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UNIT IV 
INITIAL VALUE  PROBLEMS FOR ORDINARY DIFFERENTIAL EQUATIONS 

PROBLEMS BASED ON EULER METHOD 

 

 

PROBLEMS BASED ON EULER METHOD AND EULER MODIFIED 

METHOD 

1. 𝑬𝒖𝒍𝒆𝒓 𝑴𝒆𝒕𝒉𝒐𝒅 

 

 

 

𝟏. 𝑼𝒔𝒊𝒏𝒈 𝑬𝒖𝒍𝒆𝒓 𝑴𝒆𝒕𝒉𝒐𝒅 𝒔𝒐𝒍𝒗𝒆 𝒚′ = 𝒙 + 𝒚 + 𝒙𝒚 , 

𝒚(𝟎) = 𝟏, 𝒄𝒐𝒎𝒑𝒖𝒕𝒆 𝒚 𝒂𝒕 𝒙 = 𝟎. 𝟎𝟓 

𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏: 

𝑮𝒊𝒗𝒆𝒏 𝒚′ = 𝒇(𝒙, 𝒚) = 𝒙 + 𝒚 + 𝒙𝒚 & 

 𝒙𝟎 = 𝟎 𝒂𝒏𝒅 𝒚𝟎 = 𝟏 

 𝒙𝟏 = 𝟎. 𝟎𝟓 𝒂𝒏𝒅 𝒚𝟏 =? 

 

𝒉 =  𝒙𝟏 −  𝒙𝟎 = 𝟎. 𝟎𝟓 − 𝟎 = 𝟎. 𝟎𝟓 

 

𝒚𝟏 = 𝒚𝟎 + 𝒉𝒇(𝒙𝟎, 𝒚𝟎) 

 

𝒚𝟏 = 𝟏 + 𝟎. 𝟎𝟓 𝒇(𝟎, 𝟏) 

= 𝟏 + 𝟎. 𝟎𝟓 [𝟎 + 𝟏 + (𝟎)(𝟏)] 

= 𝟏 + 𝟎. 𝟎𝟓(𝟏) 

𝒚𝟏 = 𝟏. 𝟎𝟓 

 

 

 

𝒚𝒏+𝟏 = 𝒚𝒏 + 𝒉𝒇(𝒙𝒏, 𝒚𝒏) 
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𝟐. 𝑼𝒔𝒊𝒏𝒈 𝑬𝒖𝒍𝒆𝒓 𝑴𝒆𝒕𝒉𝒐𝒅 𝒇𝒊𝒏𝒅 𝒚(𝟎. 𝟐) & 𝒚(𝟎. 𝟒)  𝑓𝑟𝑜𝑚 

𝒅𝒚

𝒅𝒙
= 𝒙 + 𝒚 , 𝒚(𝟎) = 𝟏 

 

𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏: 

𝑮𝒊𝒗𝒆𝒏 
𝒅𝒚

𝒅𝒙
= 𝒇(𝒙, 𝒚) = 𝒙 + 𝒚 𝒂𝒏𝒅  𝒙𝟎 = 𝟎 𝒂𝒏𝒅 𝒚𝟎 = 𝟏 

 𝒙𝟏 = 𝟎. 𝟐 𝒂𝒏𝒅 𝒚𝟏 =? 

 𝒙𝟐 = 𝟎. 𝟒 𝒂𝒏𝒅 𝒚𝟐 =? 

𝒉 =  𝒙𝟏 −  𝒙𝟎 = 𝟎. 𝟐 − 𝟎 = 𝟎. 𝟐 

𝒚𝟏 = 𝒚𝟎 + 𝒉𝒇(𝒙𝟎, 𝒚𝟎) 

𝒚𝟏 = 𝟏 + 𝟎. 𝟐 𝒇(𝟎, 𝟏) 

= 𝟏 + 𝟎. 𝟐 [𝟎 + 𝟏] 

= 𝟏 + 𝟎. 𝟐 

𝒚𝟏 = 𝟏. 𝟐 

𝑨𝒈𝒂𝒊𝒏   ∶ 𝒚𝟐 = 𝒚𝟏 + 𝒉𝒇(𝒙𝟏, 𝒚𝟏) 

