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Taylor’s Series for Functions of Two Variables 

                       Let 𝑓(𝑥, 𝑦) be a function of two variables 𝑥, 𝑦. We can expand 𝑓(𝑥 + ℎ, 𝑦 + 𝑘) 

in a series of ascending powers of ℎ and 𝑘. Consider 𝑓 (𝑥 +  ℎ, 𝑦 +  𝑘)   as a function of the 

single variable 𝑥. 

The Taylors series is 

𝒇 ( 𝒙, 𝒚 ) = 𝒇(𝒂, 𝒃) +
𝟏

𝟏!
 [(𝒙 − 𝒂)𝒇𝒙(𝒂, 𝒃) + (𝒚 − 𝒃)𝒇𝒚(𝒂, 𝒃)] + 

𝟏

𝟐!
[(𝒙 − 𝒂)𝟐𝒇𝒙𝒙(𝒂, 𝒃) + 𝟐(𝒙 − 𝒂)(𝒚 − 𝒃)𝒇𝒙𝒚(𝒂, 𝒃) + (𝒚 − 𝒃)𝟐𝒇𝒚𝒚(𝒂, 𝒃)] + ⋯ 

It is the Taylor’s series expansion of 𝑓(𝑥, 𝑦) about the point (𝑎, 𝑏). 

Example:  

    (i) Expand 𝒆𝒙𝒄𝒐𝒔𝒚  about (𝟎,
𝝅

𝟐
)up to the third term using Taylor’s series. 

(ii)𝒆𝒙𝒄𝒐𝒔𝒚  in powers of  x and y as far as the terms of the third degree .  

Solution:                         

 

Function 

 

Value at (𝟎,
𝝅

𝟐
) 

 

Value at (0, 0) 

𝑓 (𝑥, 𝑦 ) =𝑒𝑥𝑐𝑜𝑠𝑦 𝑓 = 0 1 

𝑓𝑥=𝑒𝑥𝑐𝑜𝑠𝑦 

𝑓𝑦=−𝑒𝑥𝑠𝑖𝑛𝑦 

𝑓𝑥  = 0 

𝑓𝑦  = −1 

1 

0 

𝑓𝑥𝑥=𝑒𝑥𝑐𝑜𝑠𝑦 

𝑓𝑥𝑦=−𝑒𝑥siny 

𝑓𝑦𝑦=−𝑒𝑥cosy 

𝑓𝑥𝑥  = 0 

𝑓𝑥𝑦  = −1 

𝑓𝑦𝑦  = 0 

1 

0 

−1 

𝑓𝑥𝑥𝑥=𝑒𝑥𝑐𝑜𝑠𝑦 

𝑓𝑥𝑥𝑦=−𝑒𝑥siny 

𝑓𝑥𝑦𝑦 =−𝑒𝑥𝑐𝑜𝑠𝑦 

𝑓𝑦𝑦𝑦  =𝑒𝑥sin y 

𝑓𝑥𝑥𝑥  = 0 

𝑓𝑥𝑥𝑦  = −1 

𝑓𝑥𝑦𝑦  =  0 

𝑓𝑦𝑦𝑦  = 1 

                         1 

0 

−1 

0 

By Taylor‘s theorem 
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 𝑓(𝑥, 𝑦) = 𝑓 (𝑎, 𝑏) + 
1

1!
[(𝑥 − 𝑎)𝑓𝑥(𝑎, 𝑏) + (𝑦 − 𝑏)𝑓𝑦(𝑎, 𝑏)] + 

1

2!
[(𝑥 − 𝑎)2𝑓𝑥𝑥(𝑎, 𝑏) + 2(𝑥 − 𝑎)(𝑦 − 𝑏)𝑓𝑥𝑦(𝑎, 𝑏) + (𝑦 − 𝑏)2𝑓𝑦𝑦(𝑎, 𝑏)] 

 +
1

3!
[(𝑥 − 𝑎)3𝑓𝑥𝑥𝑥(𝑎, 𝑏) + 3(𝑥 − 𝑎)2(𝑦 − 𝑏)𝑓𝑥𝑥𝑦(𝑎, 𝑏) + 3(𝑥 − 𝑎)(𝑦 −

𝑏)2𝑓𝑥𝑦𝑦 (𝑎, 𝑏) +                       (𝑦 − 𝑏)3𝑓𝑦𝑦𝑦(𝑎, 𝑏)] + ⋯ 

(i) 𝒂 =  𝟎, 𝒃 =  
𝝅

𝟐
 

𝑓 (𝑥, 𝑦) =  0+ 
1

1!
 [(𝑥)(0) + (𝑦 −

𝜋

2
) (−1)] +

1

2!
[(𝑥)2(0) + 2(𝑥)(𝑦 −

𝜋

2
)(−1) +

(𝑦 −
𝜋

2
)

