ROHINI COLLEGE OF ENGINEERING AND TECHNOLOGY

Taylor’s Series for Functions of Two Variables
Let f(x, y) be a function of two variables x, y. We can expand f(x + h,y + k)

in a series of ascending powers of h and k. Consider f (x + h,y + k) as a function of the

single variable x.
The Taylors series is

f(xy)=f(ab)+: [(x—a)f.(a b) + (y — b)f,(a b)] +

%[(x - a)zfxx(a' b) + Z(X 1 a)(y L b)fxy(a; b) + (J’ - b)zfyy(a: b)] + -

It is the Taylor’s series expansion of f (x,y) about the point (a, b).

Example:

(i) Expand e*cosy about (O, g)up to the third term using Taylor’s series.

(i)e*cosy in powers of x andy as far as the terms of the third degree .

Solution:
Function Value at (0, 121) Value at (0, 0)
f (x,y) =e*cosy f=0 1
fx=e*cosy f=0 1
fy=—e*siny fy=-1 0
frx=e*cosy fex =0 1
frey=—e*siny feoy =—1 0
fyy=—e*cosy fyy =0 -1
fexx=€*cosy fexx =0 1
fexy=—e*siny fexy =—1 0
fuyy =—€*cosy fuyy = 0 1
fyyy =e*siny fyyy =1 0
By Taylor‘s theorem
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f(xy) = f (a,b) +=[(x — @) fe(a,b) + (y — b)fy (a, b)] +

1
SilG = @ fex (@, b) + 2(x — )y = b) fiy (@, b) + (v = )* £y, (a, b)]

2!
% [ = @)% fixx(a, b) + 3(x — @)2(y = b) fexy (a,b) + 3(x —a) (y —
b)?fryy(a,b) + (v = b)3fyyy(a, b)] + -

N - _ =
(la=0b =7

f ey = 002 [0 + (v -5 D]+ 5| @20+ 200 - DD +

(v-2) ©]

+1 0@ #3607 (y =5 D +3@ =3 O+ (y-2) @ |+~
= —y+§+%[—2xy+2x§]+%[—3xzy+3§x2+ (y—g)S]
(iya =0,b =0
f (63) = 1421 + GIO] + 5 [(92(1) + 2(9)(0) + (7 )A(=1)]
F LI + 323 + 3G (—1) + ()30 + -
fxy) =1+x+t=[x? — y2] 4= [x® — 3xy?] + -
Example:

Obtain terms up to the third degree in the Taylor series expansion of e*siny about

the point (1, g)

Solution:
Function Value at (1,”7)
f (x,y) =e*siny f=e
fr=e*siny fr=¢
fy=e*cosy fy =0
frx=€*siny fex =€
fxy= e*cosy frey =0
fyy=—e*siny fyy = —e
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fexx = €*siny fexx =€
frxy =€%COSY fexy =0
fryy = —€*siny freyy = —€
fyyy = — e*cosy fyyy =0
By Taylor‘s theorem

f(xy)= f(ab)y[(x — afila,b) + (y— b)f,(a b)]
+—[(x = )?fix (@, b) + 2(x — Q) (y — b) fo (@, b) + (y = b)*f, (a, b)]
=[x = @) fraa(@,b) + 30t = (¥ = b) iy (a,b) + 3(x = @) (y —

b)?fryy(a,b) + (v — b)3f,py (@, b)] + -
Put a= 1,b= Ez—

fy=ert{@-De+(y-%) O]+
%[(x—1)Ze+2(x—1)(y—%)(0)+(y_”7)2(_e)]+
%[(x—1)3e+3(x—1)2(y—”?)(0)+3(x_1)(y_ﬂ?)2(_e)+ (-
”—)3(0)]+
feoy)=e+m(x=1e+= [(x—1)ze+ y__ e)]

+% [(x —1)3e—-3e(x—1) (y — %)2] + -
Example:

Expand the function sin xy in powers of x — 1 and y — "7 upto second degree

terms.
Solution:
Function Value at (1,”7)
f (x,y) = sinxy f=1
fx=ycos(xy) fi =0
fy=xcos(xy) fy =0
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— 2 14
frx=— y*-sin(xy) foo = -z
fry= —xy sin(xy)+cos(xy) -
fxy = ?
fyy= —x?%sinxy
fyy= —1

