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SUB NAME&CODE: MAS8353 - TRANSFORMS AND PARTIAL DIFFERENTIAL EQUATIONS
UNIT 2 : Fourier Series
SOME IMPORTANT DIFFERENTIATION AND INTEGRATION FORMULAE:

d n n-1 r a
1. —(x")=nx 12. | e cosbxdx=
(-ilx( ) _([ a2+b2
: &(e ):ae 13. J‘e‘e‘xsinbxdx=L
g d a’+b?
3. &(cos nx) =—nsinnx . 0 . if f(x) is odd
14. | f(X)dx= < %
4, di(sin nx) = NCOS NX _'[1 9 fo(x) dx, if f(x) is even
X
Xn+1 0
5. Jx“dx: +c,n=-1 L
n+1 N 1 ifniseven
o 15. cosnz=(-1)" = cosnrz= L
6. [e™dx=t_+c -1 if n is odd
' a
. Icosnxdx:Sin nX+C 16. sinnz =01if n=1,2,3,4,...
' n 17. sin0 =0 &cos0=1
8 '[sinnxdx=_cos nx_ . 18. c_os(—e) :cos_e &sin(-0) =—Slr? %
n 19. sin(A+ B) =sin Acos B + cos Asin B
9. Bernoulli’s 20. sin(A—B)=sin Acos B —cos Asin B

formula:

21. cos(A+ B)=cos AcosB —sin Asin B
_[uvdx =uv, —u'v, +u"v, —u"v, +....

22. cos(A—B)=cos AcosB +sin AsinB

Here U, U7, U™,...are successive 23. 2sin Acos B =sin(A+B)+sin(A—B)
Differentiation.
ANd V3, Vp, Vs, .. A€ SUCCESSIve 24. 2cos Asin B =sin(A+B)-sin(A-B)
Integration.
10. J.eaX cosbx dx=— = [acosbx+bsinbx] 25. 2005 Acos B =cos(A+B)+cos(A-B)
a’ +
N 26. 2sin Asin B =cos(A—B)—cos(A+B)
11. |e*sinbxdx= asinbx—bcosbx
J. a2 +b2[ ]

EVEN & ODD FUNCTIONS

1) Iff(—x)= f(x), then f(x) is said to be even function.
2) If f(—x)=—f(x), then f(x) is said to be odd function.
f,(x) -7<x<0
3) Let f(x)=
f,(x) O<x<rxm
If f,(—x)=f,(x) and f,(—x) = f,(x) then f(x) is said to be an even function

If f,(—x)=—"f,(xX)and f,(—x) =—f,(x)then f(x) is said to be an odd function



GENERAL FOURIER SERIES

v

Problem lIdentification

Full Range | =

Upper Limit-Lower Limit

Half Range | = Upper Limit-Lower Limit

|

v

For eg:If the Question starts with Find the Fourier
series (or) Determine the Fourier Series (or) Obtain

the Fourier series, it is full range

For eg: If the Question starts with Find the Half range Fourier
cosine series (or) Half Range Fourier sine Series (or) Find the
cosine series (or) Find the cosine series, it is Half range.

y

Cosine SeriesB2
For eg. (0,1),(0,7),(0,1),(0,2)....
f(x)=&+i a, cos Nz
2 = 4
> e
a, — 72[ f (x) dx
2 ¢ N 7zzx
a, :—_[ f (x) cos dx
S 4

Sine SeriesB3
For eg. (0,1),(0, 7),(0,1),(0,2)....

- . Nax
f(x)= b, sin —

nzx
dx

26
b, =—_|'f(x)sin
EO

\ 4

If Interval Starts with Zero then we use Formula A

For eg. (0,21),(0,27),(0,2),(0, 2)....

A 4

A 4

Formula A

3 - X s, . X
f(x)=-2+) a cos—+ Y b sih—
W= L b

12£
aozz_[f(x) dx
(o]

20

1 nzx
a =— | f(x)cos
. 4 (X)

dx

dx

12€ N zzx
b ==\ f(x)sin
" f{ (x)

If Interval Starts with (-) then we should check whether
the given function is odd or Even function.

For eg. (-1,1), (-7, ), (-11),(-2,2)....

\ 4

A 4

\ 4

\ 4

If the given function is Neither
Even Nor Odd then we use
Formula B1

IR X <, . X
f(x):?°+2ancos7+2bnsm7
n=1 n=1

£
1
a, _Z:';f (x) dx
1 nzx
a, =—If(x)cos—dx
z) ‘

0
b, zljf(x)sin 72X 4%
od I

If the given function is

Even then we use

Formula B2

f(x) S a, cos X
2 n=1

2€
ao=zgf(x)dx

‘
a, :%J. f (x)cosnigxdx
0

=0

n

If the given function is
Odd then we use
Formula B3

Nz X

f(x)= i b, sin——
n=1 6
26 nzX
b, :—If(x)sin—dx
0] ]

a,=a,=0




Convergence of Fourier series : (For deduction purpose )
Full range:
i) Let x=a be a point of continuity then the Fourier series converges to f(a)
ii) Let x=a be a point of discontinuity then the Fourier series converges to averages of the end
pointsi.e., f(a) = w :
f(c)+f(c+20)

2

iii) Atend point c or c+2l in (c, c+2l), Fourier series converges to

Half Range:
Convergence of Fourier Cosine Series :

» Ifx=abe end point or mid point of the given interval then Fourier Cosine series converges to f(a).
Convergence of Fourier Sine Series :

» Atinner point x = a Fourier Sine series converges to f(a).
» At both end points Fourier Sine series converges to 0.

