ROHINI COLLEGE OF ENGINEERING AND TECHNOLOGY

Lattice:

A Lattice is a partially ordered set(Poset) (L, <) in which for every pair of

elements a, b € L, both greatest lower bound (GLB) and least upper bound (LUB)

exists.

Note:

(i) GLB {a,b} =a*b (or)aAb (or)a-b
(ii) LUB {a, b} = a®b (or)aVv b (or)a+ b
Properties of lattice:

Some important laws and its proof:

(i) Idempotent law:

avVa=a,aANa=a

(i) Commutative law:

aVb=bVvaand aAb=bAa

(ii1) Associative law:
aVbvec)=(avb)vcandaA(bAc)=(@@Ab)Ac
(iv) Absorption law:

aV(aAb)=aandaA(aVb)=a
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(v) Distributive law:

aN(bvc)=(aAb)V(aAc)

avVbArc)<(avb)A(aVc)

Note:

la<aVband b<aVb

a V b is the upper bound of a and b.

Ifa<candb<cthenaVb <c

Hence a Vv b is the lub of a and b.

(lanb<aandaAb<bh

a A b is the lower bound of a and b.

Ifc<aandc<bthenc<aAb

Hence a A b is the glb of a and b.

Note:

Ifa<banda<cthena<bVc

Ifa<banda<cthena<bAc

Problems:
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1. State and prove Idempotent law:
Let (L, A, V) be given lattice. Then, for any a,b,c € L,
ava=aala=a.
Proof:
GivenaVva =LUB (a,a) =LUB (a) = a
HenceaVva =a
Now, aAa =GLB (a,a) =GLB (a) = a
HenceaAa =a
Hence the proof.

2. State and prove Commutative law:

Let (L, A, V) be given lattice. Then, for any a, b, c € L,

avb=bva and aANb=bAa

Proof:

GivenaVvb =LUB (a,b) =LUB (b,a) =bVa

Henceavb=bVa

Now,aAb =GLB (a,b) =GLB (b,a) =bAa
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HenceaAb=bAa

Hence the proof.

3. State and prove Absorption law.

(or)

ProvethataVv (aAb) =aandaA(aVvhb) =a

Proof:

WehaveaAb<aand a<a

= a is the upper bound of a A b and a.

>aV(@Ab)<a...(@)

From the definition of lub we have

>a<aV(@aAb)...(2)

From (1) and (2) we have aVv (aAb ) = a

Similarly we can prove that a A (aV b) = a

Hence the proof.

4. Every finite Lattice is bounded.

Proof:
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Let (L, A, V) be agiven lattice.

Since L is a Lattice both GLB and LUB exist.

Let “a” be GLB of L and “b” be LUB of L.

Then forany x €e L, wehavea <x <b (1)

From (1)

GLB{a,x}=aAx=a

LUB{a,x}=aVvx=x

And

GLB {x,b}=xAb =x

LUB{x,b}=xVb=b

Therefore any finite lattice is bounded.

Hence the proof.

5. State and prove Isotonicity property.

aANb<aAc
avb<aVc

Let (L, <) be a lattice. For any a,b,c € Lthenb < ¢ = {

Proof:

By consistency law we have,a < b © aAb=aandaVb =a
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Letb<c=>bAc=bandbVc=c

Consider (a Ab) A(anc) =aA[(bAa)Ac] by Associative law

=aA[(anb)Ac] by Commutative law
=(ana)N(bAc) by Associative law
=aA(bAc) by Idempotent law

=aAb by [bAc = b]

Hence (aAb)A(aNnc)=aAb

> aAb<aAc .. (1)

Consider (avb)A(avc)=aV[(bVva)Vc]

by Associative law
=aV[(aVb)Vvc] by Commutative law
=(ava)Vv(bVec) by Associative law
=aV(bVc) by Idempotent law

=aVvb by [bVc = b]

Hence (avb)A(aVc)=aVhb
>aVb<aVc ... (2

Hence the proof.
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6. State and prove Distributive law.
aN(bvc)=(anb)V(aAc)
aV(bAnc)<(avb)A(aVc)
Proof:
We know thataAb<aandaAb <b
Alsob<bVc
HenceaAb <aandaAb <b<bVc
Hence a A b is the lower bound of aand bV c.
>aAb<anVvc)...@1)
Again aAc<aandaAc <c
Alsoc<bVvc
HenceaAc<aandaAc<c<bVc

Hence a A c is the lower bound of aand b Vv c.

>aAc<aA(bVvc) ...(2)

From (1) and (2) we have

a A (bVc)isthe upperboundofaAband a Ac
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Hence (aAb)V(aAc)<aA(bVc)
>aAbVvc)=(aAb)v(anc) ...()
We know thata <avbanda<aVvb
AlsobAc<b
Hencea<avbandbAc<b<aVb
Hence a Vv b is the lower bound of a and b A c.
=> aV(bAc)<avb ...
Again a<aVaandc<aVc
AlsobAc <c
Hencea<aVvVcandbAc<c<aVc
Hence a V c is the upper bound of a and b A c.
>aV((bAc)<aVc ...(d)
From (3) and (4) we have

aV (b Ac)isthe lower boundofavbandaVc

>aVbAc)<(avb)Aa(avc) ...

Hence the proof.
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7. State and prove Cancellation law.

Let (L, <) be a distributive lattice. Thenavb =aVvcandaAb=aAc =

b=cVabceL

Proof:

By absorption law, we have aV (a A b) = a

Consider b = bV (aAb)

=bV(anc)

=(avb)A(bVec)

=(avc)A(bVec)

=(aAb)Vc

=(aANc)Vc

Hence the proof.

8. State and prove Consistency Law.

Let (L, <) be a lattice. Thena<b© aAnb=a< aVvb Vab,ceL

Proof:
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Firstwe provethata < b < aAb=a

We assume that a < b

Toprove aAb =a

Wehavea<banda <a

= a is the lower bound of a and b.

s>a<aAb .. (D)

By the definition of greatest lower bound

= aAb<a ... (2)

From (1) and (2) we have,a = a A b

Conversely assume thata = a A b

Toprovea <b

This is possible only when a < b

Hencea<b & aAb=a

Next we provethataAb=a < avb=0>b

AssumethataAb = a

ToproveaVvb =b
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By absorptionlaw aVv (aAb) =aandaA(aVb) =a

Consider b = bV (a Ab)

=bVa

Henceav b =0»>

Conversely assume thatav b = b

ToproveaAb =a

By absorptionlaw a A (aV b) =a

Considera =a A (a V b)

=aAb

HenceaAb=a< aVb=»>b

9. Show that a chain is a lattice.

Proof:

Let (L, <) be a lattice.

Ifa,b € Lthena<borb<a

Ifa <bthenaAb=aandaVvb=>»

Therefore GLB and LUB of a and b exists.
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Ifb<athenbAa=bandbVa=a

Therefore GLB and LUB of a and b exists.

Hence every pair of elements has a GLB and LUB.

Hence chain is lattice.
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