By Taylor‘s theorem
f (6y) = f (@ b)+=[(x — @fila,b) + (v — b)f; (a; )] +

2!
Puta =1,b = ”7
f(ay) =1+ = DO+ (y-Z) O +
a0 (-5) v - -5) (5) +(
(

=1+ :(x— D2 (-5 +2a -1 (y- %)

-glese G- b - Pl ) [

Example:

l[(x — @)% fula b) + 2(x — A)(y — b)fyy (a, b) + (¥ — b)2f,, (a, )| +

Expand f (x,y) = e in Taylors Series at (1, 1) upto second degree.

Solution:
Function Value at (1,1)
fxy)=e™ f=e
fez ye® fi=e
fy= x e fy=e
fex=y?e™ fix=e
fey= xy e+ e* foy=e + e = 2e
fyy= x* €™ fry =e
By Taylor‘s theorem

fy) = fl@by[(x - afila,b) + (y — b)fy(a,b)] +
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%[(X - a)zf;cx(a; b) + Z(X - a)(y - b)fxy(a; b) + ()’ - b)zfizy(a; b)] +
Puta= 1,b=1

fny) = e+—[(x—De+(y—1))]+

1

Sl =D +2(x - Dy —1)2e) + y =1 )* ()] + -
Example:

Expand e*log(1 + y) in powers of x and y upto terms of third degree.

Solution:

Function Value at (0,0)

f (x,y)=e*log(1+y) f=0
fx=e*log(l+y) fi=0

S =1

fy— o 1+y fy

frx =e¥log(1 + y) for =0

fey = exﬁ fey =1
1 fyy =-1

— X
Sy =~ iy

frxx =€*log(1+y) Jexx =0
f;cxy = exﬁ f;cxy =1
_ 1 fryy = —1
frvy = 7€ Gyt
fyyy =2

- X 1
fyyy = 26 (147)3

By Taylor‘s theorem
f(xy) =f(ab)+[(x—a)fila b) + (y — b)fy(a,b)] +

%[(x - a)zfxx(a' b) + Z(X - a)(y - b)fxy(a; b) + (y - b)zl‘i/y(a' b)]
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b1 [ = % fore(@,b) + 3¢ = 02(y = D) fy (a,b) + 3(x — )y
b)?fyyy(a,b) + (v = b)3fyyy(a, b)] + -
Put a= 0,b= 0
f (%) =0+5[()(0) + )M + = [()2(0) + 20 (¥ )(D) + (¥ )2 (-1)]
2 [G3(0) + 32N + 3K (D + ¢P@) ]+

_ 2xy—y? 3x%2y-3x y%+2y3

2! 3!

Example:
Expand x?y + 3y — 2 in powers of (x — 1) and (y + 2) up to the third degree

term
Solution:
Let f(x,y) = x?y+ 3y —2
Function Value at (1, -2)
f,y)=x?y+3y—2 f = =10
fx=2xy fe=—4
fy=x* +3 fy =4
fex =2Y fox = —4
frey = 2X fry =2
fyy=0 fyy =0
fexx = 0 fexx =0
faxy= 2 fexy =2
feyy= 0 feyy = 0
fyyy =0 fyyy =0
By Taylor‘s theorem

f(xy) = f(@b)+=[(x — a)fila,b) + (v — b)f, (a,b)] +

10— @) @,5) + 26— )~ By (@,5) + (v — B)2fy @, )
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+%[(x — @)% fxx(a,b) + 3(x — @)?(y — D) fray (@, b) + 3(x — @) (y —

b)zf;cyy (a' b) + (y - b)nyyy(a; b)] +
Puta= 1,b = -2

flry) =-10 +-[x- DD+ G +2)D] +

1
Sl =D*(=H + 20 =D +2)(@2) + (v +2)*(0)]

+§ [(x = 1300) +3(x = D2(y+ 2 )@2)+3(x =D+ 2 )20+ (y +2)3(0) ] + -
= 10 —4x— 1D +4(y+2) = 2(x=1)?+2(x - DG+ 2) + (x— (v +2)
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