𝒚𝟐 = 𝟏. 𝟐 + 𝟎. 𝟐 𝒇(𝟎. 𝟐, 𝟏. 𝟐) 

= 𝟏. 𝟐 + 𝟎. 𝟐 [𝟎. 𝟐 + 𝟏. 𝟐] 

= 𝟏. 𝟐 + 𝟎. 𝟐[𝟏. 𝟒] 

= 𝟏. 𝟐 + 𝟎. 𝟐𝟖 

𝒚𝟐 = 𝟏. 𝟒𝟖 

 

 

𝟑. 𝑼𝒔𝒊𝒏𝒈 𝑬𝒖𝒍𝒆𝒓 𝑴𝒆𝒕𝒉𝒐𝒅 𝒇𝒊𝒏𝒅 𝒚(𝟒. 𝟏) & 𝒚(𝟒. 𝟐)  𝑓𝑟𝑜𝑚 
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𝟓𝒙
𝒅𝒚

𝒅𝒙
+ 𝒚𝟐 − 𝟐 = 𝟎, 𝒚(𝟒) = 𝟏 

Solution: 

𝑮𝒊𝒗𝒆𝒏 𝟓𝒙
𝒅𝒚

𝒅𝒙
+ 𝒚𝟐 − 𝟐 = 𝟎 

𝟓𝒙
𝒅𝒚

𝒅𝒙
= 𝟐−𝒚𝟐 

𝒅𝒚

𝒅𝒙
= 𝟐−𝒚𝟐/𝟓𝒙 

Given  𝒚(𝟒) = 𝟏 To find 𝒚(𝟒. 𝟏) & 𝒚(𝟒. 𝟐) 

 

 𝒙𝟎 = 𝟒 𝒂𝒏𝒅 𝒚𝟎 = 𝟏 

 𝒙𝟏 = 𝟒. 𝟏 𝒂𝒏𝒅 𝒚𝟏 =? 

 𝒙𝟐 = 𝟒. 𝟐 𝒂𝒏𝒅 𝒚𝟐 =? h=0.1 

𝑩𝒚 𝑬𝒖𝒍𝒆𝒓 𝑨𝒍𝒈𝒐𝒓𝒊𝒕𝒉𝒎 

 

𝒚𝟏 = 𝒚𝟎 + 𝒉𝒇(𝒙𝟎, 𝒚𝟎) 

= 𝟏 + (𝟎. 𝟏)
𝟐 − 𝒚𝟎

𝟐

𝟓𝒙𝟎
 

= 𝟏 + (𝟎. 𝟏)
𝟐 − 𝟏

𝟐𝟎
 

= 𝟏. 𝟎𝟎𝟓 

 

 

 

 

 

𝒚𝟏 =  𝒚(𝟒. 𝟏) = 𝟏. 𝟎𝟎𝟓 

 

𝑨𝒈𝒂𝒊𝒏   ∶ 𝒚𝟐 = 𝒚𝟏 + 𝒉𝒇(𝒙𝟏, 𝒚𝟏) 
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= 𝟏. 𝟎𝟎𝟓 + (𝟎. 𝟏) 
𝟐−𝟏.𝟎𝟎𝟓𝟐

𝟓(𝟒.𝟏)
 

 

= 𝟏. 𝟎𝟎𝟓 + (𝟎. 𝟏) 
𝟐−𝟏.𝟎𝟏𝟎𝟎𝟐𝟓

𝟐𝟎.𝟓
 

 

    𝒚𝟐=1.0098 
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𝑴𝒐𝒅𝒊𝒇𝒊𝒆𝒅 𝑬𝒖𝒍𝒆𝒓 𝑴𝒆𝒕𝒉𝒐𝒅 

𝒚𝒏+𝟏 = 𝒚𝟎 + 𝒉 [𝒇 (𝒙𝒏 +
𝒉

𝟐
, 𝒚𝒏 +

𝒉

𝟐
𝒇(𝒙𝒏, 𝒚𝒏))] 