2

(0)] 

           +
1

3!
[(𝑥)3(0) + 3(𝑥)2 (𝑦 −

𝜋

2
) (−1) + 3(𝑥) (𝑦 −

𝜋

2
)

2

(0) +  (𝑦 −
𝜋

2
)

3

(1) ] + ⋯ 

            =  −𝑦 +
𝜋

2
+

1

2!
[−2𝑥𝑦 + 2𝑥

𝜋

2
]+ 

1

3!
[−3𝑥2𝑦 + 3

𝜋

2
𝑥2 +  (𝑦 −

𝜋

2
)

3

] 

(ii)  𝒂 =  𝟎 , 𝒃 =  𝟎 

𝑓 (𝑥, 𝑦) = 1 + 
1

1!
[(𝑥)(1) + (𝑦)(0)] +

1

2!
[(𝑥)2(1) + 2(𝑥)(𝑦)(0) + (𝑦 )2(−1)] 

     +
1

3!
[(𝑥)3(1) + 3(𝑥)2(𝑦 )(0) + 3(𝑥)(𝑦)2(−1) +  (𝑦 )3(0)] + ⋯ 

𝑓 ( 𝑥, 𝑦 )  = 1 + 𝑥 + 
1

2!
[𝑥2 − 𝑦2] +

1

3!
[𝑥3 − 3𝑥𝑦2] + ⋯ 

Example:  

      Obtain terms up to the third degree in the Taylor series expansion of 𝒆𝒙𝒔𝒊𝒏𝒚  about 

the point (𝟏,
𝝅

𝟐
)                                                                               

Solution: 

        Function                         Value at (1,
𝝅  

𝟐
) 

𝑓 (𝑥, 𝑦 ) =𝑒𝑥𝑠𝑖𝑛𝑦 𝑓 = 𝑒 

      𝑓𝑥=𝑒𝑥𝑠𝑖𝑛𝑦 

𝑓𝑦= 𝑒𝑥𝑐𝑜𝑠𝑦 

𝑓𝑥  = e 

𝑓𝑦  = 0 

𝑓𝑥𝑥=𝑒𝑥𝑠𝑖𝑛𝑦 

𝑓𝑥𝑦=  𝑒𝑥cos y 

𝑓𝑦𝑦=−𝑒𝑥siny 

𝑓𝑥𝑥  = e 

𝑓𝑥𝑦  = 0 

𝑓𝑦𝑦  = −𝑒 
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𝑓𝑥𝑥𝑥  = 𝑒𝑥𝑠𝑖𝑛𝑦 

𝑓𝑥𝑥𝑦  = 𝑒𝑥cos y 

𝑓𝑥𝑦𝑦 = −𝑒𝑥𝑠𝑖𝑛𝑦 

𝑓𝑦𝑦𝑦  = − 𝑒𝑥cosy 

𝑓𝑥𝑥𝑥  = e 

𝑓𝑥𝑥𝑦  = 0 

𝑓𝑥𝑦𝑦  =  −𝑒 

𝑓𝑦𝑦𝑦  = 0 

By Taylor‘s theorem 

𝑓 ( 𝑥, 𝑦 ) =  𝑓(𝑎, 𝑏)+
1

1!
[(𝑥 − 𝑎)𝑓𝑥(𝑎, 𝑏) + (𝑦 − 𝑏)𝑓𝑦(𝑎, 𝑏)] 

              +
1

2!
[(𝑥 − 𝑎)2𝑓𝑥𝑥(𝑎, 𝑏) + 2(𝑥 − 𝑎)(𝑦 − 𝑏)𝑓𝑥𝑦(𝑎, 𝑏) + (𝑦 − 𝑏)2𝑓𝑦𝑦(𝑎, 𝑏)] 

