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3.3 Jacobians

If u and v are the functions of two independent variables x and y then

Ju Jdu
g_:j g_i is called the Jacobian of u, v with respect to x and y. it is denoted by
dx 0dy
o(uv)
a(x,y) J
Note:
ox ox
r_ 0xY) _ |ou  av
LT = 5w = oy 9y
du OJv

2. The Jacobian of u,v,w with respectto x,y,zis

dJu OJu OJu
ox dy oz
ouvw) _ [dv dv  0dv
d(x,y,2z) T lox oy oz
ow Jdw Jow
ox dy oz

Properties of Jacobian:
Property:1

dwy) _ a(xy) _
axy) ~ auv)

If u and v are the functions of x and y then

Proof:
_ o(wy) . 0(xy)
Let J=3@n ' 1 = sun
ou ou dx 0x
r _ |9x 9y a 5
JI°= ov au| X foy oy
ox Jdy Ju OJv

dudx . oudy Oudx . oudy
dxou Odyodu 0Jxdv 0y dv

= lov ax ovdy dvdx . dvaoy| " (1)
dxdu Odyodu O0xodv Jdyadv
au_l_ oudx , duady
du  ~  odxou dy ou
au_o_ oudx . Oudy
v~ dx v dy dv
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v 1 dvdx . dv dy

6_v E dv  0dydv
av_O_avax ov dy
du dxou dy ou

1 0
1) = |o =1

s J] =1
Problems based on 1% property:

Example:

Ifx = u(1—v),y = uvfindJandJ' and prove thatJJ' =1

Solution:
Toprove JJ' =1
ox ox
_0xy) _ |lou  ov
] = FTE ¢ s ay dy . (1D
du O0Ov
Given x = u(l1—-v),y = wv
ox __ 1% 6_y _f
ou =1l-v, ou 4
ox _ _, 9% _
v " u
% u
=Uu-uv +uv = u
ou Jdu

duv) _ |ox ay
e @)
ox Jdy

)=

Given x = u —uv, y = uv

y
X =u-—vy,v ==
y u
y
u = x , V= —
Ty x+y
ou ov
Z=l, =y () x1= =2
0x 0x (x+y)2 (x+y)2
ou _ ov _ (x+y)x1-yx1 _  x
oy T lay  (x+y)?  (x+y)?
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y X
(x+y)?  (x+y)?
x y
(x+y)?  (x+y)?
1

x+y

@)= J= |_

1

u

here |

1
uand )/ = =

L
ux-=1
u

Y -
Hence proved.

Example:

u

= uv,y = o) —

axy)

prove 0(x.y)

IT x v a(u,v)

Solution:

a_x
ou
9y
ou

ox
o(xy) _

Let J = A PN

- (D

ay
ov

Given x

ox
T =
ox
5_ ’
v u
l -u

L= J=
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_ X x\y
X=uw > u==-> _ﬁ_ﬁ‘/}
Now = u = Vx,[y p=¥
’ vy
ou _ Ny v _ 1 1
dx  2vx'9x  y2vx
ou_ E v (1) 1
dy 2y ' dy \/;(y)zﬁ
Ny Ax
r | 2vx 2\y
(2)$]_ 1 —\/E
2VyVx  2y\y
W (A" [ e e—
v 4y 4y - 4y B 2y
v u
~N/> =)
2
here ] = y and J' = =

“ ) =2 x(-2) =1
Hence proved.

Example:
If x = v+w?,y = w?+u?,z = u?+v?findJand ]’ [AU Apr2005]

Solution:

ox ox ox

Ju OJdv Jw

_ O0xyz) _ |0y 9y o9y
=22 ] e A (E)

a(u,v,w) ou O0Jv Jdw

0z 0z 0z

Ju OJdv OJw
Givenx = v2+w?,y = w?t+u?,z = u?+ v?

0, L=y, L=2y

=2u ,
ou ou

ou

0x ay 0z
—=2v, ==0 — =2v
ov ' ov " v

ox ady 0z

ow W ow W, ow 0
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0 2v 2w
MH=>J=12u 0 2w| = 000- 4vw) — 2v(0 - 4uw) + 2w(4uv)
2u 2v 0
= 8vwu + 8wuv
J = léeuvw

By property 1 ]]'=1=>]r=%_ 1

T leuvw
Property: 2
If u and v are the functions of r, s where r, s are the functions of x and y then

o(uv)  d(uww) a(r,s)
oxy) o(rs) d(xy)