Parseval’s Identity: (For deduction purpose )

Full Range:
20 2

1 0 00
i) Parseval’s Identity in the interval (0,2l): 7 I [f () dx = a% + Z a," + Z by’
0 n=1 n=1

4 2 0 e
1
if) Parseval’s Identity in the interval (-I,1): 7 _[ [f (0] dx= _a; T Z 8, + Z b,’
-0

n=1 n=1
Half range:

a o0
i) Parseval’s Identity Cosine series: —I[f ()] dX—7 Z

(

2 00
ii) Parseval’s Identity Cosine series: ZI[ f (X)]2 dx = Z bn2
0 n=1

NOTE: For the interval (0, 27) or (=7, 7) replace ¢ =7 in above formula

Complex form of the Fourier Series

'

Upper Limit-Lower Limit

2
v

Full range | =

'

In the interval (0,2l),(0,2x),(0,1),(0,2)....
inﬂ-x]

f(x)= icne[ ¢

Nn=—oo

where c, :—jf(x)e ['”?X] dx

'

Root Mean Square Value: (RMS Value):

In the interval (-I,1),(-7z, 7),(-11),(-2,2)....

f(x)= icne[ !

N=—w

where c, _—If(x)e ['””X] dx

The Root Mean square (RMS) value (or) Effective value of the function y = f(x) in the interval a<x<b is




oo L freeap
y\/ba-g[f(x)] dx

B < N7 . N7X
Harmonic Analysis: f(X) = ?O + Z (an COST +Db, sin 7)
n=1

2 . [ nzX
where a =%Zy,an =%Z ycos(%j , b, :EZ ysm(%)

PART A
State Dirichlet’s conditions for the existence of Fourier series of f(x) in the interval (0,27).

A function f(x) can be expanded as a Fourier series in the interval (0,27) if the following conditions are
satisfied.
(i) f(x) is periodic, single valued and finite in (0,27)
(i) f(x) has only finite number of finite discontinuities and no infinite discontinuities in (0,27) .
(iii) f(x) has only finite number of maxima and minimain (0,27)
Does f(Xx)=tan X possess a Fourier expansion?

Solution:

n X

. . . S o
tan x does not possess a Fourier expansion because the function f(Xx) =tan x = has the infinite
COS X

discontinuity at the point X = % .

Determine the value of a, & a,in the Fourier series expansion of f(X) = X*in-—r<x<rx
Solution:

f(x) = x*= f(=x) =(-x)* =—x® =—f (x)= f (x) is an odd function .. a, =a,=0

Find the Fourier constant b, for x sin Xin—z < X < 7, when expressed as a Fourier series.
Solution:

f(xX)=xsinx, —7z<x<rx

f (—x) = (=x)sin(—x) = xsin x = f(x)

~ f(x) isaneven function ..b, =0

Find the constant term of the Fourier series for the function f(x) = x?, - 2< x <z
Solution:

f(x)=(%)"=x"=1(x)
~.f(x) is an even function
_UL-LL 7 —(-x) _2r

| =7
2 2 2
| n 37" 3 3 2
aozgjf(x)dngszdxzz X _2\m |2 2w
Iy Ty | 3 s T 3 3n 3
a, nx°

. Constantterm= — =—
2 3

Find the root mean square value of the function f(x) = x in (0,1)

N T 1}, 1[x] [P
RMSvaIuezyz\/mi[f(x)] dx:\/m'([x dx = {3} 3 7

0

What do you mean by Harmonic analysis ?
The process of finding the harmonics in the Fourier series expansion of a function numerically is known as
harmonic analysis.



Find the constant term in the expression of cos” x as a Fourier series in the interval (-7, 7).
Solution:

1er 1 ¢ (1+C0S2X 1 sin2d | 1
=—| cosxdx=—| | —— |dx=—o/] X+ =— T _—:
% JILT erf 2 j 27Z'|: 2 lﬂao 27z -G )]
..Constant term = %:1
PART B
2
Find the Fourier series f (x) = (Lj in 0 < X < 27. Hence show that
() _+i+i+ —7[_2 (") i_i i_i —72-_2
o7t T . F et g o
Solutlon.
r-xY 1 1
Givenf (x) = =—(7r—X)2=—(7r2—27rx+x2),0<x<27z'
2 4 4
& nmX & . nmX
General Fourier is T (X) =2 + D a,cos——+ > b sin—-
2 n=1 4 n=1 /
Here /— Upper Limit — Lower L|m|t:2n—0 :Ez p.
2 2 2
ao o0 o0
f(x)==2+> a,cosnx+ > b sinnx |[-————- )
2 = n=1
To Find ao:
/ 27
1
== | f(x) dx == — 27X+ X? )dx=— 2 27X+ X% )dx
et e el
3
_ i 27zx x_ _ 1 o0® _An® 4 87° _(0)
47 3 47r 3

z:—[ }= AER

To Find an
125 1 27[1 , , 1 27 , ,

a, == [ f(x)cosnxdx== [ =(z* — 2zx + x*)cosnxdx = — [ (z* — 2zx + x* )cosnxdx
VA To 4 4

0

:i{(”z—h X —(—2n+2x)(L§”Xj+ e }

4r n n n .

2

%{%( 27 + 2x)cosnx}
T

- 473n2 [ (27 cos2nz) — (—27 cos0) |
=

0

rcos2nz =1 & cosO0=1

47n



To find bn:
21
b, = [ £ (x)sin ""* dx
I3 |
=12f f(x)sinnxdx= yfl(nz — 27X+ X )sinnxadx :LT (7* —27rx+ x* )sin nxdx
KO T 04 4ﬂ'0

:i{(nz_zﬂx+x2)(‘c°snxj_(_zﬂ+ —sini +(2)(Cossnxﬂ

n n

27

0
r 2

1]-1 2

=—| —(#° — 27X+ X*)cosnx +—-cosnx
4| n n o

:4i (%1(7;2 —4r’ +47[2)0082n7r+%C082n7zj—(%17rz cosO+n—23cosOH
T

1(-n* -x* 2 2
s T TS
7\ N n n n
b, =0

Substitute a,,a_,b in(2)

72_2 0 1 o0 )
f(X)=—+ —CcoShx + 0 sin nx
() 12 n® Z

n=1 n=1

2 00

T 1
fF(X)=—+ —Ccosnx |—————— 2
(X) 17 nZ ~ (2)

=1

Deduction:
(i) Let x=0 be apoint of discontinuity

2 &1 fO)+f@r) 4 a4 4 =
2)= f(0)=—+ > —cosO0O - f(0)= = = =
@) © 12 n;nz ©) 2 2 2 4

o - 1

TR

I

4 12 £&=n?