  +
1

3!
[(𝑥 − 𝑎)3𝑓𝑥𝑥𝑥(𝑎, 𝑏) + 3(𝑥 − 𝑎)2(𝑦 − 𝑏)𝑓𝑥𝑥𝑦(𝑎, 𝑏) + 3(𝑥 − 𝑎)(𝑦 −

𝑏)2𝑓𝑥𝑦𝑦 (𝑎, 𝑏) +                              (𝑦 − 𝑏)3𝑓𝑦𝑦𝑦(𝑎, 𝑏)] + ⋯ 

Put   𝒂 =  𝟏, 𝒃 =
𝝅  

𝟐
 

𝑓 (𝑥, 𝑦) = 𝑒 + 
1

1!
[(𝑥 − 1)𝑒 + (𝑦 −

𝜋  

2
) (0)] + 

                   
1

2!
[(𝑥 − 1)2𝑒 + 2(𝑥 − 1)(𝑦 −

𝜋  

2
 )(0) + (𝑦 −

𝜋  

2
)

2

(−𝑒)] + 

       
1

3!
 [(𝑥 − 1)3𝑒 + 3(𝑥 − 1)2 (𝑦 −

𝜋  

2
) (0) + 3(𝑥 − 1) (𝑦 −

𝜋  

2
)

2

(−𝑒) +  (𝑦 −

𝜋  

2
)

3

(0) ] + ⋯ 

𝑓 (𝑥, 𝑦) = 𝑒 +
1

1!
(𝑥 − 1)𝑒 +

1

2!
[(𝑥 − 1)2𝑒 + (𝑦 −

𝜋  

2
)

2

(−𝑒)] 

                +
1

3!
[(𝑥 − 1)3𝑒 − 3𝑒(𝑥 − 1) (𝑦 −

𝜋  

2
)

2

] + ⋯ 

Example:  

       Expand the function 𝒔𝒊𝒏 𝒙𝒚 in powers of 𝒙 −  𝟏 and  𝒚 −
𝝅  

𝟐
 upto second degree 

terms.  

  Solution: 

Function Value at (1,
𝝅  

𝟐
) 

𝑓 (𝑥, 𝑦 ) = 𝑠𝑖𝑛𝑥𝑦 𝑓 = 1 

𝑓𝑥=𝑦𝑐𝑜𝑠(𝑥𝑦) 

𝑓𝑦=𝑥𝑐𝑜𝑠(𝑥𝑦) 

𝑓𝑥  = 0 

𝑓𝑦  = 0 
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𝑓𝑥𝑥= − 𝑦2sin (𝑥𝑦) 

𝑓𝑥𝑦= −𝑥𝑦 sin(xy)+cos(xy) 

𝑓𝑦𝑦= −𝑥2sinxy 

 

𝑓𝑥𝑥  = −
𝜋2

4
 

𝑓𝑥𝑦  = −
𝜋  

2
 

𝑓𝑦𝑦  =   − 1 

By Taylor‘s theorem 

𝑓 (𝑥, 𝑦 ) = 𝑓 (𝑎, 𝑏)+
1

1!
[(𝑥 − 𝑎)𝑓𝑥(𝑎, 𝑏) + (𝑦 − 𝑏)𝑓𝑦(𝑎, 𝑏)] + 

1

2!
[(𝑥 − 𝑎)2𝑓𝑥𝑥(𝑎, 𝑏) + 2(𝑥 − 𝑎)(𝑦 − 𝑏)𝑓𝑥𝑦(𝑎, 𝑏) + (𝑦 − 𝑏)2𝑓𝑦𝑦(𝑎, 𝑏)] + ⋯ 

Put 𝒂 = 𝟏, 𝒃 =  
𝝅  

𝟐
 

𝑓 ( 𝑥, 𝑦 ) = 1 +
1

1!
[(𝑥 − 1)(0) + (𝑦 −

𝜋  

2
) (0)] + 

                         
1

2!
[(𝑥 − 1)2 (−

𝜋2

4 
)    + 2(𝑥 − 1) (𝑦 −

𝜋  

2
) (−

𝜋  

2
)  + (𝑦 −

𝜋  

2
)

2

(−1)] + ⋯ 

                = 1 +
1

2!
[(𝑥 − 1)2 (−

𝜋2

4 
)  + 2(𝑥 − 1) (𝑦 −

𝜋  

2
) (−

𝜋  

2
) − (𝑦 −

𝜋  

2
)

2

] + ⋯ 

                = 1 +
1

2!
[(𝑥 − 1)2 (−

𝜋2

4 
) − 𝜋(𝑥 − 1) (𝑦 −

𝜋  

2
) − (𝑦 −

𝜋  

2
)

2

] + ⋯ 

Example:  

    Expand 𝒇 (𝒙, 𝒚) =  𝒆𝒙𝒚  in Taylors Series at (1, 1) upto second degree. 