Proof:
ou du or or
duy)  (rs) ar 0s ox Oy
X = X
o(rs)  dxy) | v (35 Bs
ar 0s dx 0y
ouor  uds Oudr  duds
__ |orox ds 0x Or dy ds 0y
~ |owor L aves awor  aves
or dx ds 0x Ordy ds dy
ou ou
__ |ox oy
I L
dox 0y
a(u,v)
a(x,y)
.. a(u,v,w a(u,v,w a(r,s,t
Similarly wow) _ S@vw) o 9(st)

d(xy,z)  a(rst)  axyz)

Problems based on 2" property:

Example:

Ifu = 2xy,v = x>~ y?and x = rcos@,y = rsin6. Evaluate %Without
actual substitution.
Solution:

By property: 2

o(wy) _ d(uw)  9(xy)
are)  axy) a0
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u ou ox ox

__|ox oy E %

“lov ov X oy 0y (1)
dx 0dy ar 00

2

Givenu = 2xy,v = x?- y? ,x = rcosf,y = rsinf

W _ g % _ ost = i
E—Zy,ax—Zx, ar—cose,ar—sme
W g W g X g OV
E_Zx’ay_ 2y, 50 = rsm@,ag—rcose
awv) _ |2y 2x cos® —rsinf
(1 ot tGINE
a(r,0) 2x 2y sin@  rcos@

= (—4y? — x*)(rcos?*8 + rsin?0)

2 € -
~ [V 2 _X“=r1°Ccos 6)
= —4(x2+y?) X1 (.yzzrzsng

= —4r’xr
= —473
Example:
Ifx = a(u+v),y = b(u—v) andu = r’cos20,v = r’sin20 then evaluate

I(xy)
a(r,0)

Solution:
By Property: 2

0(xy) _ 9(xy) ,, 0uv)
a(r,0) a(uv) a(r,0)

ox x| |ou du

_|ou ov Jr 00

=lay oy X v ov - (1)
Ju OJv ar 06

Givenx = a(u+v),y = b(u—v),u = r’cos20,v = rsin2f

x_ o ou _ W _ i
P i b Pl 2rcos26 Pl 2rsinf
ox _ 9%y _ _ u_ 52 o _ 5 2
5y = A 5= b, Vi 2rsm29,60—2r cos20
a a 2rcos20 —2r?sin26
1)=> = X
&y |b —b| 2rsin26 2r%cos6

= (—ab — ab) (4r3cos?20 + 4r3sin?20)
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= —2ab X 4r3
= —8r3ab
Property: 3
If u,v,w are functionally dependent of three independent variables x,y , z
then % =
Proof:

As u,v,w are not independent then f(u,v,w) = 0...(1)

Differentiating equation (1) with respectto x,y,z we get

of ou Of ov of ow _

dudx ovdx  Ow dx 0=(2)
af @ of 0 af @

or u  GROWY ONGER Jo Srs)
dudy O0vady ow dy

df ou Of v of ow _

dudz Ovoz ow 9z 0 (4)

Eliminating f derivatives from (2) ,(3) and (4) we have

du Jv Jw
ox ox ox
du Jv Jw
ay oy dy
u OJv OJw
9z 0z 0z

On interchanging rows and columns, we get

du Jdu OJu
ax oy oz
ov dv Ov
ox 9y oz
ow ow Jow
ox 9y oz

Example:
If p=3x+2y—2z,q =x—-2y=2z,r = x+2y—zprovethatp,q,rare
functionally dependent.
Solution:

To prove p,q,r are functionally dependent.
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: a(pqr) _
I.e) To prove Yy s
o9p v 0p
dox OJdy 0z
. 0(ar) _ |99 99 9q
Con5|der—a v~ |ox oy oz
or or or
dox Jdy 0z
3 2 -1
=11 -2 1
o 20 —1
=3(2-2) -2(-1-1) -1(2+2)
=4-4
=0

~p,q,r are functionally dependent.
Example:
Provethatu = x + y + z,v = xy + yz + zx,w = x>+ y*+ z? are
functionally dependent. Find the relation between them.
Solution:

To prove u, v ,w are functionally dependent

o(uvw)

i.e) To prove T

6u6_uau

ox Jdy 0z

) a(u,v,w) v av ov
nsiaer = T

Conside 0(x,y,2) dx 0Jdy 0z

ow Jow Jdw

dx Jdy 0z

1 1 1
=ly+z z+x x+y
2x 2y 2z

=2x2+ 2zx - 2xy - 2y%- 2zy - 2z°+ 2xy
+ 2x? + 2y? + 2yz — 2xz — 2x°
=0

~ Given u,v,w are functionally dependent
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The relation between them is (x + y + 2)? = x2+y?+z> +2(xy + yz + zx)
u>= w+2v
Example:

~ B B oxyz) _ .2
fx+y+z=uy+z=uv,z=uvw prOVethata(u,v,w) -wv

Solution:
Givenx +y+z=u, y+z=uv, z = uvw
X+u =u, y+uww = uv, z = uvw

X =Uu-uv, y = uv- uvw, zZz = uvw

Jdx Ox Ox
ou Ov OJw
oxyz) _ [0y 9y Oy (1)
o(u,v,w) ou ov oaw|
dz 0z 0z
ou Ov 0z
X =Uu-uv, y = uv-uvw, zZ = uvw
Ox ay 0z

—=1-v, —=v—vw, —=vw
ou ou ou
ax——u ay—u—uw aZ—uw
v "oy ' v
0x ady 0z
— =0, —=—-uv, —=uv
ow " ow " ow
o ) 1—v —-Uu 0
X,Y,Z
1H>—"= =lv—vw u—uw —-wv
d(u,v,w)
vw uw uv

= (1 —v)(W?v —u?vw + u?vw) + u(uv? — uv?w + uviw) +
0(uvw — uvw? — uvw + uvw?
= (1 —v)u?v + u?v?
= u?v — u?v? + u?v?
= u?v

Hence proved.
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Example:

Find the Jacobian Z((:’—:’;)) of the transformation x = rsinfcose .,y =

rsinf@sing ,z = rcosd

Solution:

dx O0x 0Ox
ar 00 dg
0xy.z) _ 9y 9y 9y (1)
a(r,0,p) or 06 Od@|
dz 0z 0z

ar 096 ¢

X = rsinfcose ,y = rsinfsing,z = rcos

ox . 5 el . 0z
P sinfcosg , e sinfsing , T cosf

0x dy ’ 0z .
—=r — =7 — = —rsin
5 cosfcosg , ¥ cosfsing , bh sin@
0x ) . dy : 0z

— = —rsinfsing , — = rsinfcosp, — =0

do 4 do il dp

By sinfcosp rcosfcosp —rsinfsing
xX,Y,Z c ) : ;
1)= a—y = |sinfsing rcosfsing rsinfcosg
(1.6,9) :
cosf —r sinf 0

= sinfcos@ (0 + r?sin®fcosp) —
rcosOcos@(—rsinfcosOcosp) — r(sinbsing(—rsin?fsing — rcos?0sing)

= r2sin30cos?@ + r*cos*fcos*@sind + r?sin30sin?p +

r2cos?0sin®@sind

= 12sin30 + r2cos?0sind

= r2sinf(sin*6 + cos?0)

= r2sinf
Example:

yz zx

fu =2 v==w="= showthat 222 =
X y z

=4
d(x.y.2)

Solution:
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Ju Ju Ju
dx 0y 0z
o(u,v,w v ov ov
dwvw) _ 122 22 2L (1)
d(x,y,2) ox 0dy 0z
ow Jow oJow
dx Jdy 0z
z zZx X
u= y— ) v =— ) = —y
x y z
ou _ yz ov z 0w _y
9x  x2' 9x y' 9x z
ou z 0dv __ zZx ow X
dy x' dy  y2' 9y 9z
ou 'y odv _x Oow __ Xxy
9z z' 9z y' 9z = z2
Yz Z y
x2 x x
o(uv,w) 4 oz x
(D) & 2
d(x,y,2) y y y
y X Xy
z z z2
z [x%yz  x? z Xyz X Zx | ZX
NAERE| i v Py
x2 ly%2z2  yz X yz?  yz x‘yz = zy?
x2%y?z? zx?  xyz?  xyz zZx . zZxy?
_ _xfy’z? | yzx? | xyz® | ayz | yzx | zxy

x2y2z2 = x%yz «xyz? xyz xyz xzy?
= -1+1+1+1+1+1 = 4
Hence proved.

Example:

9(y1,Y2,y3)

Find the value of
9(x1,x2,x2)

ify; =1—x1,y2 =x:(1 —x3),y3 = x1x,(1 — x3)

Solution:

axl axZ ax3
O1y2ys) _ [9¥2 9y2 9y2 (1)
0(x1,%X2,X2) dx,; O0x, Oxy| 7

dx1 Ox, O0x3
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Giveny; =1—x1,y, = x,(1 —x3),y3 = x1%,(1 — x3)

Z—i’i:— ,Z—ﬁ=1—x2,g—2=x2—x2x3
3_2:0’%:_)61’2_2:)61_)61)63
2=0,22=0,22= 0-x%
-1 0 0
(1) = 20wYz¥s) _ | 1 _ —x, 0

0(x1,X5,%
Crxa) Xy —X2X3 X1 —X1X3 —X1X3

= —1(x2x, — 0) = —x?x,
Example:
If x = acosh@cosB ,y = asinh@sinf show that

dxy) _
3(¢.9)

Solution:

2
a? (cosh2¢ — cos20)

dx Ox
a(x,y) _ dp 00 (1)
a@6) |9y 9y ™
dp 00

Given x = acosh@cosf,y = asinh@sind

dx X ay .