47r2_§i

48 = n?

® 1 £ |1 1 1 7
nZ::n_zz— 1—2+?+?+ ............. _F

1
ii) Let x = be a point of continuity

2 00 2 2
f(ﬁ)=’1z—2+n:lni2cosn7z -.-f(x):[”;XJ :>f(0)=(”£”} =0




12 &= n?

2 0 (_1)n
_E:nzzll n’
oz 111
12 12 22 3 4
1 1 1 1 7’
? 22 ¢ &1

Obtain the Fourier series for f(x) of period 2l and defined as follows f (X) = {

deducethat(l)1—1+1—l+...:Z (i) l+i2+i2+i2+...:ﬁ—
3 5 7 3 5 7 8
nzX nzX
Solution: General Fourier is f(x)_ﬁ+z a, cos—+z b, sin—
2 n=1 4 n=1
Here /= Upper Limit — Lower Limit I—( 1) 2I=I e
2 2 2
To find ao

12£ 1 V4 2/
a0=zj f(x) dx=z{j(€x)dx+£0dx}

0

]S

[ f(x)cos 22 dx= ﬁ(z x)cos%dxﬁeoax}
0 0 Vi

-/

nzX
—C0S——
14

/ 4 n
= O [COS Nz — COSO]: n2—7Z'2|:1_ (_1) :|

20
a = r.]272(_2’

0 ,n=246,..

n=13,5,...

0 20
=—j f(x)sm@dx_ {j(ﬂ—x)sin%dx+ [ 0dx
0 0

I
0

- X

, 0<x<lI
I <x<2l

. Hence



Substitute a,,a_,b, in(l)

f(x)——+ Z

nﬂx+2—sm—

n=13,5
2€ - 1 nzx nzx
f(x)_— = > = osi —Z—S| L —————— (2)
n=1,3,5... n? T n=1
Deduction:
i) Let x=2¢/2 be a point of continuity
& & I 0<x<I
@=t(12)=2+2L Y Leost Ly LgphZ f(x)={
4 nTss 2 rmHmn 0 I<x<2l
:>£:£ % Z icosn_ﬂ_i_g lsinn_ﬂ- f(lj:|_l:l
2 4 274, 2 z&n 2 2 2 2
Lor ﬁzlsinn—” cos™ . _ 0 if n isodd
2 T 2 2
¢ 011
o ZsinZ v Ssing+2sin X4
4 x|l 2
z toy+toten+ -.-sinf=1;sin3—”=—1; sin % —1:sin% = 1 etc.
4 1 3 2 2 2
111 7
3 5 7 4

20 X1 1 l—x , 0<x<I
)= f()= — —cosnsz+ Zsinnz o f(X)=
@=10 2n:21:,3,5 ? 7rnzn ) {0 Jd<x<2l
A& 1
O=—+— —D"+0 =f()=1-1=0
4 ﬂzn;,s,s 2( ) 0]
f_2ep 101 1
4 ﬂ_z 12 32 52
7|11 1
8 1?2 3 5 7
111 7
1> 3¢ 5 8
X, 0<x<3

Find the Fourier series expansion of f (x) ={

and hence find the value
6-—X, 3<x<6



1 1 1
of —+—+—+.......

1?3 5
Solution:
X, 0<x<3
Given f(x)=
6-—x, 3<x<6
& nTxX <« . NxX
General Fourier is f (X) -5 + Z a,C0s——+ Z b, sin —
2 = 14 n=1 14
Here / Upper Limit — Lower L|m|t:6—0 _3 . _3
2 2
8, -« X ~ _ Nnax
f(x)=—=+)» a,cos—+ » b sin— —————— @)

12€ 16 1 3 6
a, :ZQ f (x) dx :§£f(x)dx:gh‘xdx+£(6—x)dx}

1% Nz X
a == | f(x)cos——dx
. A (x) ;

6
1jf(x)cos@dx
3% 3

3 6
L jxcos%dx+j(6— x)cos X dx
3 0 3 3 3

Wl
)

1
3

9 nzx |

2 7 00S— ~ | -
LN 0

9 nzx |
=—— [cos—} —{cos
3an‘r 3 1

= 23 ~{[cosnz —cos0] —[cos2nz — cosnz |}

n’z
_ nz—iz[cos nz —1-1+cosnr |= niz [2(-1)" -2 = n:jrz (D" -1]

6 [-2, n=135,..
n’72] 0, n=2,46,..




-12

2 2!

a =Nnrx
0, n=2,4,6,...

n=13,5,..

3 6
:_J. f(x)smmdx :_If(X)S'n—dX— [Ixsin—nngXJrj(6—x)sin—nzxdx}
0 3

-

1] -3 nzX nzx |
==4| — XCOS—— —(6 X) COS——
3|Lnx 3 |, Lnr 3 |

:3n“:’z{[3cosn7r 0]+[0- 3COSH7Z':|} 3—[3c:osn7z 3cosnr]

“|b,=0
Substitute a,,a_,b, in (1)

2 _2
n 1,3,5n7z- n=1
3 12& 1 Nz X
f(x)=—-"--) =—cos— |-————— 2
(x) 5 ”nZ:‘,lnz 3 (2)

Deduction:
Let x =0 be a point of continuity

o0

X, 0<x<3
f(0) = 3 122 > 1coso f(x) =
2 =z nSres N 6-x, 3<x<6

o0

Lo 32§ L
2 ”n135n

12 =1

$ B - :1 LilhE

n:135n2 ? P 5 8
Find the Fourier series for f(x)=|x|in —z <X < 7 and deduce thatlz+3i2+5i2+ ............. = %2
Solution:

Given f(x)=|x, —z<x<x

Upper Limit —Lower Limit _n—(-m) 2
2 22

Now, f(—x)=|-x|=|x=f(x)

. f(x) is an even function.