 

 

𝟏.  𝑺𝒐𝒍𝒗𝒆 𝒚′ = 𝟏 − 𝒚 , 𝒚(𝟎) = 𝟎  𝒃𝒚 𝑴𝒐𝒅𝒊𝒇𝒊𝒆𝒅 𝑬𝒖𝒍𝒆𝒓 𝑴𝒆𝒕𝒉𝒐𝒅 

𝒇𝒊𝒏𝒅 𝒚(𝟎. 𝟏) 

𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏: 

𝑮𝒊𝒗𝒆𝒏 𝒚′ = 𝒇(𝒙, 𝒚) = 𝟏 − 𝒚 

 𝒙𝟎 = 𝟎           𝒂𝒏𝒅   𝒚𝟎 = 𝟎 

 𝒙𝟏 = 𝟎. 𝟏      𝒂𝒏𝒅   𝒚𝟏 =? 

𝒉 =  𝒙𝟏 −  𝒙𝟎 = 𝟎. 𝟏 − 𝟎 = 𝟎. 𝟏 

 

𝒚𝟏 = 𝒚𝟎 + 𝒉 [𝒇 (𝒙𝟎 +
𝒉

𝟐
, 𝒚𝟎 +

𝒉

𝟐
𝒇(𝒙𝟎, 𝒚𝟎))] 

 

𝒚𝟏 = 𝟎 + 𝟎. 𝟏 [𝒇 (𝟎 +
𝟎. 𝟏

𝟐
, 𝟎 +

𝟎. 𝟏

𝟐
𝒇(𝟎, 𝟎))] 

= 𝟎. 𝟏 [𝒇 (𝟎. 𝟎𝟓,
𝟎. 𝟏

𝟐
(𝟏 − 𝟎))] 

= 𝟎. 𝟏[𝒇(𝟎. 𝟎𝟓, 𝟎. 𝟎𝟓(𝟏))] 

= 𝟎. 𝟏[𝒇(𝟎. 𝟎𝟓, 𝟎. 𝟎𝟓)] 

= 𝟎. 𝟏[𝟏 − 𝟎. 𝟎𝟓] 

= 𝟎. 𝟏[𝟎. 𝟗𝟓] 

 

𝒚𝟏 = 𝟎. 𝟎𝟗𝟓 
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𝟐. 𝑼𝒔𝒊𝒏𝒈 𝑴𝒐𝒅𝒊𝒇𝒊𝒆𝒅 𝑬𝒖𝒍𝒆𝒓 𝑴𝒆𝒕𝒉𝒐𝒅  𝒄𝒐𝒎𝒑𝒖𝒕𝒆 𝒚(𝟎) = 𝟏 

𝒇𝒓𝒐𝒎  𝒚′ = 𝒚 −
𝟐𝒙

𝒚
 𝒘𝒊𝒕𝒉 𝒚(𝟎. 𝟏) 

𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏: 

𝑮𝒊𝒗𝒆𝒏 𝒚′ = 𝒇(𝒙, 𝒚) = 𝒚 −
𝟐𝒙

𝒚
 𝒂𝒏𝒅 

 𝒙𝟎 = 𝟎 𝒂𝒏𝒅 𝒚𝟎 = 𝟏 

 𝒙𝟏 = 𝟎. 𝟏 𝒂𝒏𝒅 𝒚𝟏 =? 

𝒉 =  𝒙𝟏 −  𝒙𝟎 = 𝟎. 𝟏 − 𝟎 = 𝟎. 𝟏 

 

 𝒚𝟏 = 𝒚𝟎 + 𝒉 [𝒇 (𝒙𝟎 +
𝒉

𝟐
, 𝒚𝟎 +

𝒉

𝟐
𝒇(𝒙𝟎, 𝒚𝟎))] 

 

𝒚𝟏 = 𝟏 + 𝟎. 𝟏 [𝒇 (𝟎 +
𝟎. 𝟏

𝟐
, 𝟏 +

𝟎. 𝟏

𝟐
𝒇(𝟎, 𝟏))] 