Solution: 

Function Value at (1,1) 

𝑓 (𝑥, 𝑦 ) =𝑒𝑥𝑦 𝑓 = 𝑒 

𝑓𝑥=  𝑦 𝑒𝑥𝑦 

𝑓𝑦=  𝑥  𝑒𝑥𝑦 

𝑓𝑥  = 𝑒 

𝑓𝑦  = 𝑒 

𝑓𝑥𝑥=𝑦2𝑒𝑥𝑦 

𝑓𝑥𝑦=  𝑥 𝑦 𝑒𝑥𝑦+ 𝑒𝑥𝑦 

𝑓𝑦𝑦=  𝑥2 𝑒𝑥𝑦 

𝑓𝑥𝑥  = 𝑒 

𝑓𝑥𝑦  = 𝑒 +  𝑒 =  2𝑒 

𝑓𝑦𝑦  = 𝑒 

By Taylor‘s theorem 

𝑓 (𝑥, 𝑦)  =  𝑓(𝑎, 𝑏)+
1

1!
[(𝑥 − 𝑎)𝑓𝑥(𝑎, 𝑏) + (𝑦 − 𝑏)𝑓𝑦(𝑎, 𝑏)] + 
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1

2!
[(𝑥 − 𝑎)2𝑓𝑥𝑥(𝑎, 𝑏) + 2(𝑥 − 𝑎)(𝑦 − 𝑏)𝑓𝑥𝑦(𝑎, 𝑏) + (𝑦 − 𝑏)2𝑓𝑦𝑦(𝑎, 𝑏)] + ⋯ 

Put 𝒂 =  𝟏, 𝒃 =  𝟏 

𝑓 (𝑥, 𝑦)  =  𝑒 +
1

1!
[(𝑥 − 1)𝑒 + (𝑦 − 1 )(𝑒)] + 

1

2!
[(𝑥 − 1)2𝑒 + 2(𝑥 − 1)(𝑦 − 1 )(2𝑒) + (𝑦 − 1  )2(𝑒)] + ⋯ 

Example:  

 Expand  𝒆𝒙 𝐥𝐨𝐠(𝟏 + 𝒚)  in powers of x and y upto terms of third degree. 

Solution: 

         Function       Value at (0 ,0 ) 

𝑓 (𝑥, 𝑦 ) =𝑒𝑥 log(1 + 𝑦) 𝑓 = 0 

𝑓 𝑥= 𝑒𝑥 log(1 + 𝑦) 

𝑓𝑦= 𝑒𝑥 1

1+𝑦
 

𝑓𝑥  = 0 

𝑓𝑦  = 1 

𝑓𝑥𝑥  = 𝑒𝑥 log(1 + 𝑦) 

𝑓𝑥𝑦  =  𝑒𝑥 1

1+𝑦
 

𝑓𝑦𝑦  = −𝑒𝑥 1

(1+𝑦)2 

𝑓𝑥𝑥  = 0 

𝑓𝑥𝑦  = 1 

𝑓𝑦𝑦  = −1 

𝑓𝑥𝑥𝑥  = 𝑒𝑥 log(1 + 𝑦) 

𝑓𝑥𝑥𝑦  = 𝑒𝑥 1

1+𝑦
 

𝑓𝑥𝑦𝑦  = −𝑒𝑥 1

(1+𝑦)2 

𝑓𝑦𝑦𝑦   =  2 𝑒𝑥 1

(1+𝑦)3 

𝑓𝑥𝑥𝑥  = 0 

𝑓𝑥𝑥𝑦  = 1 

𝑓𝑥𝑦𝑦  =  −1 

𝑓𝑦𝑦𝑦  = 2 

 

By Taylor‘s theorem 

𝑓 ( 𝑥, 𝑦 )  = 𝑓(𝑎, 𝑏) +
1

1!
[(𝑥 − 𝑎)𝑓𝑥(𝑎, 𝑏) + (𝑦 − 𝑏)𝑓𝑦(𝑎, 𝑏)] + 

1

2!
[(𝑥 − 𝑎)2𝑓𝑥𝑥(𝑎, 𝑏) + 2(𝑥 − 𝑎)(𝑦 − 𝑏)𝑓𝑥𝑦(𝑎, 𝑏) + (𝑦 − 𝑏)2𝑓𝑦𝑦(𝑎, 𝑏)] 
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            + 
1