Here /=



0

f(x)=ﬁ+ a, cos@
n=1 6
8 N0 cosnx - _
f(x)= > + Y, cosnx )] l=x
1

To Find ao:

2 | 2% 2%
aozl—!'f(x) dx:;£|x| dx:;!.x dx

(XY 20,
O R

To Find an:

2 nzx 27 27
a, _Tl‘ f(X) cosl—dx_;_([|x|cosnxdx_;l‘xcosnxdx
:E_(x) si _(1)(—cosnxj ’
| n n’

0
Fq .
(—2] COS NX }
n 0

%)[ cosnz —cos0 |

2
n’

[D"-1]

. ifn=135,..

a, =4 7n
0, if n=2,4,6,...

Deduction:

Let x =0 be a point of continuity
T 4 &1
2) = f(0)==—— —-c0s0

n-135.. N

_% z 1 f(x)=|x = f(0)=0



5.

1.1 7
Mttt = —
3 5 8

Find the Fourier series for f(x) = x? in —z < X < 7 and deduce that

(@) 1+i+—+...:—.

b) S t+—=

() b=
Solution:
Given f (X)=X2, —-T<X<r1
Upper Limit — Lower Limit:n—(—n) :E:n
2 2 2
Now, f(—x)=x*=(-x)*=x"=f(x)

. f(x) is an even function.

Here /=

~
Il
a

~b =0
(e8]
f(x):i+ ancosw
2~ ¢
.'.f(x):%+2ancosnx ————— QN =z
1
ToFind ao:
2 2% 2[x ] 2 27
=2 f(x)dx==|x°dx==|—| =—|7°-0|=—"—
% |£() ﬂ{ 7Z'|:3:|0 w7 0=
° 3
To find an:

| T
a, :g_[f(x)cosmdx:gjx2 COS nx dx
I9 I T

-2 (o () 22 |

n n
0

2L ]
=—| | — |Xcosnx
z| \n .
=——(zcosnz —0)
an:4(;21)




2 ['s} _ n
f(x)_” +4z( 12) COSNX | ——————— (2)
3 ~' n
Deduction: a

Let x = be a point of continuity

@ = 1(r)=2+43 Doosz

2 o ( N\N(_1\"
= ﬂ2=%+42% (X)) =X = f(r) =7
n=1
2 2n
2 T - (1)
= -—=4
" 3 nzzlz n?
270 &1 2
=) — (D" =1
12 Z‘nz D
1 2
I+=+=>+..=—
2?2 3 6

Deduction: b
Let x =0 be a point of continuity

@ = f(0)=%2+4i (;21) cos0

= 0=Z gy Y 2 F(X) =X = £(0)=0

1 1 1 7

AP T
I O
? 22 3F 12
Deduction: ¢

By Parsevals identity for Fourier series,

2 72'5 271'4 = 1 .. 2n _
;{ ?J‘@} o T12pr (DTS




1 1 7'

Z—=—+—4 =t o

N 2" 3 90

Obtain the Fourier series of f () = x + x? in—z < X < . Hence show that
&1l o201 101 r*

I —=—I)5-=+=—...=—

)lenz 6 )12 22 3F 12

Solution:

Given f (X)=x+X’in —r<x <7z

Upper Limit — LowerLimit _ n—(-m) _2n _

Here /= = l=7
2 2 2
Now, f(—X)=-X+(-x)’
=—x+x" = f(X)
=—(x—x*)=—f(X)
f(—x);t f(x) & f(—x)=-f(x)
. f(x) is Neithereven Nor odd function.
nm nmx
General Fourier is f(X)—i+ Z a, COS—+ Z b, sin— T
2 = 4 = 4
.'.f(x)=—+Zancosnx+Z b sinnx —————— Q) ~l=n
2 n=1 n=1
To Find ao:
1] 17 , 1[x> x®
ao ZzJ-I f(X) dX =;J;(X+X )dX=;{?+?:|”
1|(~* = zt 1}:2/723;2/713 1|27°
== =—+—= |- =-=|}== e e e
r|\L2 3 2 3 r|/2 3 /2 3 7| 3
a _2712
° 3
To Find an:

:%II f(x)cos@ dx = 71[ T(x+x2)cos nxdx

-l -



= %K%J(H 2X) cosnx }:

_ 1 {[(1+27z)cosn7z 1-[ (1-27) cos(- n;z)]}

zn’

_ 1]2 [(—1)n (;L’ +2r-X+ 27[)] .+ cos(—nz) = cosnz = (—1)"

To Find bp:

b, _—_[ f(x)sm@ dx

I 2 1
= I(x+x )sm nx dx

-

:;(x+x2)(_cfnx)—(1+2x _;]2 +(2)(C°§3”Xﬂ:

= 1 —1j x + Xx? cos nx + (%)cos nx}” “.» cos(—nx) =cosnz = (-1)"
7| \n n .
1([(—1 2 -1 , 2
= —j 7 +7*)cos n7z+( jcos n;z} K—j( 7+ 7*)cos n7r+(—3jcos(—nn)}}
AN n
R AR
7 | on
fb, =22y

Deduction: 1
Let X= be the point of discontinuity



n

0 0 _1
2= f(x ”— Z COSWZ'—Z ( sinnz
3 I n
2 ® _ _ 2 2 2
2= iz '.'f(x)=x+x2:>f(7z)=f( m+f(x) _-n+x+z+7” 27 _
3 T N 2 2 2
2 )
s T 1
nt-—=4) —
3 lenz
278 &1
3><4_Zl“n2
$1_7
—n® 6
Deduction: 2
Let x=0 be the point of continuity
0 _1n
(2= (0 42 cosO—2 ( sin0
n
2 o0 _1n
0=”—+4Z( 2) f(x)=x+x* = f(0)=0
3 — n
7’ 1 1 1
—— = =+ =—=..
3 1?22 3
11,1 =
7 22 3 12
. . . . T+Xx, -T
Find the Fourier series expansion of f (x) where f (X) = { and hence deduce that
n-%x, 0<x<m
—~(2n-1)* 8
Solution:
+x, -1<x<0
Givenf(x):{n X SR
n-X, 0<x<n
Here/— Upper Limit — Lower Limit:n—(—n) :Z_n:n e
2 2 2
f,(x), <x<
et f(x) = | 10 =X
f,(x), 0<x<nmu
Where
fL(X)=7+x f,(X)=7—x
f,(—=x)=7—x="1,(x) f,(—x) =7+ x= f,(X)
- f(x)is aneven function.
- nzX
f(x =3+ a, Cos—
(=" Z 08—
: _% N2 cosnx] -
A (x)= > + Y a,cosnx Q =z
1




To Find ao:
a, :Ej(n—x) dx:zjx dx
7[0 7[0

- u=r]

To Find an:

|
a, :I}I f(x)cos@dx
-

= Ej(ﬁ— X) cos nxdx
2 0

==| (7-x

SHELN

T

(-1
(—2] cosnx :|
n 0

2
T
-2
n’z

) i
n [ (-1 _1:|

T

[ cosnz —cos0 |

4

an?’

