  (𝜑𝛻𝜑)  =  |
|

𝑖 𝑗 �⃗� 

𝜕

𝜕𝑥

𝜕

𝜕𝑦

𝜕

𝜕𝑧

𝜑
𝜕𝜑

𝜕𝑥
𝜑

𝜕𝜑

𝜕𝑦
𝜑

𝜕𝜑

𝜕𝑧

|
| 

  = ∑ 𝑖 [
𝜕

𝜕𝑦
(𝜑

𝜕𝜑

𝜕𝑧
) − 

𝜕

𝜕𝑧
(𝜑

𝜕𝜑

𝜕𝑦
)] 

  = ∑ 𝑖 [𝜑
𝜕2𝜑

𝜕𝑦𝜕𝑧
+ 

𝜕𝜑

𝜕𝑦
 ∙  

𝜕𝜑

𝜕𝑧
− 𝜑

𝜕2𝜑

𝜕𝑧𝜕𝑦
−

𝜕𝜑

𝜕𝑦
 ∙  

𝜕𝜑

𝜕𝑧
] 

  = ∑ 𝑖  (0) 

  = 0 𝑖 +  0 𝑗 +  0 �⃗� =  0⃗  

Example:  If �⃗⃗⃗�  is a constant vector and �⃗⃗� =  �⃗⃗⃗� × �⃗� , then prove that �⃗⃗⃗� =  
𝟏

𝟐
(𝛁 × �⃗⃗� ). 

Solution:  

               Let 𝑟 = 𝑥 𝑖 +  𝑦 𝑗 +  𝑧 �⃗�  

             �⃗⃗� = 𝜔1 𝑖 +  𝜔2 𝑗 + 𝜔3 �⃗�  

 �⃗⃗�  ×  𝑟 =  |
𝑖 𝑗 �⃗� 

𝜔1 𝜔2 𝜔3

𝑥 𝑦 𝑧

| 

  = 𝑖 (𝜔2𝑧 − 𝜔3𝑦) − 𝑗 (𝜔1𝑧 − 𝜔3𝑥) + �⃗� (𝜔1𝑦 − 𝜔2𝑥) 

 ∇ × 𝑣   = |

𝑖 𝑗 �⃗� 

𝜕

𝜕𝑥

𝜕

𝜕𝑦

𝜕

𝜕𝑧

𝜔2𝑧 − 𝜔3𝑦 −𝜔1𝑧 + 𝜔3𝑥 𝜔1𝑦 − 𝜔2𝑥

| 

 = 𝑖 (𝜔1 + 𝜔1) − 𝑗 (−𝜔2 − 𝜔2) + �⃗� (𝜔3 + 𝜔3) 

 = 2𝜔1𝑖 +  2𝜔2𝑗 +  2𝜔3�⃗�  

 = 2(𝜔1𝑖 + 𝜔2𝑗 + 𝜔3�⃗� ) = 2�⃗⃗�  

        �⃗⃗� =  
1

2
(∇ × 𝑣 ) 

 


