ROHINI COLLEGE OF ENGINEERING AND TECHNOLOGY
4.3 Subgroups

Define Subgroups

Let (G, *) be a group. Then (H, *) is said to be subgroup of (G, *) if H € ¢ and
(H, =) itself is a group under the operation *

I.e., (H, *) is said to be a subgroup of (G, *) if

* e ¢ H, where ¢ is the identity in G.

« ForanyaeH,a'leH

e Fora,beH,axbesH
Define Trivial and Proper Subgroups

* ({e}, ) and (@, =) are trivial subgroups of (G, *).

« All other subgroups of (G, *) are called proper subgroups.
Examples of Subgroups:

* (Z, +)is a Subgroup of (Q, +)

* (Q, +)isa Subgroup of (R, +)

* (R, +) is a Subgroup of(C,+)
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Example of Subgroups

Find all the subgroups (z12,+12)

Solution:

z12=40,1, 2, 3,4,5, 6, 7,8,9,10, 11}

Let 51 = {0, 6}

- $2={0, 4,8}

- 53=A{0,3, 6,9}

« S4=10,2,4,6,8}

* 51,852, 53, S4are proper subgroups of (z12, +12)

({0}, +12) and (z12, +12) are its trivial subgroup

Theorems on Subgroups:

Theorem: 1

State and prove the necessary and sufficient condition for a subset of a

group to be subgroup.
Statement:

Let (G, *) be a group. H is a nonempty subset of G, then H is a subgroup of G
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if and only if whenever a, b € H = a * b1 € H for all

a,b eEH

(Definition: (G, *) be a group, H nonempty subset of G. H is a subgroup of G if

H itself is a group under the same binary operation )

Proof:

Necessary Part

Let (G, *) be a group. H is a nonempty subset of G.

Assume that H is a subgroup of G.

By definition, (H, *) is a group.
So a, b € H= b™* € H by inverse property
= a * b € H by closure property

Sufficient Part

Let (G, *) be a group. H is a nonempty subset of G.

Assumea,b€EH=a*xb*eH —» (1)
Claim: H is a subgroup of
G i.e., (H, *) is a group.

H is nonempty so let a € H
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(iii) Identity
Now a, a € H by (1)

axal€eH
il.e., e €H
Identity exists

(iv)Inverse

Leta € H. Now by previous step e € H
Now e, a € H by (1)

>exalteH

>e€H

Hence Inverse exists.

(i) Closure

Let a, b € H by previous step b~! € H
Now a, bt € H by (1)
>a*x(b)teH

>axb€H
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Closure is verified.

(if) Associative

a,bceH HESG,a,b,c€eG
ING(a*xb)*xc=ax*(b=*c)

~InH(a*xb)*xc=ax(b*c)

Associative is verified.
(H, *) be a group.

Hence H is a subgroup of G.

Hence the proof.
Theorem: 2

Prove that intersection of two subgroups of a group (G, *) Is a subgroup of

(G, *). Also, prove that union of subgroups need not be a group.
Proof:

Let (G, *) be a group. H and K are non — empty subgroups of (G, *). Both
H and K satisfying the following necessary conditions

Leta, beEH=>axbleH

Leta,bEK=>axblteK ...(1)
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Consider the subset H N K of G

(i) Since H is a subgroup of G, e eH

Since K is a subgroup of G, e € K

~e€HNK

so, H N K is a non — empty subset of G.

(i) Leta,be HN K
By Sufficient condition for aSubgroup

We needtoprovea* bt € HN K

a,beHanda,b €K
By(l)axb*e HNK

~ H N K is a subgroup of (G, *)

Hence the proof.
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Now we are going to Prove that Union of two Subgroups of a group need

not be a Subgroup.

Let us prove the above fact by giving counter examples

Consider G = set of integers under addition (Z, +)

={..,-3-2,-10,1,2,3,...}
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e« H=2z={ .., -6, —4, —-2,0,2,4,6,...}

« K=3z={..., -9, -6, -3,0,36,9, ...}

H and K are subgroups of (Z, +)

Huk={...,-9,-6,-4,-3,-2,0,23,4,6,9,...}

H U K is not closed under addition.

As23€EHUKbBuUt2+3=5¢¢HUK

So H U K is not a subgroup of (Z, +).

Hence the proof.

Cyclic Group:

Define Cyclic Groups

A group (G, =) is said to be cyclic if there exists an element a € G such that every

element of G can be written as some power of “a”.

I.e., a*for some integer n.

G is said to be generated by “a” (or) “a” is a generator ofG.

We write G= <a>
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Examples:

The set of complex numbers {1, — 1, i, — i} under multiplication operation is a

cyclic group.
There are two generators —iandiasit =1, 2= —1,i®=—i,i*=1and also

(i)' =—i, (i)? =—1, (-i)® = i, (=0)* = 1 which covers all the elements of the

group.

Hence it is a Cyclic Group.

However -1 is not a generator.

Theorem: 1

Every Subgroup of a Cyclic group is Cyclic.

Proof:

Let H be a cyclic group generated by an element a € G.

-~ Every element in G can be expressed as a power of the element “a”.

Let H be a subgroup of G.

If H = {e}, then H is a subgroup of G and it is cyclic.
=~ The result is trivial.

Suppose H # {e} then there exists an element x € H with x # e.
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~ x = ak for some integer k.

Let m be the least positive integer such that ame H.
Let b € H then b = a" for some integer n.

Letn=mqg+rwhere0<r<m
=>b=ar

= b =aMmq*r

=>b=am™ x q’

= b= (am)i*ar

=>ar= b/(am)q

=>a =bx (am)q

Now b € H , (am)%e H and H is closed in *.
- we have b x (am) 9e H

This shows that there exists an integer “r” such that o <r <m with a"eH.
Since m is the least positive integer for which ame H, a'e H witho <r <mis

not possible.

~1r=050b=qm™
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= b= (am)

Every element b € H is expressed as a power of a™.
I.e., H is generated by the element ame H

H is a cyclic group generated by a™.

Hence, every subgroup of a cyclic group is

cyclic.

Hence the proof.
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