0, ifn=246,..

if n=1,3,5,...

a =

Deduction:
Let x =0 be a point of continuity

T 4 &

2 = f(O):E+— icosO

T

T 4

S a=Th— >
1




Determine the Fourier series expansion of f (x) where f (x) = {

Solution:
-1+x, w<x<0
Givenf (x) =
1+x, O0<x<nm
Upper Limit —LowerLimit _ n—(-m) _2m _
2 2 2

[ f(X), m<x<0
Letf(X)"{fz(x), O<x<m

Here/=

~
Il
4

Where
f,(xX)=-1+x
fi(—x)=-1-x=—1+x)=—f,(x)
- f(x)is anodd function.

f(x)zi b, sin 2%
n=1 g

f,(x)=1+x
f,(—x) =1-Xx=—(-1+x) =—1f,(x)

To Find bp:

| T
b :}J‘ f(x)sin@dx:g_[(H X)sin nxdx
I I Ty

n
-l

(e =22 2] |

n n

_(#j(u X)cos an

SRS

2

T
—2

=—[ @+ z)cosnz — (1+0)cosO |
nz

-2 )
:E[ (L+m)(-D)"-1]

2 '
b, =E[l—(1+7r)(—l) ]

L) = f(x)= i%[l—(lwr)(—l)”]sin x

L (x)= %g%[l—(u;z)(-l)“]sin X

. . ) 0, t<x<0
Find the Fourier series for f (x) where f (X )= 1 D<x<i’
, X

Solution:

1+x, w<
1+x, 0<x<m

<0
with f(x+27)=f(X).



) 0, -1<x<0
leenf(x): 1 O<x<l

Here/— Upper Limit ; Lower Limit :1— (2—1) %Zl By

| fix), -1<x<0
Letf(x)_{fz(x), 0<x<1

Where
f,(x)=0 f,(x) =1
fi(—x) =0+ f,(x) f(—x) =1= f,(x)
fi(=x)=0=—-f,(x) fo(=x) =1=-f,(x)
. f(x)is Neither even Nor odd function.
o0 o0
General Fourier is f (X) = ) + Z a, COS@ + z b, sin@
A =} [ =] l
o0 o0
g, f(x):i+z a,cosnmx+ » b sinnnx | -————- @) -1=1
2 n=1 n=1
To Find ao:

| 1 0 1
a, Z%I. f(x)dx:%j f(9 dx = [0dx-+ Jade=[x], =1-0=1

-1

T, =1
To Find an:
|
a, :}_[ f(x)cos%dx
I’ I
1
:%J' f (x) cos 22X dix
1Y 1
0 1

= IO dx+flcosn7rx dx
-1 0

. 1
| sinnzx
nr o |

=[sinnz—sin0]=0

To Find bn:

nzX
—adx

1 :
b, =Ii[| f(x)sin I

17 . hxX
== | f(x)sin——dx
1£ () 1

0 1

=IO dx+'[13in nzx dx

-1 0

1
| —cosnzx
T,



10.

1
_E[COS n;rx]O
= _—1[005 N7 — COS O]l
nr 0
1r n
|- ()]

Nzt

2 .
—, iIf n=13,5,...
b,=4nx

0, if n=246...

@)= f(x) =%+g%sin nzX.

f(x) =%+%g%sin nzX

Find the Fourier series for f (X) = ‘COS X‘ in the interval (-mt,).
Solution:
Given f(x)=|cosx|, —zr<x<z
Upper Limit —LowerLimit _n—(-m) 2
2 2 2
Now, f (—x)=|cos(—x)|=|cosX|= f (x)

Here/=

. T(x) is an even function.

To find ao:

2|
aO:T_([f(x)dx
271'
. d
”£|cosx| X

JT

2 12 T COSX, O<X<—

== Icosxdx+ j —cosxdx} .+ |cos x| =
0

7l2

—COS X, %< X<rm
—(sin x);"2 —(sin x)Z/ZJ

_(sin%—sin Oj—(sin 7 —sin %ﬂ — %(1—(—1))

ey =

To find an:



f(x)cosmdx_

o=

—J'|cos x| cos nxdx
VA

—J. f (x) cos nxdx
0

72
a,= [ I COS X COS nxdx + I —CO0S X COS nxdx}
7l2

T

2 7l2
a, = I COS NX cos Xdx — I COS NX COS Xdx
7l2

cos AcosB = %[cos(A+ B)+cos(A—B)] Here A=nx B=x

a :%{T%[cos(n +1)x+cos(n—1)x]dx— ]E %[cos(n +1)x+cos(n—1)x]dx

0 7l2

|

zl2 V3
=iﬂ[ %[cos(n +1)x+cos(n —1)x]dx — _[ [cos(n+1)x+ cos(n—l)x]dx}
7 0 wl2
1 [sin(n +1)x+sin(n—1)xT2 _[sin(n +1)x+sin(n—1)x}”
V2 n+1 n-1 |, n+1 n-1 .,
5in(n+l)E sin(n—l)z sin(n+1)z sin(n—l)ﬁ
_1 2 2 vl Ll 2 2
= + (0) (0) +
V4 n+1 n-1 V4 n+1 n-1
. (n;r j . (n;z ﬂj : (n;r r : (n;r ﬂj
sinf —+> 1| sin| —==| sin| —+>| sin| —==
1 2 2 2_2), 2 2
V2 n+1 n-1 n+1 n-1

sin(A+ B) =sin Acos B +cos Asin B

. nzx T . Nxr T nec . &« nzx T . T
sSin| —+— |=Sin—Cc0S—+Cc0S—SIiIn—=c0S— - c0sS—=0&sin—=1
2 2 2 2 2 2 2 2