= 𝟏 + 𝟎. 𝟏 [𝒇 (𝟎. 𝟎𝟓, 𝟏 +
𝟎. 𝟏

𝟐
(𝟏 −

(𝟐)(𝟎)

𝟏
))] 

= 𝟏 + 𝟎. 𝟏[𝒇(𝟎. 𝟎𝟓, 𝟏 + 𝟎. 𝟎𝟓(𝟏))] 

= 𝟏 + 𝟎. 𝟏[𝒇(𝟎. 𝟎𝟓, 𝟏. 𝟎𝟓)] 

= 𝟏 + 𝟎. 𝟏 [𝟏. 𝟎𝟓 −
𝟐(𝟎. 𝟎𝟓)

𝟏. 𝟎𝟓
] 

= 𝟏 + 𝟎. 𝟏[𝟏. 𝟎𝟓 − 𝟎. 𝟎𝟗𝟓𝟐] 

= 𝟏 + 𝟎. 𝟏[𝟎. 𝟗𝟓𝟒𝟖] 

= 𝟏 + 𝟎. 𝟎𝟗𝟓𝟒𝟖 

 

𝒚𝟏 = 𝟏. 𝟎𝟗𝟓𝟒𝟖 
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𝟑. 𝑺𝒐𝒍𝒗𝒆 𝒚′ = 𝒍𝒐𝒈𝟏𝟎(𝒙 + 𝒚) , 𝒚(𝟎) = 𝟐 𝒃𝒚 𝑴𝒐𝒅𝒊𝒇𝒊𝒆𝒅 𝑬𝒖𝒍𝒆𝒓 𝑴𝒆𝒕𝒉𝒐𝒅  and find 

the values of 𝒚(𝟎. 𝟐), 𝒚(𝟎. 𝟒),and 𝒚(𝟎. 𝟔), taking h=0.2 

Solution : 

𝑮𝒊𝒗𝒆𝒏 = 𝒍𝒐𝒈𝟏𝟎(𝒙 + 𝒚) 

 

 𝒙𝟎 = 𝟎 𝒂𝒏𝒅 𝒚𝟎 = 𝟐 

                 𝒙𝟏 = 𝟎. 𝟐 𝒂𝒏𝒅 𝒚𝟏 =? 

 𝒙𝟐 = 𝟎. 𝟒 𝒂𝒏𝒅 𝒚𝟐 =? 

 𝒙𝟑 = 𝟎. 𝟔 𝒂𝒏𝒅 𝒚𝟑 =? 

 

𝒉 = 𝟎. 𝟐 

 

 

 𝒚𝟏 = 𝒚𝟎 + 𝒉 [𝒇 (𝒙𝟎 +
𝒉

𝟐
, 𝒚𝟎 +

𝒉

𝟐
𝒇(𝒙𝟎, 𝒚𝟎))] 

 

 𝒚𝟏 = 𝟐 + 𝟎. 𝟐 [𝒇 (
𝟎. 𝟐

𝟐
, 𝟐 +

𝟎. 𝟐

𝟐
𝒍𝒐𝒈𝟐)] 

 

 𝒚𝟏 = 𝟐 + 𝟎. 𝟐[𝒇(𝟎. 𝟏, 𝟐. 𝟎𝟑𝟎𝟏)] 

 

 𝒚𝟏 = 𝟐 + 𝟎. 𝟐[𝒍𝒐𝒈(𝟎. 𝟏 + 𝟐. 𝟎𝟑𝟎𝟏)] 

 

𝒚(𝟎. 𝟐) = 𝟐. 𝟎𝟔𝟓𝟕 

 

 𝒚𝟐 = 𝒚𝟏 + 𝒉 [𝒇 (𝒙𝟏 +
𝒉

𝟐
, 𝒚𝟏 +

𝒉

𝟐
𝒇(𝒙𝟏, 𝒚𝟏))] 

 

