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1.4 THEOREMS AND APPLICATIONS

DIVERGENCE THEOREM:

Divergence of a Vector

The divergence of A at a given point P is the outward flux per unit volume as the
volume shrinks about P.

The divergence of a vector A at any point is defined as the limit of its surface integrated

per unit volume as the volume enclosed by the surface shrinks to zero

1
V.A=1lim —{ A.nnds

v-0 VD
s
It can be expressed as
e i Y ) /A
V=a—xax+a—yay+a—zaz

A=Ad, +A,a, +A,ad,

oA\ , |90/l 9 % | ! -
V.A= 2.5 +a—yay +a—zaz +(A.d, +Ayd, +A,d,)
0A, O0A, O0A,
V.A =
3, o, o,
This operation is called divergence
V.A=divA

Divergence of a vector is a scalar quantity.

DIVERGENCE THEOREM
The volume integral of the divergence of a vector field over a volume is equal to the

surface integral of the normal component of this vector over the surface bounding the

[[[ .o = aas

v S

volume.
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Figure 1.4.1 lllustration of the divergence of a vector at P
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[Source: “Elements of Electromagnetics ” by Matthew N.O.Sadiku, page-72]

Proof:

The divergence of any vector A is given by
d d

V=—a,+—a
a, "

)\ [ ) 4 R
VA=|—a;+—a,+—a, |+ (4,4, +A,d, +A,d,)

a, a, > 9,
0A, O0A, O0A,
V.A =
a, * a, > a,
Divergence Theorem
jffV.Advz #A.ds
v S

Take the volume integral on both sides

MVAd —Uj aA"+My+a‘4’ d.d,d
AV = 9, @8, @, | %
v

v

Thatisd, = d,d,d,

94, 24, 94,
jff V.Adv = jfj a—xdxdydz + a—ydxdydz + a—zdxdydz
v v
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dA, 04,
[[waar= [[[ [ aaa]« [[ |52 e+ [ [52aaal
a, a,
Considered the first portion of equation

A,
f j j S ddyd,

v

Assume the limit as x; to x,

0, %ed,dd, = [[] 2% d,dyd,

_.U x1

fff I° an d d d T ff - Axl] dydz

fﬂ xd d d,= ff x2.N Axl dydz

Considered the second portion of equation

g j [aa—iy dxdde]

I, 5 ey = (117 52 dudy
:ff[Ay]ﬁ d.d

52 dadyd, =[[[Ayz — Ay did,
fffv [% dxdydz]sz [AyZ _ Ayl] dxdz
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Considered the third portion of equation

jjf “dd,d,)

a Z
115, [2e d oy, =[] 12 5 d

Il 52 dedyd,= [[[A)5 dod,

fﬂ;, [% dxdydz] = .U [AZZ 7 Azl] dxdy

Substitute the equation in below equation

Uj V.Adv = LU [aa—frdxdydz] +gj [aa—?dxdydzl +gj [%dxdydz]

[[vadw== [[tAc-au1dyd, + [[14y2 - Aplded, + [ 1A — A1 dod,

Assume An-4, =A,
Ap-4A, =4,
Az -Az = A,
Then d,d, =ds,
d,d, = ds,
d,d, =ds,

Sub all these in above equation

EE8391 ELECTROMAGNETIC THEORY



ROHINI COLLEGE OF ENGINEERING & TECHNOLOGY

fff”d*’:ﬁ Jdsx+ [[[ay]dsy + [[14,1ds,
fvffv.Adv: f[Ax+Ay+Az]ds

Assume A, +A, +A4, =4

Substitute A, + 4, + A, = A in above equation

=4 Ads
jﬂV.Adv=#A.ds

STROKES THEOREM:

Curl of a Vector

The curl of A is an axial (or) rotational vector whose magnitude is the maximum
circulation of A per unit area as the area tends to zero and whose direction is the normal

direction of the area when the area is oriented to make the circulation maximum.

The curl of vector A at any point is defined as the limit of its surface integral of its cross
product with normal over a closed surface per unit volume as the volume shrinks to

ZEro.

1
|Curl 4| =1lim — P n xAds
v->0 VU

N
It can expressed as

V_a a a
B a a

A=A,d, +Ajd, +A,d,
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4, 4, @
vxa=|2 92 9
)
A, A, A,
94, 0A)\_. (94, 9A,_. (A, 0A.\_,
vxa=(22 (% -
X <ay az>“" (ax az)“y+ a, o, )"

0A, O0A,\_, (0A, O0A,\_, (04, O0A,\_,
V><A—<ay — az>ax+(az —a—x>ay+ - — a,

This operation is called curl.

VXA=CurlA
STROKES THEOREM:
Strokes’s theorem states that the circulation of a vector field A4 around a (closed) path
L is equal to the surface integral of the curl of A over the open surface S bounded by L,
provided A and V X A are continuous on S.
The line integral of a vector around a closed path is equal to the surface integral of the

normal component of its curl over any closed surface.
fra- ([vxnas
S

Consider an arbitrary surface this is broken up into incremental surface of area As

Proof:

shown in figure. 1.4.2
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Figure 1.4.2 Illustration of Stroke’s theorem

[Source: “Elements of Electromagnetics” by Matthew N.O.Sadiku, page-81]

If H is any field vector, then by definition of the curl to one of these incremental
surfaces.

¢ H.dlAs

A 7 (VX H)y
Where N indicates normal to the surface and diAs indicate that the closed path of
an incremental area As

The curl of H normal to the surface can be written as

¢ H.dlAs
As

¢ H.dlAs =(V X H) .ay As

=(VXH).ay

¢ H.dlAs =(V X H) .As
Where ay is the unit vector normal to As

The closed integral for whole surface S is given by the surface integral of the normal

component of curl H

fH.dl= JjVXHdS
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