. nrzx T . Nmr T nec . 7« nzx T . T
Sin| — —— |=sin—Cc0S——Cc0S—SIn—=—-Cc0S— " c0s—=0&sin— =1
2 2 2 2 2 2 2 2 2

nz nzx nz nz
C0OS— COS— COS— COS—
a1 2 2 2 2
"zl n+l n-1 n+1 n—1
2 nz( 1 1
=—-Cc0S—| — ———
T 2\n+1 n-1
2 nz( n-1-n-1
V4 2 \(n+)(n-1)

2 nﬂ'(
a, =—C0S—
T 2

2
(-1

|



4 sn—” , Provided n =1

a,=——>——C0
z(n“-1) 2
When n=1

a = E.ﬂcos x| cos xdx

[ zI2
I COS X oS XdX + J. —CO0S X CO0S XdX:|
zl2

zl2

L 7l2
_ { 1+c052x dx _J-(1+c052xjdx}
7[ 7l2
1 ( S|n2x 72 ( sin2xj”
== X +
T 2 7l2

s 2ol 22 %]

2

72-_

2 [ 712

= Icos xdx—Icos xdx}
2 zl2
ATz
“’ 1+cos2x)dx — T (1+c052x)dx}
0

—4 COS — COS nx
D2

z(n?

g f(x):——4z 1 cos™® cosnx
r x5 (n*-1) 2
11. Find the half range Fourier sine series for f (x) =X(z —X) in the interval (0, ) and deduce that

1 1 1 1
PFE P
Solution:

Given f(X)=x(r—Xx)=7x-x*, (0,7)

— +...00

7TX

n
- General Fourier is T (X) = z b, sin—— .
n=1

Here = Upper Limit — Lower Limit=n—0=n .. (==
6]

f()=> bsinnx ————- @)
n=1

To Find by:

=—jf(x)sm%dx

X
:ij(ﬁ— X)sin nx dx



12.

5!
:—j(ﬂx x?)sin nxdx

[W (o2 o2

=— ——3cosnx
z[ n 0

zn

8
b, =< zn*’
0, if n=2,4,6,...

if n=135,...

The required Fourier sine series be
o0

W= f= ), %sinnx
n=135.. 7~
8 (e8]
f(x)_— z —smnx ————— (2)
=13
Deductlon.

Let x =% be a point of continuity.

) 8 = 1 nz CE N vl z\_x* x _2x'-x
(2):>f(5j:— > —sm[zj F(X)=x(r x):f(zj_ e

7 n=135.. N

. . . . 1 1
Find the half — range cosine series for f (x) = (x — 1)?in (0, 1). Hence show that Tz + > + ? +..

Solution:
Given:
Here ¢= Upper Limit — Lower Limit=1-0=1 ~o0=1

& Nmx
Let the cosine series be T (X) = % + z a, COST

n=1



f(x)= + Z a cosnzx col=1-———— @)

To Find ag:
¢ 1 3 2 1
aozgjf(x) dx—zj x? —2x+1 dx=2| 2 —2X 4« :2[3—1+1j:3
5 10 3 2 o 3 3
o 2
° 3
To Find an:
1
a, = ZI(XZ — 2X +1) cos nzrxdx
0
— . A 1
2| (2 —2x 2= X —(2X—2)(_Cozsnzﬂxj+(2) smn3 }
i nrx nrz T 0
v 1
=2 ( 5 2)(2x—2)cosn7zx}
\nz 0
2
= N2 [(O)_(_ZCOSO)]
4
an:nzﬂz
2/13 & 4
)= f + cosnzX
() ( ) 2 ;nZﬂ_Z
1 4&1
f(X)==+— > —cosnzXx| ————(2
(=372 (2)
Deduction:
Let x=0bea point of discontinuity
(2 = f( 2Z—coso
1 1 4&1 fO+f@ 1+0 1
=="t+—>) = f(x)=(x-1?= f(0)= = ==
2 3 ﬂzng‘nz () ( ) () 2 2 2
1 1 4&1
= ———=— ) —
2 3 ﬁzgnz
1 72 &1
= —X—= ) —
6 4 nzzl“n2
1 1 1 1 7l
= — =t —+—+...=—
nzllnz 1?2 22 3 24
. . . . . 1 1 1 a*
13. Find the Fourier cosine series for x(;z—x)m 0 < X < 7 .Hence show that —+—4+3—+... :%
Solution:
Given:

Let f(X)=x(r—x), O0<X<m

f(X)=mx—x



Here ¢ = Upper Limit — Lower Limit= -0 ==« SLl=7

& nmx
Let the cosine series be T (X) = %, Z a, cos—~
2 A= 14
ao o0
f(x)=?+2ancosnx cl=r————- )
n=1

To Find ag:
b4 7 2 37" 3 3
2 2 2| X X 2| ( 7« T
=S| f(X) dx == | (zx— x*)dx== =—|| =-=
3, 4 (x) ﬂ!(n ) ”{2 3} EKZ )()}
_2[ar 22 _2[#]_#
T 6 7| 6 3

7Z'

ao__

To Find an:

1
a = 2.|‘(x2 — 2X +1) cos nzxdx

a, =£J.(7Z'X—X2)COSHX dx
T

:%_(ﬂx-z inTX —(z—2x)£_cognxj+(—2 —sin }

n

ot

0

2
:—2[ 77 COSNT — ncosO
zn

-2 ]
:F[(—l) +1]

"+1]

iz if n=2,46...
a =< n

0, if n=1,3,5...

=%+ > —iz COS NX.

n=2,4,..