 𝒚𝟐 = 𝟐. 𝟎𝟔𝟓𝟕 + 𝟎. 𝟐 [𝒇 (𝟎. 𝟐 +
𝟎. 𝟐

𝟐
, 𝟐. 𝟎𝟔𝟓𝟕 +

𝟎. 𝟐

𝟐
𝒇(𝟎. 𝟐, 𝟐. 𝟎𝟔𝟓𝟕))] 
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 𝒚𝟐 = 𝟐. 𝟎𝟔𝟓𝟕 + 𝟎. 𝟐[𝒇(𝟎. 𝟑, 𝟐. 𝟎𝟔𝟓𝟕 + 𝟎. 𝟏𝒍𝒐𝒈(𝟎. 𝟐 + 𝟐. 𝟎𝟔𝟓𝟕))] 

 

= 𝟐. 𝟎𝟔𝟓𝟕 + 𝟎. 𝟐[𝒇(𝟎. 𝟑, 𝟐. 𝟏𝟎𝟏𝟐))] 

 

= 𝟐. 𝟎𝟔𝟓𝟕 + 𝟎. 𝟐[𝒍𝒐𝒈(𝟎. 𝟑 + 𝟐. 𝟏𝟎𝟏𝟐))] 

= 𝟐. 𝟏𝟒𝟏𝟖 

 

 

 

 𝒚𝟑 = 𝒚𝟐 + 𝒉 [𝒇 (𝒙𝟐 +
𝒉

𝟐
, 𝒚𝟐 +

𝒉

𝟐
𝒇(𝒙𝟐, 𝒚𝟐))] 

 

 

 𝒚𝟐 = 𝟐. 𝟏𝟒𝟏𝟖 + 𝟎. 𝟐 [𝒇 (𝟎. 𝟒 +
𝟎. 𝟐

𝟐
, 𝟐. 𝟏𝟒𝟏𝟖 +

𝟎. 𝟐

𝟐
𝒇(𝟎. 𝟒, 𝟐. 𝟏𝟒𝟏𝟖))] 

 

 𝒚𝟐 = 𝟐. 𝟏𝟒𝟏𝟖 + 𝟎. 𝟐[𝒇(𝟎. 𝟓, 𝟐. 𝟏𝟒𝟏𝟖 + 𝟎. 𝟏𝒍𝒐𝒈(𝟎. 𝟒 + 𝟐. 𝟏𝟒𝟏𝟖))] 

 

 𝒚𝟐 = 𝟐. 𝟏𝟒𝟏𝟖 + 𝟎. 𝟐[𝒇(𝟎. 𝟓, 𝟐. 𝟏𝟖𝟐𝟑))] 

 

 𝒚𝟐 = 𝟐. 𝟏𝟒𝟏𝟖 + 𝟎. 𝟐[𝒍𝒐𝒈(𝟎. 𝟓 + 𝟐. 𝟏𝟖𝟐𝟑))] 

 

y(0.6)  =2.2275 

 

 

4.𝑺𝒐𝒍𝒗𝒆 𝒚′ = 𝒚 − 𝒙𝟐 + 𝟏 , 𝒚(𝟎) = 𝟎. 𝟓  𝒃𝒚 𝑴𝒐𝒅𝒊𝒇𝒊𝒆𝒅 𝑬𝒖𝒍𝒆𝒓 𝑴𝒆𝒕𝒉𝒐𝒅 

𝒇𝒊𝒏𝒅 𝒚(𝟎. 𝟐) 

 

Solution: 

 𝒚′ = 𝒚 − 𝒙𝟐 + 𝟏 

 

 𝒙𝟎 = 𝟎 𝒂𝒏𝒅 𝒚𝟎 = 𝟎. 𝟓 

                 𝒙𝟏 = 𝟎. 𝟐 𝒂𝒏𝒅 𝒚𝟏 =? 