— = acosOsinhgp , — = asinBcosh
dp 4 dp 4
0x . d .
i —asinfcoshg , % = acosfsinhg

a(x,y) _ |acosBsinhg —asinfcoshg
d(p.0)  |asinfcoshg acosBsinhe

1) =
= a’sinh®@cos?0 + a*cosh?@sin?0
= a’[sinh?@(1 — sin?0) + (1 + sinh?p)sin?0]
= a?[sinh?@ — sinh?@sin?0 + sin?0 + sinh?@sin?0]
= a?[sinh*¢ + sin?0]

a2 [coshZ(p—l 1—c0529]

+
2 2

cosh2¢p—1+1—-cos26
= @[ - ]
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= a?z (cos2¢ — cos20)
Hence proved.
Jacobian of Implicit Functions
If filu,v,w,x,y,z) =0
fHL(u,v,w,x,y,z) =0
and f3(u,v,w,x,y,z) = 0 are three implicit functions, we can consider u, v, w

as implicit function x, y, z then it can be proved

0(f1.f2,f3)
Iuvw) _ (—1)3 2022
2(x,y,z) a(af(t]; 2‘;{) 3)
6( ) 0(f1.f2.f3)
xX,¥Y,Z 3 Jd(uvw)
Also o(u,v,w ( 1) 0(f1.f2.f3)
0(x,y,z)

Example:
Iffi=u—x—-y—-z=0,f,=uv—y—2z=0,f3 =uvw—z = 0, prove that

I(x,y,2) .
d(u,v,w)

Solution:
Givenfi=u—x—-y—z, pb=uw—-y—2z fz=uvww—z

O g _g%_ ., s_ O

ax__l'E:1' ax - ’ou ' ox 'E:vw
Ofhi _ 4 0 _ g %f2_ _4 92 _ Ofs _ _ 4 9fs _
9z 1'6w_0'62_ 1'6W_0' az 1'6w_uv
0(f1.f2,f3)
a(x,y,Z) ( 1)3 a(u,v,w)
a(uvw) a(af(l;cfyz'ZJ;S)
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0f1 9f1 9f1
oou ov ow
0f, dfz 9f2

u v ow 1 0 0
9fs 9f3 93 v.ou 0 2
—_Ytou 9w ow! — _lvw uw wvl_ _ UV
- f1 9df1 9f1 -1 -1 -1 —1x1
dx 0dy 0z 0o -1 -1
0f2 09fz2 0f2 0 0 -1
dax dy 0z
0f3 9f3z 0df3
dx ady 0z
= u?v
Hence proved.
Exercise:
2 2
Lifu=2 ,v="2%find 22 Ans: -3
X y a(x,y)
2. 1fu = x v=x+findM Ans: ——
' Yo y () L y-x
- a | o o(uvw) _ 5
d.fu=x+y+2z u*v=y+zu>w = z show that 30y 2)
4. Find the Jacobian of x = 2u, y = 3v%z = 4w Ans: 144uw?

0(xy) , 3r0) _
o(r6) ~ 9(xy)

5.1f x =e'secd , y = e'tand , prove

_ _ _ N — a(ny) G % a(u,v) H ¢ —
6.1fx = 4(1—-v),y = uv compute J — and J B0 and verify JJ =1
_ X2X3 _ X1X3 _ X1X2 g 0(¥1,¥2,¥3) .
7.1f y, = o V2= V3= find e ) Ans:4
_ v .4 9(xy) .Y
8.Ifx =u(l +v),y = v(l + v)find T Ans: —
_ B | . - 0(x,y) .
9.1fx = rcosf,y = rsinf find (i) 3.9 Ans:r
... 0(r,0) .1
(i) 3y) Ans: -
10. Show that the functionu = x + vy — z,v = x-y + z,w = x2+y*+ 2> —2yz
are dependent. Find the relation between them. AnNs: u?+v2 = 2w
11. Areu = g,v = if—zfunctionally dependent? If so, Find the relation between them.

Ans: Yes, (1—uw)(1—v) =0
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12.fu=x+vy+ z,v =x2+y>+22,w = x>+ y®+ 2> — 3xyz ,prove that u, v, w

are not dependent and find their relation. Ans: 2w = u(3v — u?)

13. Examine the functional dependence of the functions u = % , V= (;’;)2? If so, Find

the relation between them. Ans: u?-4v =1
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