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6. OPTIMAL BINARY SEARCH TREES 

 

 A Binary Search Tree (BST) is a tree where the key values are stored in the internal nodes. 

The external nodes are null nodes. The keys are ordered lexicographically, i.e. for each internal 

node all the keys in the left sub-tree are less than the keys in the node, and all the keys in the right 

sub-tree are greater. 

When we know the frequency of searching each one of the keys, it is quite easy to compute the 

expected cost of accessing each node in the tree. An optimal binary search tree is a BST, which 

has minimal expected cost of locating each node 

Search time of an element in a BST is O(n), whereas in a Balanced-BST search time is O(log n). 

Again the search time can be improved in Optimal Cost Binary Search Tree, placing the most 

frequently used data in the root and closer to the root element, while placing the least frequently 

used data near leaves and in leaves. 

A binary search tree is one of the most important data structures in computer 

science. One of its principal applications is to implement a dictionary, a set of elements 

with the operations of searching, insertion, and deletion. 

 

FIGURE 3.6.1Two out of 14 possible binary search trees with keys A, B, C, and D. 

Consider four keys A, B, C, and D to be searched for with probabilities 0.1, 0.2, 0.4, and 0.3, 

respectively. Figure 3.6 depicts two out of 14 possible binary search trees containing these 

keys. 

The average number of comparisons in a successful search in the first of these trees is 0.1 . 

1+ 0.2 . 2 + 0.4 . 3+ 0.3 . 4 = 2.9, and for the second one it is 0.1 . 2 + 0.2 . 1+ 0.4 . 2 + 0.3 . 

3= 2.1. 
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Neither of these two trees is optimal. 

The total number of binary search trees with n keys is equal to the nth Catalan number, 

c(n)=(2n)!/(n+1)!n! 

Let a1, . . . , anbe distinct keys ordered from the smallest to the 

largestandlet p

1, . . . , pnbe the probabilities of searching for them. Let C(i, j) be the smallest average 

number of comparisons made in a successful search in a binary search tree Ti
jmade up of 

keys ai, . . . , aj, where i, j are some integer indices, 1≤ i ≤ j ≤n. 

FIGURE 3.6.2 Binary search tree (BST) with root ak and two optimal binary search subtrees 

                              Ti 
k−1 and T k+1 

j. 

Consider all possible ways to choose a root ak among the keys ai, . . . , aj . For such a binary 

search tree (Figure 3.7), the root contains key ak, the left subtree Ti
k−1 contains keys ai, . . . , 

ak−1 optimally arranged, and the right subtree T k+1
j contains keys ak+1, . . . , aj also optimally 

arranged. 

If we count tree levels starting with 1 to make the comparison numbers equal the keys’ 
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levels, the following recurrence relation is obtained: 

We assume in above formula that C(i, i − 1) = 0 for 1≤ i ≤ n + 1, which can be interpreted as 

the number of comparisons in the empty tree. Note that this formula implies that C(i, i) = 

pifor 1≤i 

≤ n, as it should be for a one-node binary search tree containing ai. 

 

 

 

                             

FIGURE 3.6.3 Table of the dynamic programming algorithm for constructing an optimal 

binary search tree. 
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The two-dimensional table in Figure 3.8 shows the values needed for computing C(i, j). 

They are in row i and the columns to the left of column j and in column j and the rows below 

row i. The arrows point to the pairs of entries whose sums are computed in order to find the 

smallest one to be recorded as the value of C(i, j). This suggests filling the table along its 

diagonals, starting with all zeros on the main diagonal and given probabilities pi, 1≤ i ≤ n, right 

above it and moving toward the upper right corner. 

 

 

                          Return C[1, n], R 

The algorithm’s space efficiency is clearly quadratic, ie, : Θ(n3); the time efficiency of 

this version of the algorithm is cubic. It is Possible to reduce the running time of the algorithm 

to Θ(n2) by taking advantage of monotonicity of entries in the root table, i.e., R[i,j] is always 

in the range between R[i,j-1] and R[i+1,j] 



ROHINI COLLEGE OF ENGINEERING AND TECHNOLOGY 

 

  CS8451-DESIGN AND ANALYSIS OF ALGORITHMS 

 

 

 EXAMPLE: Let us illustrate the algorithm by applying it to the four-key set we used 

at the beginning of this section: 

key A   B    C    D 

probability     0.1     0.2     0.4      

0.3 The initial tablesare: 

Let us compute C(1, 2): 

 

Thus, out of two possible binary trees containing the first two keys, A and B, the 

root of the optimal tree has index 2 (i.e., it contains B), and the average number of 

comparisons in a successful search in this tree is 0.4. 

We arrive at the following final tables: 

 

Thus, the average number of key comparisons in the optimal treeisequalto1.7. Since R(1, 

4) = 3, the root of the optimal tree contains the third key, i.e., C. Its left subtree is made up of 

keys A and B, and its right subtree contains just key D. To find the specific structure of these 

subtrees, we find first their roots by consulting the root table again as follows. Since R(1, 2) = 

2, the root of the optimal tree containing A and B is B, with A being its left child (and the root 
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of the one node tree:R(1,1)=1).SinceR(4,4)=4,therootofthisone-

nodeoptimaltreeisitsonlykeyD.Figure 

3.10 presents the optimal tree in its entirety. 

 

 

FIGURE 3.6.4 Optimal binary search tree for the above example. 

 