Deduction:
Let the Parseval’s identity for Fourier cosine series be

2| 9 aZ 0
2Tt dx = 2o 2
I![ (x)] x== +nzz;an

2% % 2 (-4

2 _ 9 -
Pl fe= +Z(nj
2% z* = 1
;![72’ X2 —27x3 + X ]dx:E+16n:§6 =



2/1(»° »° 7r 7r4 1 > 1 &1
Sl Y A T 0 r SN
7[{( 3 2 5 ] ( )} 8 ~ (2n)4 nzgﬁ_, n ; 2n

2r'(1 1,1 ﬂ_“+Eii
3 2 5 18 16 4

T n=ln
10-15+6) 7' &1

| — |- ==) =
( 30 j18 ,,Zzl:n4

P g1

15 18 “n*

ii_6ﬂ4—5ﬂ'4

~in 90

11,11,

“npto1t 20 3T 90

Find the cosine series for f (x) = x in (0, 77 ) and then using Parseval’s theorem, show that
1.1 1. 7’
1* 3 5* 77 96

Solution:
Given:
Let f(X)=X%, O<x<m
Here ¢ = Upper Limit — Lower Limit = -0 =t s l=7
°° nmx
Let the cosine series be T (X) = %, a,cos——
2 h= 4
ao 0
f(x)=—=+> a,cosnn cl=m
2 o=
To Find ao:

2 ¢ 27
a, :Z-([ f (x) dx :;E[xdx:;{

To Find an'

:—J.f(x)cosmdx——.[xcosnx dx
0

-2 2] o]

n
0
20( 1 i
=—\| = cos nx
7Z_n 0

= [COSH/T cosO]

/A

=2i[<—1>” 1]

n“rz



15.

— . if n=135,...
T

0, if n=2,4,6,...

f(x)=

Deduction:
Let the Parseval’s identity for Fourier cosine series be

2| ) aZ ©
(T f dx = -2 2
|,([|: (X):I X 2 +§a“

+ > —cosnx
n-135.. 727N

NN

T 2 0 _ 2
—Ixzdx:ﬂ—+ > (2—4J
Ty 2 . dss.\N°7

2(xY 2 & 16
_(?J :7+ Z 2.4
71 0 n=135.. 77 N

2 [ 4 7 16 & 1
— (7" -0)=—+— —
372'( ) 2 72-2 n=§5 n4
26 2 36 5 1

3 2 n=135... n*
S

6 16 135 n*
1.1ty oo—”—4
1 3 5 96

Find the complex form of the Fourier series of f(x) =cosax in (-, z),where a is not an integer.

Solution:

Given f(x)=cosax in (-z,x)

Upper Limit —LowerLimit n—(-n) 2n
2 T2 2

Let the complex form of the Fourier series be

Here /=

f(x):icn eTﬂ

f(x):icn e l=g
1 | inTx

T 17 i
C=—|f(Xe dx=—/| f(x)e"™dx
=) 1 2 ) 10

C, = 1 I cosaxe  dx
2 7

ax

J'eax cosbxdx:%[acosb“bsin bx]
a“+b

Here a=-in & b=a

=i{%(incosax+asinax)}
27 |((in)*-a’) By




16.

B 1
- Z;r(a2 —n?

) [e““” (~incos az +asinar)—e™ (~incosaz —asin aﬂ)]

e =cosnz +isinnz =cosnz = (—1)"

and e =cosnz —isinnz =cosnz = (-1)"

>sinnz =0

B 1
27r(a2—n2)

1 o
m[(—l) (2a5|n aﬂ'):l

_ (-1)"asinar
s JEE

. f(x):asinaﬁi (-1)"

T = (az—nz)

[(-1)"[~incos az +asinaz +incosar +asinar| |

Find complex form of the Fourier series of the function f (x) =e ", -1<x<1

Solution:
Given f (x) =¥ -1<x<1

Here ¢ UPper Limit — Lower Limit 1 (1)

2 2
Let the complex form of the Fourier series be

inzx

f(x)=§;OCn el

f(x)= i C, " =1

inTx 1

1I T 1 —inzx
C=—|f(xXe dx==|eYe dx
: 2|_I, (x) 5]

C, =%jle‘x“"’”dx

1
=1J‘e—(l+|n7rx)dx
2 -1

1 ef(l+in7z'x) 1
EAECTE
-1
=__—1 —(L¥inz) _ (L+inzx)
2(1+in ;z){e )
-1

2

—=1 sol=1
2

e = cosnz +isinnz =cosnz = (-1)"

and e =cosnz —isinnz =cosnz = (-1)"

rsinnz =0

—(1—in7z)

_ m{e‘l (-1)" —¢ (—1)”}




“o(1em? ;zz)(_l)n (¢-e?)
~ (1-in7) N o, el—e”
C, _W (-1) 2sinh(1) ~sinh @ =
f(x)= z—((11;;” ;)) (~1)"sinh (1) e

17. Calculate the first two harmonic of the Fourier series of f (x) from the following data

X 0 30 |60 190 120 150 | 180 |210 |240 | 270 |300 |330

f(x) |18 |11 |03 ]0.16 |05 13 |216 |125 |13 |152 |176 |20

Solution:

X 0 30 [60 |90 120 150 | 180 [210 |240 | 270 |300 |330

f(x) ]1.8 |11 |03 |0.16 |05 13 216 [125 |13 [152 |176 |20

We know that 360= 2z
Upper Limit — Lower Limit  2x-0
2 2

Here /= T SLl=n

K=12

e 0] o0
f(x):i+2 ancos@+z b, sin 2%
2 3 L} ¢

I
|

f(x)=i+z a,cosnx+ Y b sinnx -/
2 3 n=1

f (x):%+(aicosx+blsin x)+ (@, cos 2x+h,sin2x) +...