 𝒚𝟏 = 𝒚𝟎 + 𝒉 [𝒇 (𝒙𝟎 +
𝒉

𝟐
, 𝒚𝟎 +

𝒉

𝟐
𝒇(𝒙𝟎, 𝒚𝟎))] 
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 𝒚𝟏 = 𝟎. 𝟓 + 𝟎. 𝟐 [𝒇 (𝟎 +
𝟎. 𝟐

𝟐
, 𝟎. 𝟓 +

𝟎. 𝟐

𝟐
𝒇(𝟎, 𝟎. 𝟓))] 

 

 𝒚𝟏 = 𝟎. 𝟓 + 𝟎. 𝟐[𝒇(𝟎. 𝟏, 𝟎. 𝟓 + (𝟎. 𝟏)(0.5 − 0 + 1)] 

 

 

 𝒚𝟏 = 𝟎. 𝟓 + 𝟎. 𝟐[𝒇(𝟎. 𝟏, 𝟎. 𝟓 + (𝟎. 𝟏)(1.5)] 

 

 𝒚𝟏 = 𝟎. 𝟓 + 𝟎. 𝟐[𝒇(𝟎. 𝟏, 𝟎. 𝟓 + (𝟎. 𝟏𝟓))] 

 

 𝒚𝟏 = 𝟎. 𝟓 + 𝟎. 𝟐[𝒇(𝟎. 𝟏, 𝟎. 𝟔𝟓)] 

 

 

 𝒚𝟏 = 𝟎. 𝟓 + 𝟎. 𝟐[𝟎. 𝟔𝟓 − (𝟎. 𝟏)𝟐 + 𝟏] 
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5.   𝑪𝒐𝒔𝒊𝒅𝒆𝒓 𝒕𝒉𝒆 𝒊𝒏𝒊𝒕𝒊𝒂𝒍 𝒗𝒂𝒍𝒖𝒆 𝒑𝒓𝒐𝒃𝒍𝒆𝒎  
𝒅𝒚

𝒅𝒙
= 𝒚 − 𝒙𝟐 + 𝟏 

𝒘𝒊𝒕𝒉 𝒚(𝟎) = 𝟎. 𝟓 

𝑼𝒔𝒊𝒏𝒈 𝒕𝒉𝒆  modified Euler method ,find y(0.2) 

Solution : 

(𝒙, 𝒚) = 𝒚 − 𝒙𝟐 + 𝟏 , 𝒙𝟎 = 𝟎      

     𝒚𝟎 = 𝟎. 𝟓  ,  h=0.2  𝒙𝟏 = 𝟎. 𝟐      

     𝑴𝒐𝒅𝒊𝒇𝒊𝒆𝒅 𝑬𝒖𝒍𝒆𝒓 𝑴𝒆𝒕𝒉𝒐𝒅 

𝒚𝒏+𝟏 = 𝒚𝟎 + 𝒉 [𝒇 (𝒙𝒏 +
𝒉

𝟐
, 𝒚𝒏 +

𝒉

𝟐
𝒇(𝒙𝒏, 𝒚𝒏))] 

 

𝒚𝟏 = 𝒚𝟎 + 𝒉 [𝒇 (𝒙𝟎 +
𝒉

𝟐
, 𝒚𝟎 +

𝒉

𝟐
𝒇(𝒙𝟎, 𝒚𝟎))] 

 

 

𝒚𝟏 = 𝟎. 𝟓 + 𝟎. 𝟐 [𝒇 (𝟎 +
𝟎. 𝟐

𝟐
, 𝟎. 𝟓 +

𝟎. 𝟐

𝟐
𝒇(𝟎, 𝟎. 𝟓))] 

 

𝒚𝟏 = 𝟎. 𝟓 + 𝟎. 𝟐[𝒇(𝟎. 𝟏, 𝟎. 𝟓 + (𝟎. 𝟏)(𝟎. 𝟓 + 𝟏))] 

 

𝒚𝟏 = 𝟎. 𝟓 + 𝟎. 𝟐[𝒇(𝟎. 𝟏, 𝟎. 𝟔𝟓)] 

 

𝒚𝟏 = 𝟎. 𝟓 + 𝟎. 𝟐[𝟎. 𝟔𝟓 − (𝟎. 𝟏)𝟐 + 𝟏 ] 

 

𝒚𝟏 = 𝟎. 𝟓 + 𝟎. 𝟑𝟐𝟖 

 

𝒚𝟏 = 𝟎. 𝟖𝟐𝟖 
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