3!
 [(𝑥 − 𝑎)3𝑓𝑥𝑥𝑥(𝑎, 𝑏) + 3(𝑥 − 𝑎)2(𝑦 − 𝑏)𝑓𝑥𝑥𝑦(𝑎, 𝑏) + 3(𝑥 − 𝑎)(𝑦 −

𝑏)2𝑓𝑥𝑦𝑦 (𝑎, 𝑏) +                (𝑦 − 𝑏)3𝑓𝑦𝑦𝑦(𝑎, 𝑏)] + ⋯ 

Put  𝒂 =  𝟎, 𝒃 =  𝟎  

𝑓 ( 𝑥, 𝑦 ) = 0 +
1

1!
[(𝑥)(0) + (𝑦 )(1)] +

1

2!
[(𝑥)2(0) + 2(𝑥)(𝑦 )(1) + (𝑦  )2(−1)] 

       +
1

3!
[(𝑥)3(0) + 3(𝑥)2(𝑦 )(1) + 3(𝑥)(𝑦  )2(−1) +  (𝑦 )3(2) ] + ⋯ 

              = 𝑦 +   
2𝑥𝑦−𝑦2

2!
+   

   3𝑥2𝑦−3𝑥 𝑦2+2𝑦3

3!
+ ⋯  

Example:  

     Expand    𝒙𝟐𝒚 + 𝟑𝒚 − 𝟐   in powers of (𝒙 − 𝟏) and (𝒚 + 𝟐) up to the third degree 

term 

Solution:  

 Let  𝑓(𝑥, 𝑦)  =  𝑥2𝑦 + 3𝑦 − 2  

         Function       Value at (1, -2) 

𝑓 (𝑥, 𝑦 ) = 𝑥2𝑦 + 3𝑦 − 2 𝑓 =  −10 

𝑓𝑥= 2xy 

𝑓𝑦= 𝑥2  + 3 

𝑓𝑥  = −4 

𝑓𝑦  = 4 

𝑓𝑥𝑥  = 2y 

𝑓𝑥𝑦  =  2x 

𝑓𝑦𝑦=  0 

𝑓𝑥𝑥  = −4 

𝑓𝑥𝑦  = 2 

𝑓𝑦𝑦  = 0 

𝑓𝑥𝑥𝑥  =  0 

𝑓𝑥𝑥𝑦=  2 

𝑓𝑥𝑦𝑦 =  0 

𝑓𝑦𝑦𝑦  = 0 

𝑓𝑥𝑥𝑥  = 0 

𝑓𝑥𝑥𝑦  = 2 

𝑓𝑥𝑦𝑦  =  0 

𝑓𝑦𝑦𝑦  = 0 

By Taylor‘s theorem 

𝑓 ( 𝑥, 𝑦 )   =  𝑓(𝑎, 𝑏)+
1

1!
[(𝑥 − 𝑎)𝑓𝑥(𝑎, 𝑏) + (𝑦 − 𝑏)𝑓𝑦(𝑎, 𝑏)] + 

1

2!
[(𝑥 − 𝑎)2𝑓𝑥𝑥(𝑎, 𝑏) + 2(𝑥 − 𝑎)(𝑦 − 𝑏)𝑓𝑥𝑦(𝑎, 𝑏) + (𝑦 − 𝑏)2𝑓𝑦𝑦(𝑎, 𝑏)] 
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   +
1

3!
[(𝑥 − 𝑎)3𝑓𝑥𝑥𝑥(𝑎, 𝑏) + 3(𝑥 − 𝑎)2(𝑦 − 𝑏)𝑓𝑥𝑥𝑦(𝑎, 𝑏) + 3(𝑥 − 𝑎)(𝑦 −

𝑏)2𝑓𝑥𝑦𝑦 (𝑎, 𝑏) +                           (𝑦 − 𝑏)3𝑓𝑦𝑦𝑦(𝑎, 𝑏)] + ⋯ 

Put 𝒂 =  𝟏, 𝒃 =  −𝟐  

𝑓 ( 𝑥, 𝑦 )  =  −10  +
1

1!
[(𝑥 − 1)(−4) + (𝑦 + 2 )(4)] + 

1

2!
[(𝑥 − 1)2(−4) + 2(𝑥 − 1)(𝑦 + 2 )(2) + (𝑦 + 2 )2(0)] 

+
1

3!
[(𝑥 − 1)3(0) + 3(𝑥 − 1)2(𝑦 + 2  )(2) + 3(𝑥 − 1)(𝑦 + 2  )2(0) +  (𝑦 + 2 )3(0) ] + ⋯ 

=  −10 − 4(x − 1) + 4( y + 2) −  2(𝑥 − 1)2 + 2(𝑥 − 1)(𝑦 + 2) +  (𝑥 − 1)2(𝑦 + 2)   