Where
ag :EZy b :EZysinx
K K
2 2 .
a, =E2ycosx b, =EZysm2x

2
a, ZEZyCOSZX

X y ycosX y COS 2X ysin x ysin2x
0 1.8 1.8 1.8 0 0

30 1.1 0.95 0.55 0.55 0.95
60 0.3 0.15 -0.15 0.26 0.26
90 0.16 0.00 -0.16 0.16 0.00
120 0.5 -0.25 -0.25 0.43 -0.43
150 1.3 -1.13 0.65 0.65 -1.12
180 2.16 -2.16 2.16 0.00 0.01
210 1.25 -1.08 0.62 -0.63 1.08
240 1.3 -0.65 -0.65 -1.13 1.12




270 1.52 0.00 -1.52 -1.52 -0.01
300 1.76 0.88 -0.87 -1.52 -1.53
330 2.0 1.73 1.01 -1.00 -1.73
Total 15.15 0.26 3.18 -3.74 -1.39

2 2
=-2(15.15)=2.52 b, =—(-3.74) = -0.62
a, 12( ) b, 12( )
ai—i(ozs)—0043 b —3(—139)——023
12 ' 1220 '

2
a, =—(3.18)=0.53
,=15(319

f (x) =1.26+ (0.043cos x—0.62sin x) + (O.53cos 2x—0.23sin 2x) +...

18. Find the first two harmonic of the Fourier series of f (x) given by
X |0\ z |2z 7| Ar | S | 2n
3 3 3 3
f(x)|1(14(19 |17]|15 |12 |10
Solution:
X |0z |2z 7| 4r 572
3 3 3 3
f(x)=y|1(14|19 |17|15 |12
Here /— Upper Limit — Lower Limit _ 2n—-0 o V=m
2 2
K=6
[e0] o0
nzx . NxX
fFo =20, a,cos—+ » b sin—
(0)=3 Z ; Z ;
ao o0 e 0]
f()=—"2+> a,cosnx+ Y b sinnx - l=x
2 n=1 n=1
f(x)=%+(a1cosx+blsinx)+(a2c052x+bzsin2x)+...
Where

2 2w
aO=EZybl— KZysmx

2 2 .
a, :EZycosx b, =E2ysm2x

2
a, =-— > ycos2x
K
X y ycosX y COS2X ysin x ysin 2x
0 1 1 1 0 0
T 60 1.4 0.7 -0.7 1.212 1.212
3"
1.9 -0.95 -0.95 1.65 -1.645
%” =120
7 =180 1.7 -1.7 1.7 0 0
15 -0.75 -0.75 -1.299 1.299
%” =240




1.2 0.6

5—”:300
3

-1.039

-1

.039

Total 8.7 -1.1

0.5196

-0.

1732

ag :%(8.7) _29h =§(O.5196) ~0.17

a = % (-1.1)=-0.37 b, = % (-0.1732) = —0.06
2
8, =+ (-03)=-01

f (x) =1.45+ (—0.37 cosx+0.17sin x) + (—O.lcos 2x—0.06sin 2x) +...

19. Find the first three harmonic of the Fourier series of f (x) given by
X 0 ]1 2 3 4 5
f(x) |9 [18 [24 |28 |26 [20
Solution:
X 0 |1 2 3 4 5 6
f(x) |9 |18 [24 |28 [26 |20 |4
Here /— Upper Limit — Lower L|m|t=6—0 _3 -3
2 2
K=6
[e0] o0
nzx . NzX
f(x =i+ a,cos——+ » b sin—
(0)=3 Z 005 Z Sin=
— n . nzX
f(x)—i+z ancosi+z b, sin——
n=1 3 n=1 3
f(x)—3+(a1cosﬂ—x+blsinﬂ—xj+(a cos 2% 4 sin@J+(agcosBﬂ—X+b singﬂ—xj+
2 3 3 2 3 23 3 T3 )"
Where
a0=32y bl—gz sin(”—xj
K “K y 3
2 X
%IEZYCOS[? b2=§Zysin(2L3X)
2 2z
a :_ZVCOS[TJ b, :%Zysin(sing
3
agz—Zycos[%j
X y ycosﬂ—x ycos—ZﬂX ycos—sﬂx ysinﬂ—x ysin—zm( ysin—3ﬂx
3 3 3 3 3
(or) ycos60x
ycos120x | ycos1l80x | ysin60x | ysin120x | ycos180x
0 9 9 9 9 0 0 0
1 18 9 -9 -18 15.7 15.6 0
2 24 -12 -24 24 20.9 -20.784 0
3 28 -28 28 -28 0 0 0
4 26 -13 -13 26 -22.6 22.6 0




5 20 10 -10 -20 -17.4 -17.4 0

Total 125 -25 -19 -7 -3.4 20.8

ag = %(125) _41.66 b :%(—3.4) - 113

a, zg(_zs) —-833 b, =§(20-8) =69

a, =§(—19) ~-6.33 b, =§(0) =0

2
8y = (-7)=-23

The required Harmonic of the Fourier series be
f(x)= 41.66 (—8.330037%X +-1.13sin %Xj + (—6.33cos% +6.9sin %j + (—2.3cos BﬂTX + Oj +...

—+

f(x)= 20.83+[—8.33cos%x+—1.13sin %X)+(—6.33coszi;(+6.95in %}(—2&03 3”ij+

20. The following table gives the variations of a periodic function over a period T
X 0 T/6 | T/3 | T/2 |2T/3 |5T/6 | T
f(x) [198 |13 [105 13 [-0.88 [-0.25|1.98

findf(x)upto first harmonic.

Solution:
AssumeX:@
T
X |0z |2z |7 4r | 5z |27
3 3 3 3

y=f(#) | 1.98 | 1.3 |1.05 |13 |-0.88|-0.25 1.

Upper Limit — Lower Limit 27 —0

Here /= = f=x
2 2
K=6
o0 o0
f(X):i+Z a, cosm+z b, sin 72X
2 n=1 n=1 14
% . ¥ S
f(X)=="+) a,cosnX + ) b, sinnX
2 n=1 n=1
f (x):%+(a1cosnx +b sinnX )+ (a, cos2X +b,sin2X )+ (a, cos3X +b,sin3X ) +...
Where
a0=£Zya1=£Zycosx b1=£ZysinX
K K K
X y ycos X ysin X
1.98 1.98 0
1.30 0.65 1.1258

wly |o




2 1.05 -0.525 0.9093
3
s 1.30 -1.3 0
4 -0.88 0.44 0.762
3
Y4 -0.25 -0.125 0.2165
3
Total 4.6 1.12 3.013

%=X y="7 =158 = =(1.12) = 0.37b, == (3013) ~1.005

| f(x)=0.75+0.37cos X +1.005sin X




